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ExamplesBa
kgroundAllowed patterns of a mapLet X be a linearly ordered set, f : X → X . For ea
h w ∈ X andn ≥ 1, 
onsider the sequen
ew , f (w), f 2(w), . . . , f n−1(w)If there are no repetitions, the relative order of the entriesdetermines a permutation, 
alled an allowed (or realized) patternof f .
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kgroundExampleLet f : [0, 1] → [0, 1] be de�ned by f (x) = {2x} (fra
tional part)
0.5 1.0
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For w = 0.39 and n = 4, we get0.39 f7→ 0.78 f7→ 0.56 f7→ 0.12
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ographi
allyLet f : X → X be the shiftf (w1w2w3 . . . ) = w2w3w4 . . .
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kground�Another� exampleX = {0, 1}N in�nite binary words, ordered lexi
ographi
allyLet f : X → X be the shiftf (w1w2w3 . . . ) = w2w3w4 . . .w = 0110010111 . . .
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kground�Another� exampleX = {0, 1}N in�nite binary words, ordered lexi
ographi
allyLet f : X → X be the shiftf (w1w2w3 . . . ) = w2w3w4 . . .w = 0110010111 . . .f (w) = 110010111 . . .f 2(w) = 10010111 . . .f 3(w) = 0010111 . . .
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kground�Another� exampleX = {0, 1}N in�nite binary words, ordered lexi
ographi
allyLet f : X → X be the shiftf (w1w2w3 . . . ) = w2w3w4 . . .w = 0110010111 . . . 2f (w) = 110010111 . . . 4f 2(w) = 10010111 . . . 3f 3(w) = 0010111 . . . 1 
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ographi
allyLet f : X → X be the shiftf (w1w2w3 . . . ) = w2w3w4 . . .w = 0110010111 . . . 3f (w) = 110010111 . . . 7f 2(w) = 10010111 . . . 5f 3(w) = 0010111 . . . 1f 4(w) = 010111 . . . 2f 5(w) = 10111 . . . 6f 6(w) = 0111 . . . 4
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kground�Another� exampleX = {0, 1}N in�nite binary words, ordered lexi
ographi
allyLet f : X → X be the shiftf (w1w2w3 . . . ) = w2w3w4 . . .w = 0110010111 . . . 3f (w) = 110010111 . . . 7f 2(w) = 10010111 . . . 5f 3(w) = 0010111 . . . 1f 4(w) = 010111 . . . 2f 5(w) = 10111 . . . 6f 6(w) = 0111 . . . 4
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kground�Another� exampleX = {0, 1}N in�nite binary words, ordered lexi
ographi
allyLet f : X → X be the shiftf (w1w2w3 . . . ) = w2w3w4 . . .On the other hand, 1423 is a forbidden pattern of f :
π = 1 4 2 3w = w1 w2 w3 w4 w5 . . .
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kground�Another� exampleX = {0, 1}N in�nite binary words, ordered lexi
ographi
allyLet f : X → X be the shiftf (w1w2w3 . . . ) = w2w3w4 . . .On the other hand, 1423 is a forbidden pattern of f :
π = 1 4 2 3w = 0 w2 w3 w4 w5 . . .
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kground�Another� exampleX = {0, 1}N in�nite binary words, ordered lexi
ographi
allyLet f : X → X be the shiftf (w1w2w3 . . . ) = w2w3w4 . . .On the other hand, 1423 is a forbidden pattern of f :
π = 1 4 2 3w = 0 w2 0? w4 w5 . . .w2w3w4 . . . >lex w4w5w6 . . . ⇒ 0w2w3w4 . . . >lex 0w4w5w6 . . .
