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Peaks and valleys of Dyck paths

A Dyck path of length 2n is a lattice path from (0,0) to (2n,0) with steps
u=(1,1) and d = (1, —1) that stays weakly above the x-axis.

D, = set of Dyck paths of length 2n
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Peaks and valleys of Dyck paths

A Dyck path of length 2n is a lattice path from (0,0) to (2n,0) with steps
u=(1,1) and d = (1, —1) that stays weakly above the x-axis.

D, = set of Dyck paths of length 2n

T ’ .

A peak of is a pair of consecutive steps ud.
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Peaks and valleys of Dyck paths

A Dyck path of length 2n is a lattice path from (0,0) to (2n,0) with steps
u=(1,1) and d = (1, —1) that stays weakly above the x-axis.

D, = set of Dyck paths of length 2n

A peak of is a pair of consecutive steps ud.
A valley of is a pair of consecutive steps du.
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Peaks and valleys of Dyck paths

A Dyck path of length 2n is a lattice path from (0,0) to (2n,0) with steps
u=(1,1) and d = (1, —1) that stays weakly above the x-axis.

D, = set of Dyck paths of length 2n

A peak of is a pair of consecutive steps ud.
A valley of is a pair of consecutive steps du.

Classical result

The number of Dyck paths of length 2n with h valleys (or equivalently,
h + 1 peaks), is the Narayana number

won=26)(,0)
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Symmetry of the Narayana numbers

From the formula )
n n
e300,

N(n,h) = N(n,n— h—1).

we see the symmetry
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Symmetry of the Narayana numbers

From the formula )
n n
nnm =2 (3) (1)

N(n,h) = N(n,n— h—1).

we see the symmetry

This can be interpreted as

#{D € D, with h+ 1 peaks} = #{D € D, with n — h peaks}

Sergi Elizalde (Dartmouth) A Lalanne—Kreweras involution for SYT CanaDAM 2025



Symmetry of the Narayana numbers

From the formula )
n n
nnm =2 (3) (1)

N(n,h) = N(n,n— h—1).

we see the symmetry

This can be interpreted as

#{D € D, with h+ 1 peaks} = #{D € D, with n — h peaks}

Biijective proof?
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The Lalanne-Kreweras (LK) involution

Y5
«ya
«<y3
<)2
)1
T T
X1 X2 X3 X4 X5

Draw D € D, with north and east steps, and suppose that its peaks have
coordinates (x1,¥1),- -, (Xh+1, Yht1)-
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The Lalanne-Kreweras (LK) involution

Y5
ez
-y
<Y3
<)2
)1
0
t 1 1 1t 1 1 1
X1 X2 X3 Xa x; Xb X5 x4

Draw D € D, with north and east steps, and suppose that its peaks have
coordinates (x1,¥1),- -, (Xnt1, Yht1)- Let

{0,1,...,0}\ {x1, %2, - s Xho1} = {X1, X5y - -, X1}

{07 17"'7”}\{y15y27"'7.yh+1} = {.y],_7y£""7yf/7—h}7
and let LK(D) be the Dyck path with peaks at (x{,y1),...,(X,_p: Yr_p)-
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Standard Young tableaux

Let A be a partition of N. A standard Young tableau of shape \ is a filling
of the boxes of the Young diagram of A with the numbers 1,2,..., N so
that rows and columns are increasing.

SYT(A) = set of standard Young tableaux of shape A

1[3]5]7]
214]8
6]

€ SYT(4,3,1)

CanaDAM 2025

A Lalanne—Kreweras involution for SYT

Sergi Elizalde (Dartmouth)



Standard Young tableaux

Let A be a partition of N. A standard Young tableau of shape \ is a filling
of the boxes of the Young diagram of A with the numbers 1,2,..., N so
that rows and columns are increasing.

SYT(A) = set of standard Young tableaux of shape A

1[3]5]7]
214]8
6]

€ SYT(4,3,1)

There is a simple bijection between D, and SYT(n, n):

sy [112]5]6/7]9]12
314 /8]10[11)13[14
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Standard Young tableaux

Let A be a partition of N. A standard Young tableau of shape \ is a filling
of the boxes of the Young diagram of A with the numbers 1,2,..., N so
that rows and columns are increasing.

