Multiple Cover Time

Peter Winkler^1 and David Zuckerman^2

Abstract Motivated by applications in Markov estimation and distributed computing, we define the blanket time of an undirected graph G to be the expected time for a random walk to hit every vertex of G within a constant factor of the number of times predicted by the stationary distribution. Thus the blanket time is, essentially, the number of steps required of a random walk in order that the observed distribution reflect the stationary distribution.

We provide substantial evidence for the following conjecture: that the blanket time of a graph never exceeds the cover time by more than a constant factor. In other words, at the cost of a multiplicative constant one can hit every vertex often instead of merely once.

We prove the conjecture in the case where the cover time and maximum hitting time differ by a logarithmic factor. This case includes almost all graphs, as well as most “natural” graphs: the hypercube, k-dimensional lattices for k ˘ 2, balanced k-ary trees, and expanders. We further prove the conjecture for perhaps the most natural graphs not falling in the above case: paths and cycles. Finally, we prove the conjecture in the case of independent stochastic processes.

1 Introduction

A random walk on a connected, undirected graph G with n vertices is a Markov chain whose states are the vertices of G. The walk begins with a token at some vertex v, and at each tick of the clock, the token moves with equal probability to any vertex adjacent to its current position. If instead the transition probabilities are biased according to edge weights, one obtains a general reversible Markov chain (to which most of the following remarks also apply).

Random walks on graphs have proved to be a useful tool in several aspects of the theory of computing, as well as an elegant subject for mathematical analysis. The most notable, perhaps, of recent applications has been to polynomial-time randomized approximation algorithms e.g. [16, 10, 12], but there have also been uses in space complexity [4], on-line algorithms [9], and distributed computing [15].

There are at least three graph parameters of the form “expected number of steps of a random walk before X happens” which have been extensively studied. The mixing time is the least t such that the distribution of the walk at step t is approximately (within variation distance 1/2 of) the stationary distribution; the maximum hitting time, denoted by H, is the expected time to reach u from v, maximized over u and v; the maximum cover time, denoted by C, is the expected time to hit all vertices, maximized over starting vertex.

To these we add a fourth parameter, larger than the others, which is described roughly as the expectation of the least t such that by step t the walk has hit every vertex about the expected number of times predicted by the stationary distribution. We call this parameter the

1Bell Laboratories, Murray Hill, NJ 07974 2Dept. of Computer Sciences, UT Austin, Austin, TX 78712. Supported in part by NSF NYI Grant No.

CCR-9457799.

“blanket time,” denoted by B. Thus, for a regular graph, B is the least positive t before all vertices are covered Ω(t/n) times. The blanket time is quite different from the mixing time in that it requires the observed data from a single walk to reflect the stationary distribution.

In studying blanket time we are motivated by several problems arising in computer science. First, the vertices (states) of an unknown random walk (resp. Markov chain) may be observed with the object of estimating the stationary distribution. The blanket time is an indication of how many observations must be made. An on-line algorithm, for example, may attempt to organize a data structure in accordance with a presumed stationary distribution for a Markov input model; the blanket time then indicates how long it takes for the process to settle down. This is also relevant to the well-studied and more difficult problem of inferring a Markov chain from the labels of the edges traversed [5, 19].

Blanket time arises naturally also in randomized distributed algorithms of theoretical interest, such as token management sytems proposed by several authors [6, 15]. Suppose that a token (representing e.g. privileged access to a critical section) is passed randomly from processor to processor in a network; how long will it be before every processor has owned the token about as long as it is supposed to? Even if the network is not synchronous, the imposition of a fairness condition requiring processors to be active approximately equally often allows us to answer the above question using blanket time.

In these applications, one obviously needs to wait at least until all states (processors) have been hit; in other words, B ≥ C. However, we have come to believe that the following striking converse is true: B = O(C). If true this would of course strengthen all of the many results bounding cover time for various classes of graphs: not only is each vertex visited once, but each is visited the “right” number of times.

