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ABSTRACT

THE A-NUMBER OF HYPERELLIPTIC CURVES

It is known that for a smooth hyperelliptic curve to have a large a-number, the genus
must be small relative to the characteristic of the field over which the curve is defined. It
was proven by Elkin that for a genus g hyperelliptic curve to have ac = g — 1, the genus
is bounded by g < %. In this paper, we show that this bound can be lowered to g < p
for a genus g hyperelliptic curve with ac = g — 1. The method of proof is to force the
Cartier-Manin matrix to have rank one and examine what restrictions that places on the
affine equation defining the hyperelliptic curve. In an attempt to lower the bound further,

we discuss what happens when g = p — 1. We then use this bound to summarize what is

known about the existence of such curves when p = 3,5 and 7.
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CHAPTER 1

INTRODUCTION

Associated to an algebraic curve defined over a field of positive characteristic p are a
number of invariants used to better understand the structure of the curve, such as p-rank,
Newton polygon, Ekedahl-Oort type, and a-number. Knowing if and when certain properties
of a curve exist gives information about the moduli space of smooth projective curves of
genus g over a field k. Studied here is the a-number of hyperelliptic curves of genus g.
The a-number ac of a hyperelliptic curve C' defined over an algebraically closed field &k of
characteristic p > 0 is a¢ = dimyHom(«,, Jac(C')[p]), where «, is the kernel of the Frobenius
endomorphism on the group scheme G,. While the a-number of a curve is easily computible,
there are still many open questions about this invariant.

For an algebraic curve of genus g defined over C, its Jacobian will have p* p-torsion
points. However, for a curve in characteristic p, the number of p-torsion points drops to p/©,
where 0 < fo < g. We define fo to be the p-rank of the curve. A generic curve of genus g
will have fo = ¢. It must also be that the a-number is bounded above by g — f¢, so a typical
curve of genus g will have ac = 0. This means curves with larger a-numbers do not occur
as often, and in fact curves with ac = ¢ are very rare. An algebraic curve with ac = g,
called a superspecial curve, has the property that its Jacobian is isomorphic to a product of
supersingular elliptic curves [Oor75]. Because superspecial curves are as far from ordinary
as possible, they are a popular topic for research.

For a curve to have a large a-number, the genus of that curve must be small relative to

the characteristic p > 0 of the field over which the curve is defined. It is a result of Ekedahl



plp—1)

[Eke87] that for any curve with ac = g, the genus is bounded by g < . If the curve

is hyperelliptic and ac = g, then g < }%1

If superspecial curves occur the least, then the next most infrequently occurring type of
curve should be one with ac = g — 1. The next question that can be asked then is what kind
of bound exists on the genus when ac = g — 1, and for any known bound, is that bound

attained? It should be that the genus must still be small relative to the characteristic of the

field. For a curve with ac = g — 1, it was shown by Re [Re01] that ¢ < p?. In fact, Re’s

p(p—1)

5t p(g — ac) on the

results were more general, giving the bound g < (g — ac + 1)
genus of a curve with any a-number.

Further results by Elkin [Elk11] show that for a hyperelliptic curve with ac = g — 1, the
bound on the genus is even lower: g < % Elkin’s bound was also proven more generally,
showing that if g —a < 29 _ 2, then there are no hyperelliptic curves of genus g with ac > a.
Work by Johnston [Joh07] confirms Elkin’s bound of g < %

While these general results are useful, it is not clear whether the bound is optimal for a

given a-number. The goal of this paper is to explore this bound when ac = g — 1 and show

that it can be lowered even further. The following result is proven in Chapter 3.

THEOREM 1.0.1. Let g > p where p is an odd prime. Then there are no smooth hy-

perelliptic curves of genus g defined over a field of characteristic p with a-number equal to

g—1.

