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Knowledge About Knowledge
	In most of the classic puzzles of game theory, one analyzes what actions one can take, which actions your opponent can take, and what the situation is to find the solution. You may not be able to see how all of the players act, but the state of the game and the options available to the players are known.  There is, however, a class of puzzles where we no longer have this reassuring certainty. In these puzzles, you must determine the situation or ideal strategy with little information, and often only the actions of the other players. These puzzles regarding “knowledge about knowledge” force aspiring solvers to think beyond what other players’ options are, and also to consider what their actions reveal about the game which is possibly unknowable otherwise..
	To illustrate how these puzzles work and how convoluted even simple examples can become, I will walk through a canonical example. Three dapper gentlemen are meeting right outside a black tie event so as to make their grand entrance. Unfortunately for them, the host of the party is a mischievous soul who decides to play a prank on them. The host places either a bright red or vivid yellow top hat on each of their heads, and tells them that they are not to take it off, on their honor as gentlemen, until they can determine their hat’s color without any communication, except that they may raise their hand if, when looking at the other two gentlemen, they see a yellow hat. So, hoping to escape the fashion faux pas of their lives, they face each other and all raise their hands. For a short while, nobody makes a move. Then, one of them says “Well, chaps, I know what color mine is,” takes off his hat, and proceeds to the party. After some more time, the two poor saps left outside leave, unwilling to break their honor or face humiliation for their garish accoutrements. The question you are asked to solve is this: how did one of the gentlemen discern his hat color, and why were the other two unable to do so?
[bookmark: _GoBack]	Like many puzzles in this category, it initially appears that the problem statement cannot possibly provide enough information to solve the puzzle. To make any progress in this class of puzzle, you must think in a different way than you are used to thinking with most mathematical problems. You must examine the actions of other people and use that to deduce why they made those actions, and then use what that tells you to solve the puzzle. This almost reversed mode of thinking is the core characteristic of this sort of puzzle. If a puzzle asks you to examine why somebody took a particular course of action you are facing a Knowledge About Knowledge puzzle. Now that you know what you’re dealing with, you know where to start; take stock of what you do know.
First, all three gentleman can see at least one yellow hat. Second, one of the men is able to figure out his hat color from the two hats he can see and the fact that they all raise their hands, but only after nobody immediately determines their hat color. Finally, after he leaves, the other two cannot determine their hat color. Look at the first given. For all three gentlemen to raise their hands, nobody can see two red hats. Thus, there can only be one red hat. This tells you enough to make the second and third facts useful. If there is a red hat in the mix, then either of the yellow-hatted men would immediately know that they wore yellow hats for the reasons above. However, if all of them are wearing yellow hats, then none can immediately identify their hat color as in the problem. When none of the men can swiftly take off their hat and leave, it becomes clear that this is the case. Now, you can see how the cleverest of the three figured out his hat color: the lack of information which led all three gentlemen to take no action became information in and of itself! Additionally, it’s now clear why the two remaining gentlemen couldn’t enter the party. They don’t know whether the first man left because he saw a red hat or because nobody else was able to leave. As you can see, even a simple puzzle like this can easily call for somewhat convoluted or counter-intuitive reasoning, and requires you to think in a way most people are not at all accustomed to. As problems of this type become more complex, the thought process to solve them can rapidly become much more difficult. It is this difficulty, though, that is precisely why these brain-benders are so interesting.  To give a sense of mind-bending and complicated the reasoning behind the solutions to these puzzles can become , I present the following example known as the “Dot-Town Suicides,” described to me by Professor Peter Winkler at Dartmouth College and given to him by Nick Reingold of AT&T labs.
	The problem is as follows. Every citizen of Dot-town, population 200, has either a red or blue dot on their forehead. If a citizen ever discovers which color of dot is on their forehead, they will kill themselves that night (or, in more tasteful versions of the puzzle, leave town). One day, a wanderer walks into town and cries out for all to hear that he sees a blue dot on every single forehead in town. Why, regardless of whether the wanderer’s statement is correct or not, will ever single citizen have committed suicide by morning on the 201st day afterwards?
	The reasoning to solve this problem is similar to the one with only three gentlemen because you must analyze what the citizens of Dot-town can determine themselves based not so much on the information initially available to them as on what actions other citizens take. To illustrate how this puzzle works, let’s suppose that in actuality every citizen save one has a blue dot on their forehead. On the first night, the one citizen with a red dot on his forehead, seeing naught but blue dots, will kill himself. The blue-dotted citizens will then realize that the one red-dotted citizen must have seen entirely blue dots, and therefore they will all commit suicide and leave the town empty after two nights. Should two citizens have red dots on their foreheads, both citizens with red dots will know from the fact of the other’s survival that they must themselves have a red dot, and both will be dead by the dawn of the third day. Upon seeing this, every other citizen will know for a fact that they have a blue dot on their forehead and kill themselves on the third night. Frighteningly enough, this extends via induction to show that, even if every citizen has a red dot on their forehead, all will be dead by the 200th day after the wanderer’s arrival, but only after each citizen makes a 200-step logical argument, reasoning a new step after everyone survives each night and committing suicide en masse on the 200th night. Even more disturbingly, a similar argument will readily show upon a little thought that every citizen of Dot-Town will die by the 201st morning no matter what non-trivial statement the wanderer makes regarding the number of dots or how many Dot-Town citizens sport each color of dot.