We support this conjecture with three results. To motivate the first, one very useful bound on the cover times is C = O(H log n) [1, 18]. We strengthen this by showing that in fact B = O(H log n). This establishes our conjecture in the very common case where C = Θ(H log n). This is the case for almost all graphs, as well as most “natural” graphs: the hypercube [1], k-dimensional lattices for k ≥ 2 [1, 24], balanced k-ary trees [23, 11, 24], and expanders [7, 20, 6].

The “classic” examples of graphs for which C = Θ(H) are paths and cycles. In our second result, we show that for these graphs our conjecture also holds. Aldous [3] has subsequently shown that this second theorem also follows from deep but well-known facts about Brownian motion [22]. Our proof, on the other hand, is elementary. Neither proof, however, appears easy to generalize.

Finally, we prove the conjecture in the case of independent stochastic processes (current state not dependent on previous state). It turns out that we are able to prove a theorem (Theorem 1 below) which simultaneously handles this case and the case where C = Θ(H log n).

2 Definitions and Notation

The random walk is performed on a connected, undirected graph G(V, E). We define the following, generally using boldface to denote random variables: n = |V |. π_v = deg(v)/2|E| is the stationary probability at vertex v. E_v(·) is the expected value of (·) in a random walk starting at vertex v. H_v is the time to first visit vertex v. H_v = max_{u∈V} {E_uH_v}. H = max_{u,v∈V} {E_uH_v}.

C is the cover time, i.e. min{t : (∀v)H_v ≤ t}. C = max_{v∈V} {E_vC}.

N_v(t) is the number of times vertex v is visited by time t.

We can now define blanket time, and our conjecture. Blanket time will come with another parameter, δ, which represents the ratio of the number of times v must be hit to the number that it should be hit.

Definition: For δ ∈ [0, 1), define the random variable B_δ = min{t : (∀v)N_v(t) > δπ_vt}. The blanket time B_δ = max_{v∈V} E_vB_δ.

Note that B_0 = C denotes the ordinary cover time (because of the strict inequality). Our conjecture may now be stated:

Conjecture: There exists δ, a > 0 such that for all graphs, B_δ ≤ aC.

This is equivalent to saying that the expected time until each vertex v is visited π_vC times is O(C).

There is also a strong form of our conjecture, which we also prove in our special cases except for the case of paths and cycles:

Conjecture (Strong Form): For all ϵ > 0, there exists a_ϵ > 0 such that for all graphs, B_{1−ϵ} ≤ a_ϵC.

3 Conjecture in the Cases C = Θ(H log n) and Independent Stochastic Processes

The first special case on which one might wish to test the blanket time conjecture is the Markov chain in which all transition probabilities are equal; that is, a sequence of independent, discrete, uniform random variables. The cover time in this case is the solution to the famous “coupon collector’s problem.” If there are n coupons to be collected then it is easy to see that the expected time to collect at least one of each is n∑ i=1 n n − i + 1 ∼ n ln n . How much longer does it take to get a representative collection? In [17] the answer can be found as a consequence of Lemma 11, of Chapter 2 Section 6 (p. 113); if cn ln n coupons are collected, where c is a constant greater than 1, then the least-collected coupon will be represented by about δc ln n coupons, where δ is the positive root of

δ + c(ln δ − δ + 1) = 0 .

It follows that for coupon collecting, the blanket time B_δ is asymptotically cn ln n, where c =^δ_{δ−ln δ−1} , provided δ is large enough so that c > 1. For example, B_{1/2} ∼ 2.59n ln n, so that at the cost of waiting 2.59 times as long as necessary for a single complete collection, we can have half the number of complete collections possible in the given time.

The case of non-uniform i.i.d. random variables, i.e. non-equiprobable coupons, is considered in [17] as well as other articles on coupon collecting (see, e.g., [13, 21, 14]). Although the cover time problem is solved, the literature does not appear to supply the means for computing blanket time in the non-uniform case.

However, using a result of Aldous [2] we are able to derive the result for independent stochastic processes from our theorem below, which covers Markov chains in which C = Θ(H log n).

Define S as the real number satisfying ∑ v∈V e^{−S/Hv} = e^{−1}. We first show

Lemma 1 C < 2eS.