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kground�Another� exampleX = {0, 1}N in�nite binary words, ordered lexi
ographi
allyLet f : X → X be the shiftf (w1w2w3 . . . ) = w2w3w4 . . .On the other hand, 1423 is a forbidden pattern of f :
π = 1 4 2 3w = 0 w2 /\0 w4 w5 . . .w2w3w4 . . . >lex w4w5w6 . . . ⇒ 0w2w3w4 . . . >lex 0w4w5w6 . . .
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kground�Another� exampleX = {0, 1}N in�nite binary words, ordered lexi
ographi
allyLet f : X → X be the shiftf (w1w2w3 . . . ) = w2w3w4 . . .On the other hand, 1423 is a forbidden pattern of f :
π = 1 4 2 3w = 0 w2 1 w4 w5 . . .w2w3w4 . . . >lex w4w5w6 . . . ⇒ 0w2w3w4 . . . >lex 0w4w5w6 . . .
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ExamplesBa
kground�Another� exampleX = {0, 1}N in�nite binary words, ordered lexi
ographi
allyLet f : X → X be the shiftf (w1w2w3 . . . ) = w2w3w4 . . .On the other hand, 1423 is a forbidden pattern of f :
π = 1 4 2 3w = 0 w2 1 w4 w5 . . .w2w3w4 . . . >lex w4w5w6 . . . ⇒ 0w2w3w4 . . . >lex 0w4w5w6 . . .But then 1w4w5 . . . ≥lex w4w5 . . . −→ 
ontradi
tion!Sergi Elizalde Allowed patterns of β-shifts
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ontainment.E.g., if 4156273 ∈ Allow(f ), then 2314 ∈ Allow(f ).
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ExamplesBa
kgroundAllowed and forbidden patternsAllown(f ) = set of allowed patterns of f of length n.Fa
t: Allow(f ) =
⋃n≥0Allown(f ) is 
losed under 
onse
utivepattern 
ontainment.E.g., if 4156273 ∈ Allow(f ), then 2314 ∈ Allow(f ).Des
ribing the set of allowed patterns of a given map is a di�
ultproblem in general. Sergi Elizalde Allowed patterns of β-shifts
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ewise monotone map. Then
◮ f has forbidden patterns,
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ExamplesBa
kgroundMaps on a one-dimensional intervalLet I ⊂ R be a 
losed interval.Theorem (Bandt-Keller-Pompe '02)Let f : I → I be a pie
ewise monotone map. Then
◮ f has forbidden patterns,
◮ limn→∞ |Allown(f )|1/n exists, and its logarithm equals thetopologi
al entropy of f .
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ExamplesBa
kgroundMaps on a one-dimensional intervalLet I ⊂ R be a 
losed interval.Theorem (Bandt-Keller-Pompe '02)Let f : I → I be a pie
ewise monotone map. Then
◮ f has forbidden patterns,
◮ limn→∞ |Allown(f )|1/n exists, and its logarithm equals thetopologi
al entropy of f .Provides a 
ombinatorial way to 
ompute the topologi
al entropy,whi
h is a measure of the 
omplexity of the dynami
al system.Sergi Elizalde Allowed patterns of β-shifts
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ular,
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WN = {0, 1, . . . ,N−1}N in�nite words on N letters,ordered lexi
ographi
ally
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De�nitionsForbidden patterns of shiftsN(π)Shift maps
WN = {0, 1, . . . ,N−1}N in�nite words on N letters,ordered lexi
ographi
allyShift on N letters (for N ≥ 2):