SYT(A) = set of standard Young tableaux of shape A

1[3]5]7]
214]8
6]

€ SYT(4,3,1)

There is a simple bijection between D, and SYT(n, n):

s [112]5]6]7]9]12
314 /8]10[11)13[14

Peaks become jumps to a lower row.
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Standard Young tableaux

Let A be a partition of N. A standard Young tableau of shape \ is a filling
of the boxes of the Young diagram of A with the numbers 1,2,..., N so
that rows and columns are increasing.

SYT(A) = set of standard Young tableaux of shape A

1[3]5]7]
214]8
6]

€ SYT(4,3,1)

There is a simple bijection between D, and SYT(n, n):

H
N
o1
o
~
©

12
314 |8]10[11)13[14

1 .

Peaks become jumps to a lower row. Valleys become jumps to a higher row.
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Ascents and descents on standard Young tableaux

In a standard Young tableau,
@ jis an ascent if / + 1 is higher than i,

—
N

517

w
[e)}
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Ascents and descents on standard Young tableaux

In a standard Young tableau,
@ jis an ascent if / + 1 is higher than i,
@ jis a descent if i + 1 is lower than J.

—
N

517]

w
[e)}
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Ascents and descents on standard Young tableaux

In a standard Young tableau,
@ jis an ascent if / + 1 is higher than i,
@ jis a descent if i + 1 is lower than J.

asc(T) = number of ascents of T
des(T) = number of descents of T

§§5‘7‘ asc(T) =2
18 des(T) =4
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Ascents and descents on standard Young tableaux

In a standard Young tableau,
@ jis an ascent if / + 1 is higher than i,
@ jis a descent if i + 1 is lower than J.

asc(T) = number of ascents of T
des(T) = number of descents of T

§§5‘7‘ asc(T) =2
18 des(T) =4

Aside: if RSK(7) = (P, Q), then 7 and Q have the same descent set.
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Ascents and descents on standard Young tableaux

In a standard Young tableau,
@ jis an ascent if / + 1 is higher than i,
@ jis a descent if i + 1 is lower than J.

asc(T) = number of ascents of T
des(T) = number of descents of T

§§5‘7‘ asc(T) =2
18 des(T) =4

Aside: if RSK(7) = (P, Q), then 7 and Q have the same descent set.

SYT(nk) = set of standard Young tableaux of rectangular shape k x n
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Ascents and descents on standard Young tableaux

In a standard Young tableau,
@ jis an ascent if / + 1 is higher than i,
@ jis a descent if i + 1 is lower than J.

asc(T) = number of ascents of T
des(T) = number of descents of T

§§5‘7‘ asc(T) =2
18 des(T) =4

Aside: if RSK(7) = (P, Q), then 7 and Q have the same descent set.
SYT(nk) = set of standard Young tableaux of rectangular shape k x n

The k-Narayana numbers are defined as

N(k,n,h) = |{T € SYT(n*) : asc(T) = h}|
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Ascents and descents on standard Young tableaux

In a standard Young tableau,
@ jis an ascent if / + 1 is higher than i,
@ jis a descent if i + 1 is lower than J.

asc(T) = number of ascents of T
des(T) = number of descents of T

§§5‘7‘ asc(T) =2
18 des(T) =4

Aside: if RSK(7) = (P, Q), then 7 and Q have the same descent set.
SYT(nk) = set of standard Young tableaux of rectangular shape k x n

The k-Narayana numbers are defined as
N(k,n,h) = |{T € SYT(n*) : asc(T) = h}|
=|{T e SYT(n*) :des(T) = h+ k —1}| (Sulanke '04)
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Generalized Narayana numbers

Theorem (Sulanke '04)

h n—1k—1

N(k,n,h)=Z(—1) (kn+1>HHITiji1—g~

=0

Sulanke’s proof is based on Stanley’s theory of P-partitions.
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Generalized Narayana numbers

Theorem (Sulanke '04)

n—1k—1

h
N(k,n, h) = S (~1)" ( )HH’HJ}F“;E

=0

Sulanke’s proof is based on Stanley’s theory of P-partitions.

Corollary (Sulanke '04)

N(k, n, h) = N(k, n, (k — 1)(n — 1) — h).
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Generalized Narayana numbers

Theorem (Sulanke '04)

n—1k—1

h
N(k,n, h) = S (~1)" ( )HHIHJ;LE

=0

Sulanke’s proof is based on Stanley’s theory of P-partitions.