Proof. We extend the proof in [1, 23] that C = O(H log n). For any vertex u, Pr_u[H_v ≥ eH_v] ≤ 1/e, so for integral k, Pr_u[H_v ≥ ekH_v] ≤ e^{−k}. Thus Pr_u[C ≥ ceS] ≤ ∑ v∈V Pr_u[H_v ≥ ceS] ≤ ∑ v∈V e^{−⌊cS/Hv⌋} ≤ e ∑ v∈V e^{−cS/Hv} ≤ e · e^{−(c−1)S/H} ∑ v∈V e^{−S/Hv} ≤ e^{−(c−1)}. Thus E_u[C/(eS)] ≤ 1 + ∫_∞ x=1 e^{−(x−1)}dx = 2. 2 We now prove the much stronger theorem

Theorem 1 B_{1−ϵ} = O(S/ϵ^2).

Since S ≤ H log n, this implies

Corollary 1 B_{1−ϵ} = O(H log n/ϵ^2).

To move to the case of independent stochastic processes, i.e. where there is no dependence on previous state, we make use of a known relationship between the cover time and the parameter S defined above, namely that C = Θ(S) (viz. Aldous [2]). This gives

Corollary 2 For independent stochastic processes, B_{1−ϵ} = O(C/ϵ^2).

Note also that if there is a constant number of hard-to-hit vertices, then S and C are both Θ(H), so the conjecture is proved in this case.

Proof of Theorem. The outline of the proof is to show that any fixed vertex is visited the appropriate number of times with high probability. To prove this, we use the fact that although it may take a long time to reach a vertex, once we do, it takes the “appropriate” amount of time to visit it again.

To simplify notation, we sometimes assume when it is insignificant that numbers are integers; moreover, we obtain a bound for B_{1−3ϵ}.

First walk for C steps, i.e. until all vertices are hit. Since C = O(S), it suffices to show that for some constant a ≥ 1/ϵ, if we walk for an additional a(1 + ϵ)S steps, with high probability all vertices are covered at least π_vaS times.

Let H^j_v be the time at which vertex v has first been visited j times, and let k_v = H_vπ_v. Then E_vH^{kv}_v = k_v/π_v = H_v. Moreover, for any other vertex u,

E_uH^{kv}_v ≤ H_v + (k_v − 1)/π_v < 2H_v, so Pr_u[H^{kv}_v ≥ 2eH_v] < 1/e.

Since u was arbitrary, Pr_v[H^{kv}_v ≥ 2qeH_v] < e^{−q}.

In order to apply the Chernoff bound, we define X = H^{kv}_v /4eH_v. Then EX = 1/4e, and

E[eX_{] =}^{∫ ∞}_{y=0 Pr[e}X_{≥ y]dy =}^{∫ ∞}_{y=0 Pr[X ≥ ln y]dy}

≤ 1 + ∫_∞ y=1 e^{−⌊2 ln y⌋}dy ≤ 1 + ∫_∞ y=1 e y^2 dy = 1 + e < 4. We now wish to add independent copies of Y = X − (1 + ϵ)EX, and show that the sum is unlikely to be positive. To do this, it suffices to find a t > 0 that makes E[e^tY] < 1. This follows from Chernoff [8]; however, we proceed with the calculation in order to find the dependence on ϵ. Using the Taylor series expansion, it is not hard to show that for 0 < t < 1,

E[e^tY] < 1 + tEY + (t^2/2)E[eY − 1 − Y] < 1 − ϵt/4e + 2t^2.

This last expression attains a minimum value 1 − ϵ^2/c, where c = 128e^2 < 1000. Therefore, by Chernoff, if Y_b is the sum of b independent copies of Y, then

Pr[Y_b ≥ 0] ≤ (1 − ϵ^2/c)^b < e^{−ϵ2b/c}. (1)

To translate this statement back to multiple hitting times for v, note that the sum of b copies of H^k_v is equal to H^{bk}_v . Thus (1) becomes Pr_v[H^{bkv}_v ≥ (1 + ϵ)bk_v/π_v] < e^{−ϵ2b/c}. Thus, taking b = dcS/H_vϵ^2 for some constant d, we get bk_v = dcSπ_v/ϵ^2, and Pr[(∃v)H^{bkv}_v ≥ dcS/ϵ^2] ≤ ∑ v∈V e^{−dS/Hv} ≤ e^{−(d−1)S/H} ∑ v∈V e^{−S/Hv} ≤ e^{−(d−1)}, since S ≥ H. The theorem follows. 2

4 Conjecture for the Cycle and Path

It is clear that if the conjecture holds for the cycle then it holds also for the path (note that we will not prove the conjecture in the strong form).