ΣN : WN −→ WNw1w2w3 . . . 7→ w2w3w4 . . .
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De�nitionsForbidden patterns of shiftsN(π)Shift maps
WN = {0, 1, . . . ,N−1}N in�nite words on N letters,ordered lexi
ographi
allyShift on N letters (for N ≥ 2):

ΣN : WN −→ WNw1w2w3 . . . 7→ w2w3w4 . . .Thinking of words as expansions in base N of numbers in [0, 1), ΣNis �equivalent� to the sawtooth mapMN : [0, 1) → [0, 1)x 7→ {Nx}(fra
tional part)Sergi Elizalde Allowed patterns of β-shifts



Permutations realized by a mapShifts
β-shiftsComputation of B(π)

De�nitionsForbidden patterns of shiftsN(π)Forbidden patterns of shiftsTheorem
ΣN has no forbidden patterns of length N + 1 or shorter, but it hasforbidden patterns of length N + 2.
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ΣN has no forbidden patterns of length N + 1 or shorter, but it hasforbidden patterns of length N + 2.In fa
t, ΣN has exa
tly 6 forbidden patterns of length N + 2.
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De�nitionsForbidden patterns of shiftsN(π)Forbidden patterns of shiftsTheorem
ΣN has no forbidden patterns of length N + 1 or shorter, but it hasforbidden patterns of length N + 2.In fa
t, ΣN has exa
tly 6 forbidden patterns of length N + 2.ExampleThe shortest forbidden patterns of Σ4 are615243, 324156, 342516, 162534, 453621, 435261.Sergi Elizalde Allowed patterns of β-shifts
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De�nitionsForbidden patterns of shiftsN(π)The minimum # of letters needed to realize a patternFor π ∈ Sn, let N(π) = min{N : π ∈ Allow(ΣN)}.Theorem: N(π) = 1 + des(π̂) + ǫ(π̂)
︸︷︷︸0 or 1.
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De�nitionsForbidden patterns of shiftsN(π)The minimum # of letters needed to realize a patternFor π ∈ Sn, let N(π) = min{N : π ∈ Allow(ΣN)}.Theorem: N(π) = 1 + des(π̂) + ǫ(π̂)
︸︷︷︸0 or 1.An example of what π̂ is:

π = 892364157 (8,9,2,3,6,4,1,5,7) 536174892 536174 92 = π̂

Sergi Elizalde Allowed patterns of β-shifts



Permutations realized by a mapShifts
β-shiftsComputation of B(π)

De�nitionsForbidden patterns of shiftsN(π)The minimum # of letters needed to realize a patternFor π ∈ Sn, let N(π) = min{N : π ∈ Allow(ΣN)}.Theorem: N(π) = 1 + des(π̂) + ǫ(π̂)
︸︷︷︸0 or 1.An example of what π̂ is:

π = 892364157 (8,9,2,3,6,4,1,5,7) 536174892 536174 92 = π̂des(π̂) = des(53617492) = 4
Sergi Elizalde Allowed patterns of β-shifts
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De�nitionsForbidden patterns of shiftsN(π)The minimum # of letters needed to realize a patternFor π ∈ Sn, let N(π) = min{N : π ∈ Allow(ΣN)}.Theorem: N(π) = 1 + des(π̂) + ǫ(π̂)
︸︷︷︸0 or 1.An example of what π̂ is:

π = 892364157 (8,9,2,3,6,4,1,5,7) 536174892 536174 92 = π̂des(π̂) = des(53617492) = 4N(892364157) = 1 + 4 + 0 = 5Sergi Elizalde Allowed patterns of β-shifts
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De�nitionsForbidden patterns of shiftsN(π)The minimum # of letters needed to realize a patternFor π ∈ Sn, let N(π) = min{N : π ∈ Allow(ΣN)}.Theorem: N(π) = 1 + des(π̂) + ǫ(π̂)
︸︷︷︸0 or 1.An example of what π̂ is:

π = 892364157 (8,9,2,3,6,4,1,5,7) 536174892 536174 92 = π̂des(π̂) = des(53617492) = 4N(892364157) = 1 + 4 + 0 = 5Can dedu
e an ugly formula for |Allown(ΣN)|, for given n and N.Sergi Elizalde Allowed patterns of β-shifts
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◮ Natural generalization of shifts.
◮ Good prototypes of 
haoti
 dynami
al systems.
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De�nitionsShift-
omplexityWhy β-shifts?
◮ Natural generalization of shifts.
◮ Good prototypes of 
haoti
 dynami
al systems.
◮ Originated in the study of expansions of real numbers in anarbitrary real base β > 1.
◮ Widely studied in the literature from di�erent perspe
tives:measure theory, 
omputability theory, number theory, et
.
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omplexity
β-shiftsFor a real number β > 1, let Mβ be the β-sawtooth mapMβ : [0, 1) → [0, 1)x 7→ {βx}
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De�nitionsShift-
omplexity
β-shiftsFor a real number β > 1, let Mβ be the β-sawtooth mapMβ : [0, 1) → [0, 1)x 7→ {βx}We'd like to de�ne the β-shift as

Σβ : W (β) −→ W (β)w1w2w3 . . . 7→ w2w3w4 . . .for some set W (β). Sergi Elizalde Allowed patterns of β-shifts
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Σβ : W (β) −→ W (β)w1w2w3 . . . 7→ w2w3w4 . . .
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De�nitionsShift-
omplexityThe domain of Σβ

Σβ : W (β) −→ W (β)w1w2w3 . . . 7→ w2w3w4 . . .W (β) is be the set of words given by expansions in base β ofnumbers x ∈ [0, 1),
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De�nitionsShift-
omplexityThe domain of Σβ