Corollary (Sulanke '04)

N(k, n, h) = N(k, n, (k — 1)(n — 1) — h).

Our goal is to give a bijective proof of this symmetry.
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Detour: linear extensions of posets

It turns out that the symmetry
N(k,n,h) = N(k,n,(k—1)(n—1) — h).

is also a special case of an older result of Stanley:
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Detour: linear extensions of posets

It turns out that the symmetry
N(k,n,h) = N(k,n,(k—1)(n—1) — h).

is also a special case of an older result of Stanley:

Theorem (Stanley '72)

In any graded poset P, the distribution of the number of descents on linear
extensions of P (with respect to any given natural labeling) is symmetric.

Ours is the special case P = k x n, the product of two chains.
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Detour: linear extensions of posets

It turns out that the symmetry
N(k,n,h) = N(k,n,(k—1)(n—1) — h).

is also a special case of an older result of Stanley:

Theorem (Stanley '72)

In any graded poset P, the distribution of the number of descents on linear
extensions of P (with respect to any given natural labeling) is symmetric.

Ours is the special case P = k x n, the product of two chains.

Problem (Stanley '81)

Find a bijective proof of this symmetry. Even for the case P =k x n.
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Detour: linear extensions of posets

It turns out that the symmetry
N(k,n,h) = N(k,n,(k—1)(n—1) — h).

is also a special case of an older result of Stanley:

Theorem (Stanley '72)

In any graded poset P, the distribution of the number of descents on linear
extensions of P (with respect to any given natural labeling) is symmetric.

Ours is the special case P = k x n, the product of two chains.

Problem (Stanley '81)

Find a bijective proof of this symmetry. Even for the case P =k x n.

In 2005, Farley turned Stanley's proof into a recursive bijection based on
Garsia and Milne's involution principle, and again asked for a direct
bijection for the case P = k x n.
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The bijection ¢

We will describe a bijection ¢ : SYT(nkK) — SYT(n*) such that
des(T) +des(p(T)) =(k—1)(n+1)

for all T € SYT(nk).
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:



Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

- = =5 -
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

(o8

- = =5 -
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

(V)
<+~

B

- = =5 -
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

(o8
o
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

10246
3159
4t

7
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

=
IN
<
[))
<+
[©
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

=
IN
<
[))
<+
[©

—

o
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

3 5L
4l 81
7
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

[

20619 10]
T3 1 5y

TAaN 8N

+ 7112

4

(o8
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

[

20609 10}
3 4 SN

T afl e

t 71120

113

(o8
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

[

2169 104
T3 4 s

Tafl el

t 71120

113 14

(o8
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

[

20649 10)15
+3 ] st
DR

+ 712y

t13 149

(o8
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

[=

20619 10]15]
+3 1 st

a4 816

$7 124

t13 141

(o8
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

[=

20619 10]15]
T3 L STALLNLT

1 41 8pAI61

T 1)

t13 149

(o8
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

1 24649 10]15]
T3 1 SHMNI7T 18
T 4N 86t
+ 741208
t13 141
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

1 24649 10]15]
T3 1 SNhNIT 18
T 4N sNteN
7 1120419
t13 141

Sergi Elizalde (Dartmouth) A Lalanne—Kreweras involution for SYT CanaDAM 2025



Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

[=

20619 10]15]
T3 4 eI 18 |

T 4 spi161

+7 P 12[419)

113 14120

(o8
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

[=

20619 10]15]
T3 | SN 18

1 4 8N 2L

+7 P 124p104

t13 1121

(o8
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

[

20619 10]15]
$3 ) sMUaT 18422
1 a4l 86N 21

$ 7 12104

t13 141201

(o8
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

[

20619 10]15]
T3 L SN 18122
T 4l spfle 21l

$7 1244194023

t13 1121

(o8
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

[

21649 1015
T3 ) aNMLUNIT 18 22 )
T 4N 8161 211 24

T 7 T R2)r19lr231

+13 141201

(o8
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

[

20619 10]15]
+3 L SRMIT 184 2]
T AN BRI 21 124 |
+7 12193

+13 14120125

(o8
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

[

20619 10)15]
+3 L SRMIT 184 2]
T AN BRI 21 124 |
+7 1124419 1237926

+13 141201251

(o8
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

[

21649 1015
T3 ) aNMLUNIT 18 22 )
T 4N 86N 211 24 | 27
T 7T R2)1911231 26 1
+13 141201251

(o8
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

[

20619 10]15]
$3 ) stmupaT 18422
T a4l 86N 2 N24 |27 ]
$ 7 1124419423026 1 28
113 141201257