Let G_n be the cycle on vertices 0, 1, . . ., n − 1 with the vertices regarded modulo n. Let C^{[λ]}n denote the least t such that a particular random walk on G_n beginning at 0 has hit each vertex λ times by time t, and lightface C^{[λ]}_n denotes its expectation. Thus our conjecture for the cycle is equivalent to:

Theorem 2 C^{[n]}n = O(n^2).

Proof. We show by induction on k that C^{[λ]}_n ≤ F_nλn where λ ≥ n = 2^k, F_2 = 1 and F_j = (1 + 9j^{−1/4})F_{j/2} for j > 2. To see that this would suffice to prove the theorem, note first that

ln(F_2k ) = k−2∑ i=1 ln(1 + 9 · 2^{−i/4}) < 9 k−2∑ i=1 (2^{−1/4})^i < 9 1 − 2^{−1/4} < 48,

so F_n is bounded by e^{48}. We then have for any n, not necessarily a power of 2, that C^{[n]}n ≤ C^{[n0]}n ≤ C^{[n0]}_n0 ≤ e^{48}(n^′)^2 < 4e^{48}n^2, where n^′ is the least power of 2 greater than or equal to n.

We base the induction at n = 2 where C^{[λ]}_n = 2λ − 1 < F_2λn. Let us now fix n = 2^k and λ ≥ n, so that we may assume

C^{[λ/2+λ3=4]} n/2 ≤ F_{n/2} · (λ/2 + λ^{3/4}) · (n/2) .

Our approach will be to couple a random walk W on G_n with a random walk W^′ on G_{n/2} as follows: both walks begin at 0; whenever W steps 2i to 2i + 1 to 2i + 2, W^′ steps from i to i + 1; whenever W steps 2i to 2i − 1 to 2i − 2, W^′ steps from i to i − 1. In other words, we treat the even vertices of G_n as a copy of G_{n/2}.

Let T^′_i be the number of steps of W^′ until vertex i is first visited λ/2 + 4λ^{3/4} times, and T^′ = max{T^′_i} = C^{[λ/2+4λ3=4]} n/2 . We will show that with high probability, before T^′ steps of W^′, W will have covered all vertices of G_n λ times in the required number of steps.

Let X be a random variable which takes value 2j with probability 2^{−j} for j ≥ 1, so that in particular E(X) = 4. Then for any n and s, the number of steps of W between steps s − 1 and s of W^′ is distributed as X. The number of steps T taken by W while W^′ takes T^′ steps is the sum of T^′ ≥ nλ/4 independent copies of X. Thus

Pr[T < 4(1 + 4λ^{−1/2})T^′] ≥ 1 − e^{−2n}.

Next we note that the number of hits of vertex 2i by W per each hit of i by W^′ is distributed as X/2, so by a similar argument, vertex 2i of G_n is hit at least λ+4λ^{3/4} times, with probability at least 1 − e^{−2√λ}, already by T^′_i steps of W^′. Thus with probability at least 1 − (n/2)e^{−2√λ}, every even vertex of G_n is hit at least λ + 4λ^{3/4} times.

Finally we need to cover the odd vertices of G_n; for this note that W is equally likely to step either to 2i + 1 or 2i − 1 when it is at 2i. Hence after W makes λ + 4λ^{3/4} visits to 2i, with probability at least 1 − e^{−2√λ} W will hit vertex 2i + 1 at least λ/2 times directly from 2i. Thus, with probability at least 1 − ne^{−2√λ} each odd vertex of G_n is hit at least λ/2 times from each side.

We conclude that with probability at least 1 − (3n/2 + 1)e^{−2√n}, W covers G_n in at most 4(1 + 4λ^{−1/2})T^′ steps. Thus

C^{[λ]}_n ≤ 4(1 + 4 √ λ)C^{[λ+4λ3=4]} n/2 /(1 − (3n/2 + 1)e^{−2√n}) ≤ F_nλn. 2 References

[1] D.J. Aldous, On the time taken by random walks on finite groups to visit every state, Z.