Σβ : W (β) −→ W (β)w1w2w3 . . . 7→ w2w3w4 . . .W (β) is be the set of words given by expansions in base β ofnumbers x ∈ [0, 1), x =
w1
β

+
w2
β2 + · · · ,with w0 = ⌊x⌋, w1 = ⌊β{x}⌋, w2 = ⌊β{β{x}}⌋, . . .
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De�nitionsShift-
omplexityThe domain of Σβ

Σβ : W (β) −→ W (β)w1w2w3 . . . 7→ w2w3w4 . . .W (β) is be the set of words given by expansions in base β ofnumbers x ∈ [0, 1), x =
w1
β

+
w2
β2 + · · · ,with w0 = ⌊x⌋, w1 = ⌊β{x}⌋, w2 = ⌊β{β{x}}⌋, . . .Example: 0.7 =

2
π

+
0
π2 +

1
π3 +

3
π4 + · · ·Sergi Elizalde Allowed patterns of β-shifts
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De�nitionsShift-
omplexityThe domain of ΣβTheorem (Parry '60)Let β = a0 +
a1
β

+
a2
β2 + · · ·be the β-expansion of β. ThenW (β) = {w : wkwk+1wk+2 . . . <lex a0a1a2 . . . for all k ≥ 1}.
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De�nitionsShift-
omplexityThe domain of ΣβTheorem (Parry '60)Let β = a0 +
a1
β

+
a2
β2 + · · ·be the β-expansion of β. ThenW (β) = {w : wkwk+1wk+2 . . . <lex a0a1a2 . . . for all k ≥ 1}.ExampleFor β = 1 +

√2, β = 2 +
1
β
, so a0a1a2 . . . = 210∞,W (β) = words over {0, 1, 2} where every 2 is followed by a 0.Sergi Elizalde Allowed patterns of β-shifts
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De�nitionsShift-
omplexityThe shift-
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omplexity of a permutationProposition. If 1 < β ≤ β′, then
◮ W (β) ⊆ W (β′),
◮ Allow(Σβ) ⊆ Allow(Σβ′).De�nition (shift-
omplexity)For any permutation π, letB(π) = inf{β : π ∈ Allow(Σβ)}.
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Permutations realized by a mapShifts
β-shiftsComputation of B(π)

De�nitionsShift-
omplexityThe shift-
omplexity of a permutationProposition. If 1 < β ≤ β′, then
◮ W (β) ⊆ W (β′),
◮ Allow(Σβ) ⊆ Allow(Σβ′).De�nition (shift-
omplexity)For any permutation π, letB(π) = inf{β : π ∈ Allow(Σβ)}.Easy fa
t: N(π) = ⌊B(π)⌋ + 1.Our goal is to be able to determine B(π) for an arbitrary π.Sergi Elizalde Allowed patterns of β-shifts
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es π}.
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ExamplesMain theoremTableFrom permutations to wordsFor a word w , let b(w) = inf{β : w ∈ W (β)}. ThenB(π) = inf{b(w) : w indu
es π}.Example: b(30003020∞) ≈ 3.1958, b(212310∞) ≈ 3.3028.
Sergi Elizalde Allowed patterns of β-shifts



Permutations realized by a mapShifts
β-shiftsComputation of B(π)

ExamplesMain theoremTableFrom permutations to wordsFor a word w , let b(w) = inf{β : w ∈ W (β)}. ThenB(π) = inf{b(w) : w indu
es π}.Example: b(30003020∞) ≈ 3.1958, b(212310∞) ≈ 3.3028.Proposition. There is an �easy� way to �nd b(w) for any given w .
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Permutations realized by a mapShifts
β-shiftsComputation of B(π)