(o8
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

[

20619 10]15]
T3 L SN 18122
Tl sffe 212 27 |
$7 P 1240194023026 28 )

+13 14120712512

(o8
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

[

20619 10]15]
T3 L SN 18122
Tl sffe 212 27 |
$7 P 1240194023026 28 )

113 141201251420 30

(o8
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Arrow encodings

We encode standard Young tableaux using arrows describing the placement
of the entries:

[=

20619 10]15]
T3 L SN 18122
Tl sffe 212 27 |
$7 P 1240194023026 28 )

113 141201251420 30

(o8

This encoding is a bijection between SYT(n*) and valid arrow arrays (i.e.,
satisfying certain conditions).
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Leading and trailing arrows

@ leading | = leftmost |. in its block
@ trailing 7 = rightmost 1 in its block
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Leading and trailing arrows

@ leading | = leftmost |. in its block
@ trailing 7 = rightmost 1 in its block

1 20l6l9 10l15]
T3 4 sNnuUN 18l 22]
Tat st N 2124 L 27 |
T 7 1120119023126 128 |

113 14120125129 30

Leading | are colored in red.
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Leading and trailing arrows

@ leading | = leftmost |. in its block
@ trailing 7 = rightmost 1 in its block

1 20l6l9 10l15]
T34 sNnuN 18l22]
T atN st N 2124 L 27 |
T 7 1120719023126 728 |

113 147201251729 30

Leading | are colored in red.

Trailing 1 are colored in green.
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The bijection : definition

For every pair of arrow blocks with A immediately above B,

A
B
@ if A has a leading | and B has a trailing 1, remove these arrows;
@ if A has no leading | and B has no trailing 1, add these arrows.

+ 4

!
LN N 2

@WO T NN N
TN

T O

R
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The bijection : definition

g with A immediately above B,
@ if A has a leading | and B has a trailing 1, remove these arrows;

For every pair of arrow blocks

@ if A has no leading | and B has no trailing 1, add these arrows.

+ 4 + 4
) Nt I 1 4
@WO TR M N AN L
S A R N N S A
T T T 1
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@ if A has no leading | and B has no trailing 1, add these arrows.

+ 4 + 4
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The bijection : definition

For every pair of arrow blocks with A immediately above B,

A
B
@ if A has a leading | and B has a trailing 1, remove these arrows;
@ if A has no leading | and B has no trailing 1, add these arrows.

4 { + 4
T W 1 4
o TR M N AN L
S A R N N S A
T T T 1
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The bijection : definition

For every pair of arrow blocks g with A immediately above B,

@ if A has a leading | and B has a trailing 1, remove these arrows;
@ if A has no leading | and B has no trailing 1, add these arrows.
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The bijection : definition

For every pair of arrow blocks g with A immediately above B,

@ if A has a leading | and B has a trailing 1, remove these arrows;
@ if A has no leading | and B has no trailing 1, add these arrows.

4 + 44
L B N S N NS
@WO TR M N AN L
L A R N N S
T T T 1
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The bijection : definition

For every pair of arrow blocks g with A immediately above B,

@ if A has a leading | and B has a trailing 1, remove these arrows;
@ if A has no leading | and B has no trailing 1, add these arrows.

! Lol
L A VA
@MO @u (NN A
S S S S T
1 RN

R
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The bijection : definition

For every pair of arrow blocks g with A immediately above B,

@ if A has a leading | and B has a trailing 1, remove these arrows;
@ if A has no leading | and B has no trailing 1, add these arrows.
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The bijection : definition

For every pair of arrow blocks g with A immediately above B,

@ if A has a leading | and B has a trailing 1, remove these arrows;
@ if A has no leading | and B has no trailing 1, add these arrows.
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The bijection : definition

g with A immediately above B,
@ if A has a leading | and B has a trailing 1, remove these arrows;

For every pair of arrow blocks

@ if A has no leading | and B has no trailing 1, add these arrows.
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The bijection : definition

For every pair of arrow blocks with A immediately above B,

A
B
@ if A has a leading | and B has a trailing 1, remove these arrows;
@ if A has no leading | and B has no trailing 1, add these arrows.