Wahrsch. Verw. Gebiete 62 (1983), 361-374.

[2] D.J. Aldous, Lower bounds for covering times for reversible Markov chains and random walks on graphs, J. Theoretical Probab. 2 #1 (1989), 91-100.

[3] D.J. Aldous, personal communication.

[4] R. Aleliunas, R.M. Karp, R.J. Lipton, L. Lovász, and C. Rackoff, Random walks, universal traversal sequences, and the complexity of maze problems, Proc. 20th Annual Symposium on Foundations of Computer Science, San Juan, Puerto Rico (October 1979), 218-223.

[5] D. Angluin, Learning regular sets from queries and counterexamples, Information and Computation 75 (1987), 87-106.

[6] A. Broder and A.R. Karlin, Bounds on covering times, J. Theoretical Probab. 2 #1 (1989), 101-120.

[7] A.K. Chandra, P. Raghavan, W.L. Ruzzo, R. Smolensky, and P. Tiwari, The electrical resistance of a graph, and its applications to random walks, Proc. 21st Annual ACM Symposium on Theory of Computing (1989), 574-586.

[8] H. Chernoff, A measure of asymptotic efficiency for tests of a hypothesis based on the sum of observations, Annals of Mathematical Statistics 23 (1952), 493-509.

[9] D. Coppersmith, P. Doyle, P. Raghavan and M. Snir, Random walks on weighted graphs and applications to on-line algorithms, J. ACM 40 #3 (1993), 421-453.

[10] P. Dagum, M. Luby, M. Mihail, and U. Vazirani, Polytopes, permanents and graphs with large factors, Proc. 29th Annual IEEE Symposium on Foundations of Computer Science (1989), 412-421.

[11] L. Devroye and A. Sbihi, Inequalities for random walks on trees, in Random Graphs, A.

Frieze and T. Luczak (eds.), Vol. 2, Wiley, 1992.

[12] M. Dyer, A. Frieze and R. Kannan, A random polynomial time algorithm for estimating volumes of convex bodies, J. ACM 38 #1 (1991), 1-17.

[13] P. Flajolet, D. Gardy and L. Thimonier, Birthday paradox, coupon collectors, caching algorithms and self-organizing search, Disc. Appl. Math. 39 (1992), 207-229.

[14] L. Holst, On birthday, collectors’, occupancy and other classical urn problems, Int’s Stat.

Review 54 #1 (1986), 15-27.

[15] A. Israeli and M. Jalfon, Token management schemes and random walks yield self stabilizing mutual exclusion, Proc. 9th Annual ACM Symposium on Principles of Distributed Computing, Quebec City, Canada (1990), 119-131.

[16] M. Jerrum and A. Sinclair, Approximating the permanent, SIAM Journal on Computing, 18 #6 (1989), 1149-1178.

[17] V.F. Kolchin, B.A. Sevast’yanov, and V.P. Chistyakov, Random Allocations, V.H. Winston & Sons, Washington D.C. (1978).

[18] P.C. Matthews, Covering problems for Brownian motion on spheres, Ann. Probab. 16 (1988), 189-199.

[19] R.L. Rivest and R.E. Schapire, Inference of finite automata using homing sequences, Information and Computation 103 #2 (1993), 299-347.

[20] R. Rubinfeld, The cover time of a regular expander is O(n log n), Information Processing Letters 35 (1990), 49-51.

[21] H. von Schelling, Coupon collecting for unequal probabilities, Amer. Math. Monthly 61 (1954), 306-311.

[22] D. Williams, Diffusions, Markov Processes and Martingales, Vol. 1, Wiley, 1979 (see pp.

11-12).

[23] D. Zuckerman, Covering times of random walks on bounded degree trees and other graphs, J. Theoretical Probab. 2 #1 (1989), 147-157.

[24] D. Zuckerman, A technique for lower bounding the cover time, SIAM Journal on Discrete Mathematics 5 (1992), 81-87