These results show that for a hyperelliptic curve with a = g — 1, the bound on the genus
is even lower than was previously known. We must actually have g < p for such a curve to
exist. Based on computations for p = 5 and p = 7, it seems possible that this bound may

be even lower when p > 3.



When g = p — 1, for a genus g hyperelliptic curve to have a = g — 1 its affine equation
y?> = f(x) must take on a particular form. It is shown in Chapter 3 that the polynomial
f(zx) is completely determined by only three of its 2¢g coefficients.

In exploring this bound on the genus, much time was spent searching for examples of
hyperelliptic curves of g > 3 with ac = g — 1, but up to now no example has been found.
It is an open question as to whether or not such curves exist, and searching for them com-
putationally is time-consuming. Furthermore, the inability to find such a curve over small

fields of definition in no way proves that they don’t exist.



CHAPTER 2

BACKGROUND INFORMATION
2.1. HYPERELLIPTIC CURVES AND THEIR JACOBIANS

Let k be an algebraically closed field of characteristic p > 0. A hyperelliptic curve is a
smooth curve C' which is a degree 2 cover of the projective line. It can be given by an affine
equation y? = f(z) where f(z) is a polynomial in k[z]. For C' to be smooth, f(x) must be
squarefree. The degree of f(x) determines the genus of C, where a polynomial of degree
2g + 1 or 2g + 2 corresponds to a curve of genus g. Since the automorphism group of P!
acts triply transitively, which means any 3 points on P! can be transformed to any other 3
points by an automorphism, we are allowed to pick up to 3 of the 2¢g + 2 branch points of C.
Hence we will always fix a branch point at infinity and f(z) will be of degree 2g + 1. Often,
we will also fix x = 0 as another branch point.

The Jacobian of a hyperelliptic curve C' is a group Jac(C') associated to the curve. It is

defined as

Div’(C)
JaC<C> = m
where Div?(C) is the set of divisors on C of degree 0, and PDiv(C) is the set of principal

divisors on C, that is, those that are linearly equivalent to a divisor of a meromorphic

function on C.

2.2. THE CARTIER OPERATOR

Let K = k(x,y) be the algebraic function field of a hyperelliptic curve C' given by
y?> = f(z), and let d : K — Q'(K) be the canonical derivation of elements in K. For a

holomorphic 1-form w € H°(C,Q}), we can write it as w = d¢ + nPxP~1dx with ¢,n € K.
4



DEFINITION 2.2.1. The modified Cartier operator C' : H*(C, Q) — H°(C, Q%) is defined

for w given as above by C'(w) = ndx.

The modified Cartier operator satisfies a number of basic properties:
(1) C'(w + ') = C'(w) + C'(),
(2) C'(PpPw) = ¢pC'(w) for ¢ € K.
(3) C'"(¢"1) = d¢ if n = p, and 0 otherwise for ¢ € K.
(4) C"(w) =0 if and only if w = d¢ for ¢ € K.
(5) C'"(w) =w if and only if w = d¢/¢ for ¢ € K.
All of these properties can be proven directly from the definition, except for the last,
which is shown in [Car58]. For a full discussion on the Cartier operator as well as the
modified Cartier operator, see [Yui7§].

A canonical basis for H°(C, Q) is given by

2 ldx ,
w; = 1<i<g,.
Y

We want to consider what the modified Cartier operator does to these basis elements. Recall

N
, —1
that C is given by 32 = f(z), and if we let f(z)P~1)/2 = Z kjx? where N = pT(Qg +1),
§=0
then we can rewrite w; as follows:

N
w; =y PyP e = y P! Z kjacjdx
=0

x'P

=y P Z ij”j_ldx + Z k(lﬂ)p,iﬁxp_ldx.
J l
i+j#Z0(modp)



The highest possible power of zis N +i—1,s0lp+p—1< N +i— 1, which forces

N +1i 1 , 1
—1l=g—=—(29+i—12p) <g— -.