Hat

4 + 4+l
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The bijection : definition

For every pair of arrow blocks g with A immediately above B,

@ if A has a leading | and B has a trailing 1, remove these arrows;
@ if A has no leading | and B has no trailing 1, add these arrows.
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The bijection : definition

For every pair of arrow blocks with A immediately above B,

A
B
@ if A has a leading | and B has a trailing 1, remove these arrows;

@ if A has no leading | and B has no trailing 1, add these arrows.
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The bijection : definition

For every pair of arrow blocks with A immediately above B,

A
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@ if A has no leading | and B has no trailing 1, add these arrows.
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The bijection : definition

g with A immediately above B,
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@ if A has no leading | and B has no trailing 1, add these arrows.
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The bijection : definition

g with A immediately above B,
@ if A has a leading | and B has a trailing 1, remove these arrows;
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The bijection : definition

For every pair of arrow blocks g with A immediately above B,

@ if A has a leading | and B has a trailing 1, remove these arrows;

@ if A has no leading | and B has no trailing 1, add these arrows.
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The bijection : definition

For every pair of arrow blocks g with A immediately above B,

@ if A has a leading | and B has a trailing 1, remove these arrows;
@ if A has no leading | and B has no trailing 1, add these arrows.
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The bijection : definition

g with A immediately above B,
@ if A has a leading | and B has a trailing 1, remove these arrows;

For every pair of arrow blocks

@ if A has no leading | and B has no trailing 1, add these arrows.
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The bijection : definition

For every pair of arrow blocks g with A immediately above B,

@ if A has a leading | and B has a trailing 1, remove these arrows;
@ if A has no leading | and B has no trailing 1, add these arrows.
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The bijection : definition

g with A immediately above B,
@ if A has a leading | and B has a trailing 1, remove these arrows;

For every pair of arrow blocks

@ if A has no leading | and B has no trailing 1, add these arrows.

N N
/7 /
| \L | \l/ \l/
1
! \ \

1 | 1
1

N

SRRV T A A
PN WD) Lt

+ O
T T 0
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The bijection : definition

For every pair of arrow blocks with A immediately above B,

A
B
@ if A has a leading | and B has a trailing 1, remove these arrows;
@ if A has no leading | and B has no trailing 1, add these arrows.

1 201619 1w0li15] 144 5 ,7013L19]
T3 L sHhuN 1822 T2t e WiuNisT20 L 24 |
T4 sNfeN 2124 |27 ) < T 3N 1oNf1atl1aRs 26
T 7 tdtoftane sl T e f127 16 T 1sRg27 L 29 o

113 141720725729 30 o T21 22 23728730
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The bijection : properties

The map ¢ : SYT(n*) — SYT(n*) is an involution satisfying

des(T) 4 des(¢(T)) = (k—1)(n+1).
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The bijection : properties

The map ¢ : SYT(n*) — SYT(n*) is an involution satisfying

des(T) 4 des(¢(T)) = (k—1)(n+1).

By switching the roles of leading and trailing arrows, we can similarly
describe another bijection 1 : SYT(nk) — SYT(nk).

The map 1 : SYT(n¥) — SYT(nk) is an involution satisfying

asc(T) +asc(y(T)) = (k—1)(n—1).
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The bijection §: definition

Consider a third involution 3 : SYT(nk) — SYT(n*) that simply reverses
(i.e., reads from right to left) each block of arrows:

Loy Loy Loy Lol
SRR V2 N} SR 7 S A
SR SV N A A S S S S
S N S: N N ) S N A A N )
1 R 1 )
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The bijection §: definition

Consider a third involution 3 : SYT(nk) — SYT(n*) that simply reverses
(i.e., reads from right to left) each block of arrows:

1 2016l 9 10li15] 1 20749 10l13]
T34 sNnuUNr 18l22] T34 6NfuNe 1924 ]
T atN steN 2124 27 | L T a4 lf stadf20dras L 27 |
T 7 T 1241190123126 1+ 28 T 5 T2t 22)f26 128
113 141720725729 30 T15 1617211723729 30
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The bijection §: properties

The map B : SYT(n¥) — SYT(nX) is an involution satisfying

des(T) = asc(B(T)) + k — 1,
asc(T) + k — 1 =des(B(T)).
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The bijection §: properties

The map B : SYT(n¥) — SYT(nX) is an involution satisfying

des(T) = asc(B(T)) + k — 1,
asc(T) + k — 1 =des(B(T)).

