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Maximizing connectivity

How are k(G) and §(G) related?  Always k(G) < 6(G).
Question: What's the minimum number of edges that a
k-connected graph G with n vertices must have?

For k = 1, we already know that G must have at least n — 1 edges.
Suppose that k > 2.

k
We must have §(G) > k, and so e(G) > [;l
The hypercube Qj achieves this bound in the case that n = 2%,

For general n and k > 2, there is an n-vertex graph H, x, called the
Harary graph, which has

K(Hin) =k and  e(Hin) = [kﬂ :
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Definition

G is k-edge-connected if k'(G) > k. Equivalently, if removing
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Note: 1-edge-connected = connected
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Edge cuts

Recall that a separating set and a vertex cut are the same thing,
namely a set of vertices whose removal makes the graph
disconnected.

However, a disconnecting set and an edge cut are not exactly
the same thing. An edge cut is defined to be a special kind of
disconnecting set.

Definition
Given S, T C V(G), let [S, T] denote the set of edges of G with
an endpoint in S and an endpoint in T.

An edge cut is a set of edges of the form [S, S] for some
S C V(G).

Note: Every edge cut is a disconnecting set, but the converse is
false. However, every disconnecting set contains an edge cut.



Whitney's Theorem

Theorem (Whitney '32)
For every graph G,

k(G) < K(G) < 5(G).



Whitney's Theorem

Theorem (Whitney '32)
For every graph G,

k(G) < K(G) < 5(G).

Some graphs G with k(G) = /'(G) = §(G):



Whitney's Theorem

Theorem (Whitney '32)
For every graph G,

k(G) < K(G) < 5(G).

Some graphs G with k(G) = /'(G) = §(G):

G ‘ k(G) = K'(G) = 4(G)
K, ‘ n—1




Whitney's Theorem

Theorem (Whitney '32)
For every graph G,

k(G) < K(G) < 5(G).

Some graphs G with k(G) = /'(G) = §(G):

G ‘ k(G) = K'(G) = 4(G)
Kn n—1
Km,n | min{m, n}




Whitney's Theorem

Theorem (Whitney '32)
For every graph G,

k(G) < K(G) < 5(G).

Some graphs G with k(G) = /'(G) = §(G):
G | k(G) =+(G) =6(G)

Kn n—1
Km,n | min{m, n}
Qu |k



Whitney's Theorem

Theorem (Whitney '32)
For every graph G,

k(G) < K(G) < 5(G).

Some graphs G with k(G) = /'(G) = §(G):
G | k(G) =+(G) =6(G)

Kn n—1
Km,n | min{m, n}
Qu |k

Exercise: Find a graph G with x(G) < £'(G).



Whitney's Theorem

Theorem (Whitney '32)

For every graph G,
k(G) < K'(G) < §(G).

Some graphs G with k(G) = /'(G) = §(G):
G | k(G) =+(G) =6(G)
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Exercise: Find a graph G with x(G) < £'(G).

Theorem

If G is 3-regular, then
k(G) = K'(G).