0<I<
- 2 2

This means the sum in the second term is over 0 <[ < g — 1. Thus we can now see that
g-1 1
/ 1/p Z
C (MZ) = Z k(l—l—l)p—i;d'x'
1=0

This shows that C” is a map on H°(C,}) and we can represent it’s action on the basis

with a matrix. If we write @ = (wy, ...,w,), then
C'(@) = AW/PG

where A is a g x g matrix [a;;] with a;; = kpi_;.

DEFINITION 2.2.2. The matriz A described above is the Cartier-Manin matriz of the

hyperelliptic curve C' of genus g defined over k.

2.3. P-RANK AND A-NUMBER

We first define an A-group scheme G to be a group object with the group structure
described by homomorphisms on a locally free algebra A over a commutative ring R. The
group structure is given by the maps 4 : A - A®QrA,e: A— Randi: A — A which define
the multiplication, identity, and inverse laws, respectively. For the purposes of this paper,
R will be an algebraically closed field k. The group scheme p, = Spec(k[z]/(z — 1)?) is the

kernel of the Frobenius endomorphism on the multiplicative group G,, = Spec(k[x, z]).

6



The group scheme «,, = Spec(k[z]/aP) is the kernel of the Frobenius endomorphism on the
additive group G, = Spec(k[z]). For more on group schemes, see [Tat97].

The p-rank of a hyperelliptic curve C' is fo = dimzHom(p,, Jac(C)[p]). An equivalent
definition of the p-rank is that it is the positive integer fc such that Jac(C)[p](k) = (Z/pZ)’<,
so #Jac(C)[p](k) = p/c. We see that 0 < fo < g = dim(Jac(C)). A curve is called ordinary
if fo = ¢, and non-ordinary otherwise.

The a-number of C'is a¢ = dimyHom(a,, Jac(C)[p]). We also have 0 < a¢ < ¢, and in
fact ac < g — fo. Curves with ac = ¢ are called superspecial and do not occur often, due
to the fact that a typical curve of genus g has fo = g. Curves with ac = g — 1 are forced to
have fo = 0 or fo = 1 which limits their occurrences.

The a-number is also related to the rank of the Cartier-Manin matrix introduced above.
For an abelian variety X of dimension g, such as the Jacobian of a genus g hyperelliptic curve,
the Frobenius operator F' : X — X® is the p-th power map on X, and the Verschiebung
operator V : X — X is the map such that V o F = [p], the multiplication-by-p map.
The a-number is also defined [LO98] as the dimension of the kernel of the action of V' on
H(X, Q). If we let v = dimV H°(X, QY), this gives us that ac = g —v. It is also known
for a smooth projective curve, such as a hyperelliptic curve, C' that the action of the Cartier

operator on H°(C,Q¢) agrees with the action of V' on H°(Jac(C), Qj, ) = H(C, Q)
[Oda69]. Since we can express the action of the Cartier operator on H(C, QL) with the
Cartier-Manin matrix A, we see that ac = g — rank(A).

It turns out that associated with any abelian variety X of dimension ¢ is a short exact

sequence

0— H(X, Q%) — Hjp(X) — H°(X, Q%) — 0.



The Frobenius operator acts on H°(X, Q%) in this sequence, and the Verschiebung operator
acts on H}»(X) so H(X, Q%) = VHI(X).

For the sake of notation, we will let ac = a for the rest of this paper. In studying
hyperelliptic curves with a = g — 1, we will thus be looking for curves with a Cartier-Manin
matrix of rank one. We will utilize the fact that for a matrix of rank 1, there is at least one
non-zero entry, and every 2 x 2 minor has determinant 0. This ensures that all of the rows,

or equivalently all of the columns, are linearly dependent.