	A particularly populous sub-group of these problems is those that involve prior collusion between a group to try and somehow communicate with each other by their actions such that when one member acts the other members of the group will know why they took that action. These are like the above problems in that they call for you to analyze the motive behind an action, but are also quite different because the motive is only known because the members of a group know what will cause their fellows to make any particular decision. In keeping with a long and storied tradition of mathematical puzzles, most of these here will involve prisoners trying to survive a murderous warden’s lethal tests of mental acuity. However, I choose to ignore what this may say about mathematicians and their opinions on Social Darwinism and instead focus here upon the mathematical nature of these puzzles. 
	A particularly good and vexing example is as follows, courtesy of Khan Academy. A prison warden tells ten prisoners that in one hour he is going to line them all up against a wall, with the first prisoner facing the wall, then the second facing his back, and so on until all ten prisoners are lined up such that they can only see the prisoners in front of them. The warden will then, starting from the back of the line, place either a burgundy or green hat on each prisoner’s head, with each color being equally likely for each prisoner but no guarantee as to the number of either color hat. Then, he will ask the prisoner at the back of the line to guess aloud which hat color that prisoner is wearing. If the prisoner is correct, he is released, but otherwise, the warden will shoot the prisoner dead on the spot. The warden will then ask the same thing to each prisoner, moving one by one to the front of the line. The warden will kill the prisoners if they say anything other than a guess at the color or if they try to communicate in any non-verbal way with the other prisoners. Using the hour beforehand to devise a strategy, how can these ten prisoners maximize the number among them who survive?
	Again, this is a puzzle which does not give us very much to work with. Of course, it’s easy to guarantee 50% survival and have an expected survival rate of 75% by having even-numbered prisoners (counting from the front) saying the color of the hat in front of them, and the odd-numbered prisoners saying the same color as the prisoner behind them. This method, while rather crude and ineffective, essentially sacrifices one prisoner so that the next prisoner can determine what the poor sap behind him knew. To solve these kinds of problem, it is often a good idea to look for who has the most information, and thus could conceivably convey the most information to the other prisoners. In this particular case, the prisoner with the most information is the one at the back of the line who is able to see every hat but his own. He might as well just try and help the other prisoners because, having no information about his hat whatever he does, he has a 50% chance of survival. With this in mind, we can look at the problem of finding the way for the most prisoners to survive as simply asking how the prisoner at the back can best inform the prisoners ahead of him in line of which hats they are wearing.
 Looking with this viewpoint, the problem becomes significantly easier. Consider that any given prisoner can see all of the hats in front of him and knows what hats the prisoners behind him were wearing before they guessed. If the prisoner at the back of the line were to guess a color based on some quality of the number of hats of that color, the prisoners ahead of him could count how many of the 8 prisoners besides themselves and the one at the back wore caps of that particular color and determine whether or not they must be wearing a hat of that color as well.  What should this quality be? It should be some property which the number of burgundy and green hats cannot share in the set of 9 hats the prisoner at the back can see. Note that out of 9 hats, there must be an even number of one color and an odd number of the other. This is exactly what we were looking for. What the prisoners should do is agree that the prisoner at the back of the line is to count how many hats there are ahead of him of each color, and then say whichever color is there is an odd number of. This way, the next guy in line can count the number of hats of whatever color the prisoner at the back guessed and determine whether or not he must be wearing a hat of that color. Thus, every prisoner except for the one at the back of the line can answer correctly, giving you nine guaranteed survivors and an expected 9.5 survivors. For example, if the first answer the warden receives is “yellow” and the second prisoner to be asked (let’s call him Ron) can see 5 yellow hats ahead of him, Ron knows he’s wearing Burgundy, and his forecast is very sunny indeed. By analyzing the knowledge available to each prisoner, a murky problem yields a clear solution indeed. The problem above also demonstrates the potential subtlety of information-sharing in these puzzles. The prisoner at the back of the line is, by sharing a single bit of information, able to tell nine prisoners who know how to interpret that bit what hat they are wearing. In fact, the more minimalist a puzzle of this type is, the better a puzzle it makes. These low-information setups lend themselves well to having an elegant, yet obscured, solution.
Puzzles regarding “knowledge about knowledge” are often particularly thorny problems, twisting the mind into knots in many unexpected ways and turning out to be far deeper problems than they initially appear. More than anything, though, these puzzles train the solver to think carefully about the information in a system. For the first puzzle discussed here, a sort of non-collaborative game, the important information was only discerned by examining the actions of the players and determining what they must have seen based on that. In the collaborative prisoner problem, where every prisoner needs to know what one other knows, the problem calls for the solver to find a way to save nine prisoners with naught but a single bit of information. To succeed in solving this sort of puzzle requires one to succeed with the bare minimum of information, which is why these puzzles are one of the most interesting and exciting kinds.