ExamplesMain theoremTableFrom permutations to wordsFor a word w , let b(w) = inf{β : w ∈ W (β)}. ThenB(π) = inf{b(w) : w indu
es π}.Example: b(30003020∞) ≈ 3.1958, b(212310∞) ≈ 3.3028.Proposition. There is an �easy� way to �nd b(w) for any given w .To 
ompute B(π), we'll �nd a word w indu
ing π su
h that b(w) isas small as possible. Sergi Elizalde Allowed patterns of β-shifts
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ExamplesMain theoremTableExampleGoal: �nd a word w indu
ing π su
h that b(w) is small(in parti
ular, want w not to have big letters).
π = 8 9 3 1 4 6 2 7 5w = 0
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ExamplesMain theoremTableExampleGoal: �nd a word w indu
ing π su
h that b(w) is small(in parti
ular, want w not to have big letters).
π = 8 9 3 1 4 6 2 7 5w = 0 0
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ExamplesMain theoremTableExampleGoal: �nd a word w indu
ing π su
h that b(w) is small(in parti
ular, want w not to have big letters).
π = 8 9 3 1 4 6 2 7 5w = 1 0 0
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ExamplesMain theoremTableExampleGoal: �nd a word w indu
ing π su
h that b(w) is small(in parti
ular, want w not to have big letters).
π = 8 9 3 1 4 6 2 7 5w = 1 0 1 0
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ing π su
h that b(w) is small(in parti
ular, want w not to have big letters).
π = 8 9 3 1 4 6 2 7 5w = 1 0 1 0 ?
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h that b(w) is small(in parti
ular, want w not to have big letters).
π = 8 9 3 1 4 6 2 7 5w = 1 0 1 2 0 ?

Sergi Elizalde Allowed patterns of β-shifts



Permutations realized by a mapShifts
β-shiftsComputation of B(π)

ExamplesMain theoremTableExampleGoal: �nd a word w indu
ing π su
h that b(w) is small(in parti
ular, want w not to have big letters).
π = 8 9 3 1 4 6 2 7 5w = 1 0 1 2 0 2 ?
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Permutations realized by a mapShifts
β-shiftsComputation of B(π)

ExamplesMain theoremTableExampleGoal: �nd a word w indu
ing π su
h that b(w) is small(in parti
ular, want w not to have big letters).
π = 8 9 3 1 4 6 2 7 5w = 2 1 0 1 2 0 2 ?
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ExamplesMain theoremTableExampleGoal: �nd a word w indu
ing π su
h that b(w) is small(in parti
ular, want w not to have big letters).
π = 8 9 3 1 4 6 2 7 5w = 2 3 1 0 1 2 0 2 ?
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Permutations realized by a mapShifts
β-shiftsComputation of B(π)

ExamplesMain theoremTableExampleGoal: �nd a word w indu
ing π su
h that b(w) is small(in parti
ular, want w not to have big letters).
π = 8 9 3 1 4 6 2 7 5w = 2 3 1 0 1 2 0 2 ?

Proposition: The entries w1w2 . . .wn−1 are for
ed (if minimizing #letters), and 
an be 
ompleted into a word w that indu
es π.Sergi Elizalde Allowed patterns of β-shifts



Permutations realized by a mapShifts
β-shiftsComputation of B(π)

ExamplesMain theoremTableExampleGoal: �nd a word w indu
ing π su
h that b(w) is small(in parti
ular, want w not to have big letters).
π = 8 9 3 1 4 6 2 7 5w = 2 3 1 0 1 2 0 2 ?

Proposition: The entries w1w2 . . .wn−1 are for
ed (if minimizing #letters), and 
an be 
ompleted into a word w that indu
es π.Now we 
hoose the entries wnwn+1 . . . in order to minimize b(w).Sergi Elizalde Allowed patterns of β-shifts
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ExamplesMain theoremTableExampleGoal: �nd a word w indu
ing π su
h that b(w) is small(in parti
ular, want w not to have big letters).
π = 8 9 3 1 4 6 2 7 5w = 2 3 1 0 1 2 0 2 1 3∞ (one possibility)

Proposition: The entries w1w2 . . .wn−1 are for
ed (if minimizing #letters), and 
an be 
ompleted into a word w that indu
es π.Now we 
hoose the entries wnwn+1 . . . in order to minimize b(w).Sergi Elizalde Allowed patterns of β-shifts



Permutations realized by a mapShifts
β-shiftsComputation of B(π)

ExamplesMain theoremTableExampleGoal: �nd a word w indu
ing π su
h that b(w) is small(in parti
ular, want w not to have big letters).
π = 8 9 3 1 4 6 2 7 5w = 2 3 1 0 1 2 0 2 1 3∞ (one possibility)w = 2 3 1 0 1 2 0 2 1 2 0 2 2 0∞ (smaller b)