This gives a simpler proof of Sulanke's identity

{T € SYT(n¥) 1 asc(T) = h}| = |{T € SYT(n*) : des(T) = h+ k — 1}|.
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The three bijections are related by ¢ = 3opof

1 21619 1w0li15] 114 s517)13liol
T3l sNMuNTT 1822 T 206 N1lN1sir20 | 24 |
T4 s 21 N24 |27 | < T 3NN L 1gNRs 26 |
T 7 1T 1201190123126 728 | T 8lf121 16 1T 180127 L 29 |
113 14720125172 30 19 1T21 22 237287130

1B g

1 21709 1wl13] 113 4lol13lir]
T3 ) eNMuN 1924 ] T2 74t0deN 19 | 21 ]
T a4 lr s fuadtoodras 27 | L T 540 s 14l 18dtRs 26 |
T 5 T 12f17r 224126 128 | T 6121157200127 L 29 |
T15 1672117231729 30 T11122 23 241287130
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Arrow encodings can be defined for arbitrary shapes:

143 41113
T2Ne6 st
TNt 10N
T 7R
Tut
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Arrow encodings can be defined for arbitrary shapes:

143 41113
T2Ne6 st
TNt 10N
T 7R
Tut

However, in general, the maps ¢, ¢ and 8 may produce invalid arrow
arrays.
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Arrow encodings can be defined for arbitrary shapes:

143 41113
T2Ne6 st
TNt 10N
T 7R
Tut

However, in general, the maps ¢, ¢ and 8 may produce invalid arrow
arrays.

One exception is for the shape A = (n,n—1,....,n— k + 1), called a
truncated staircase.
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The bijection 1) for truncated staircases

Let A\=(n,n—1,...,n— k+1). Aslight variation of the definition of v
works on SYT(\).
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The bijection 1) for truncated staircases

Let A\=(n,n—1,...,n— k+1). Aslight variation of the definition of v
works on SYT(\).

113 4l11l13] 1 205012 13}
T2M6  sif2fl T3 4tslfual
T 5Nt 101 L Tedto lutl
T7N15L T7T101
T14 71 115
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The bijection 1) for truncated staircases

Let A\=(n,n—1,...,n— k+1). Aslight variation of the definition of v
works on SYT(\).

113 4l11l13] 1 205012 13}
T2M6  sif2fl T3 4tslfual
T 5Nt 101 L Tedto lutl
T7N15L T7T101
141 115

The map 1) : SYT(A) — SYT(A) is an involution satisfying

asc(T) +asc(y(T)) = (2n = k;(k — 1).
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The bijection 1) for truncated staircases

Let A\=(n,n—1,...,n— k+1). Aslight variation of the definition of v
works on SYT(\).

113 4l11l13] 1 205012 13}
T2M6  sif2fl T3 4tslfual
T 5Nt 101 L Tedto lutl
T7N15L T7T101
T14 71 115

The map 1) : SYT(A) — SYT(A) is an involution satisfying

asc(T) +asc(y(T)) = (2n = k;(k — 1).

In contrast, the distribution of des on SYT(\) is not symmetric.
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Another symmetry of the generalized Narayana numbers

Corollary (Sulanke '04)

N(k, n, h) = N(n, k, h).
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Another symmetry of the generalized Narayana numbers

Corollary (Sulanke '04)

N(k, n, h) = N(n, k, h).

There are several known proofs, but they are not bijective.
The LHS is N(k,n, h) = |[{T € SYT(n*) : asc(T) = h}|.
The RHS, applying conjugation, is
N(n,k,h) = |{T € SYT(k") : asc(T) = h}|
= |{T € SYT(n*) : hdes(T) = h}|,

where hdes(T) = # descents i where i + 1 is strictly to the left of jin T.
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Another symmetry of the generalized Narayana numbers

Corollary (Sulanke '04)

N(k, n, h) = N(n, k, h).