Proposition: The entries w1w2 . . .wn−1 are for
ed (if minimizing #letters), and 
an be 
ompleted into a word w that indu
es π.Now we 
hoose the entries wnwn+1 . . . in order to minimize b(w).Sergi Elizalde Allowed patterns of β-shifts



Permutations realized by a mapShifts
β-shiftsComputation of B(π)

ExamplesMain theoremTableExampleGoal: �nd a word w indu
ing π su
h that b(w) is small(in parti
ular, want w not to have big letters).
π = 8 9 3 1 4 6 2 7 5w = 2 3 1 0 1 2 0 2 1 3∞ (one possibility)w = 2 3 1 0 1 2 0 2 1 2 0 2 2 0∞ (smaller b)Here, letting w (m) = 2310(1202)m20∞, we haveB(π) = limm→∞

b(w (m)).Proposition: The entries w1w2 . . .wn−1 are for
ed (if minimizing #letters), and 
an be 
ompleted into a word w that indu
es π.Now we 
hoose the entries wnwn+1 . . . in order to minimize b(w).Sergi Elizalde Allowed patterns of β-shifts
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ExamplesMain theoremTableComputation of B(π) in generalGiven a �nite word u1u2 . . . ur , letpu1u2...ur (β) = βr − u1βr−1 − u2βr−2 − · · · − ur .
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Permutations realized by a mapShifts
β-shiftsComputation of B(π)

ExamplesMain theoremTableComputation of B(π) in generalGiven a �nite word u1u2 . . . ur , letpu1u2...ur (β) = βr − u1βr−1 − u2βr−2 − · · · − ur .TheoremFor π ∈ Sn, let 
 = π(n), ℓ = π−1(n), k = π−1(
 − 1), and letw1w2 . . .wn−1 be the for
ed entries for w. LetPπ(β) =







pwℓwℓ+1...wn−1(β) if 
 = 1,pwℓwℓ+1...wn−1wkwk+1...wℓ−1(β) − 1 if 
 6= 1, ℓ > k,pwℓwℓ+1...wn−1(β) − pwℓwℓ+1...wk−1(β) if 
 6= 1, ℓ < k.Then B(π) is the unique real root β ≥ 1 of Pπ(β).Sergi Elizalde Allowed patterns of β-shifts
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ExamplesMain theoremTableExample
π = 8 9 3 1 4 6 2 7 5w = 2 3 1 0 1 2 0 2 . . .
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ExamplesMain theoremTableExample
ℓ k

π = 8 9 3 1 4 6 2 7 5w = 2 3 1 0 1 2 0 2 . . .By the theorem, B(π) is the root β ≥ 1 ofPπ(β) = p3101202(β)− p310(β) = β7− 3β6−β5− 2β3 + β2 + β− 2
Sergi Elizalde Allowed patterns of β-shifts



Permutations realized by a mapShifts
β-shiftsComputation of B(π)

ExamplesMain theoremTableExample
ℓ k

π = 8 9 3 1 4 6 2 7 5w = 2 3 1 0 1 2 0 2 . . .By the theorem, B(π) is the root β ≥ 1 ofPπ(β) = p3101202(β)− p310(β) = β7− 3β6−β5− 2β3 + β2 + β− 2
⇒ B(893146275) ≈ 3.343618091Sergi Elizalde Allowed patterns of β-shifts
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β-shiftsComputation of B(π)

ExamplesMain theoremTableThe shift-
omplexity of permutations of length 4
π ∈ S4 B(π) B(π) is a root of1234, 2341, 3412, 4123 1 β − 11342, 2413, 3124, 4231 1.46557 β3 − β2 − 11243, 1324, 2431, 3142, 4312 1+

√52 ≈ 1.61803 β2 − β − 14213 1.80194 β3 − β2 − 2β + 11432, 2143, 3214, 4321 1.83929 β3 − β2 − β − 12134, 3241 2 β − 24132 2.24698 β3 − 2β2 − β + 12314, 3421 1 +
√2 ≈ 2.41421 β2 − 2β − 11423 3+
√52 ≈ 2.61803 β2 − 3β + 1Sergi Elizalde Allowed patterns of β-shifts
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