There are several known proofs, but they are not bijective.
The LHS is N(k,n, h) = |[{T € SYT(n*) : asc(T) = h}|.
The RHS, applying conjugation, is
N(n,k,h) = |{T € SYT(k") : asc(T) = h}|
= |{T € SYT(n*) : hdes(T) = h}|,
where hdes(T) = # descents i where i + 1 is strictly to the left of jin T.

So we want a bijection that takes asc to hdes.
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Another symmetry of the generalized Narayana numbers

Corollary (Sulanke '04)

N(k, n, h) = N(n, k, h).

There are several known proofs, but they are not bijective.
The LHS is N(k,n, h) = |[{T € SYT(n*) : asc(T) = h}|.
The RHS, applying conjugation, is
N(n,k,h) = |{T € SYT(k") : asc(T) = h}|
= |{T € SYT(n*) : hdes(T) = h}|,
where hdes(T) = # descents i where i + 1 is strictly to the left of jin T.
So we want a bijection that takes asc to hdes.

(For k = 2, these statistics correspond to valleys and high peaks on Dyck
paths, and several bijections are known.)
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Another symmetry of the generalized Narayana numbers

Proposition
The map p : SYT(nk) — SYT(n*) defined by p(T) = B(p(B(T))) is a

bijection satisfying asc(T) = hdes(p(T))
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Another symmetry of the generalized Narayana numbers

Proposition
The map p : SYT(nk) — SYT(n*) defined by p(T) = B(p(B(T))) is a

bijection satisfying asc(T) = hdes(p(T))

For k = 2, this bijection is equivalent to rowmotion on Dyck paths.
We can use p as the definition of rowmotion on SYT(n¥).
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Another symmetry of the generalized Narayana numbers

Proposition
The map p : SYT(nk) — SYT(n*) defined by p(T) = B(p(B(T))) is a

bijection satisfying asc(T) = hdes(p(T))

For k = 2, this bijection is equivalent to rowmotion on Dyck paths.
We can use p as the definition of rowmotion on SYT(n¥).

More generally...

For any shape A, there is an bijection p : SYT(A\) — SYT()) satisfying

asc(T) = hdes(p(T)).
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Open problems: major index

The major index of T € SYT(A) is defined as

maj(T) = > i.

iis a descent of T

It follows from Stanley's g-analogue of the hook length formula that maj
has a symmetric distribution over SYT()), for any A.
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The major index of T € SYT(A) is defined as

maj(T) = > i.

iis a descent of T

It follows from Stanley's g-analogue of the hook length formula that maj
has a symmetric distribution over SYT()), for any A.

Problem
Give a bijective proof of this symmetry.
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Open problems: major index

The major index of T € SYT(A) is defined as

maj(T) = > i.

iis a descent of T

It follows from Stanley's g-analogue of the hook length formula that maj
has a symmetric distribution over SYT()), for any A.

Problem

Give a bijective proof of this symmetry.

For rectangular shapes, it seems that des and maj are “jointly symmetric”.
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Open problems: major index

The major index of T € SYT(A) is defined as

maj(T) = > i.

i is a descent of T

It follows from Stanley's g-analogue of the hook length formula that maj
has a symmetric distribution over SYT()), for any A.

Problem

Give a bijective proof of this symmetry.

For rectangular shapes, it seems that des and maj are “jointly symmetric”.

Problem

Describe a bijection ® : SYT(n¥) — SYT(n¥) satisfying
des(T) +des(®(T)) = (k—1)(n+ 1),

k(k = 1)n(n+1)

maj(T) + maj(&(T)) = =
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Open problems: generalization to other posets

Theorem (Stanley '72)

In any graded poset P, the distribution of the number of descents on linear
extensions of P (with respect to any given natural labeling) is symmetric.

Our bijection ¢ gives a bijective proof when P = k x n (rectangular shape)
or comes from a truncated staircase shape:
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Open problems: generalization to other posets

Theorem (Stanley '72)

In any graded poset P, the distribution of the number of descents on linear
extensions of P (with respect to any given natural labeling) is symmetric.

Our bijection ¢ gives a bijective proof when P = k x n (rectangular shape)
or comes from a truncated staircase shape:

Give a bijective proof of Stanley's theorem for other graded posets P.
Interesting example: the product of three chains k x n x m.

Sergi Elizalde (Dartmouth) A Lalanne-Kreweras involution for SYT CanaDAM 2025