CHAPTER 3
RESuULTS
3.1. THE CASE g > p

ExAMPLE 3.1.1. Consider a genus 4 hyperelliptic curve X defined over a field of charac-
teristic 3. It can be defined by the equation y? = f(x). We can assume that X has a branch

point at infinity, so we let

f(z) = 2° 4+ cga® 4+ cra” + c2° + c52° + cu2* 4 32 + e + 17 + ¢,

Then we get the following Cartier-Manin matrix associated to X:

Cy C1 (O 0
Cy C4 C3 Co

g Cr C¢ Cy

0 0 1 csg
If we want this matrix to have rank one, row four must be the only linearly independent

row, and we get that ¢; = ¢ = ¢4 = ¢5 = ¢ = cg = 0. Hence f is simplified to

f(z) =2° + c2® + c32® + ¢

=(2® + Ycer® + Yezw + o).



So f is not squarefree over F3. Thus over any field of characteristic 3, this hyperelliptic curve
is singular, and we see that there are no smooth hyperelliptic curves of genus 4 with a = 3

when p = 3.

This example demonstrates what will always be the case when ¢ > p. By forcing the
Cartier-Manin matrix to have rank one, too many coefficients of f(x) are forced to be 0,
resulting in a polynomial with repeated roots.

For Theorems 3.1.1 and 3.2.3 we will use the following notation. Let X be a hyperelliptic
2g+1

curve given by the equation y? = f(z) where f(z) = Z c;r’ with ¢; € F,r for some 7. Note
i=1

that by a change of variables, we can assume ¢y = 0 and cgy41 = 1. We will assume that X

has a = g — 1. Then we will define the coefficients k; as follows:

(#3+)g+1)

f(x)(p_l)/2 — k2t

™

—1
and k; =01if i < Z?T The Cartier-Manin matrix A associated to X is a g x g matrix [a;;]
where a;; = ky;i—;. We will denote row m of A by A,,. For X to have a-number equal to

g — 1, A must have rank one.

THEOREM 3.1.1. Let g > p where p is an odd prime. Then there are no smooth hy-

perelliptic curves of genus g defined over a field of characteristic p with a-number equal to

g—1.

PROOF. Let g > p where p is an odd prime. Since k; = 0 for 0 < ¢ < 1%3, ap; is

p+1
2

,and a;; = 0 for et < j < g. The largest nonzero term

possibly nonzero for 1 < j < 5

of f(x)®=D/2is g9 D+E=1/2 50 ko 1y 4 p-1)2 = Kgp—(9—(p-1)/2) = 1 and any larger-indexed

10



+

coefficient is zero. This means a,; = 0 for 1 < j < g — 2=, and a,; is possibly nonzero for

g-5<j<g

Now let us suppose that ¢ = p + m for some integer m > 1. We have a; ,41)2 =
Ep—1y2 = cgp 1)/2, and ai (p41)/24m = 0, since ay p11y/2 is the last nonzero entry in A;.
Also, ag p+1)/2 = 0, since a4; = 0 for 1 < 57 < g — p“ = p%l +m and m > 1. Hence
ag.(p+1)/2 18 possibly the last zero term in Ag, if m = 1. Lastly, agp+1)/24m = 1, since
g— p%l =p+m+ p%l = 1‘%1 + m, which is the first non-zero term in A,. Using this 2 x 2
minor, we get ay (p41)/2 * Ag,(p+1)/24m — Qg,(p+1)/2 * A1,(p+1)/2+m = 0, Which forces ¢; = 0. But

29+1 2g+1

then f(z Z et = x? Z c;x72 is not squarefree and X is not a smooth curve.

Therefore, When g>0p there are no smooth hyperelliptic curves of genus ¢ defined over

a field of characteristic p with a-number equal to g — 1. [l

3.2. THE CASE g =1p

Before we can prove the next theorem, we need two lemmas relating the coefficients of

f(z)P=Y/2 to the coefficients of f(x). First, by the Multinomial Theorem, we see

f(:zc)(p_l)/2 =(cx 4 cox® + ...+ 6299329 + :1729“)(”_1)/2
2

Z b1 (ml,mz,...

mi+ma+..+mogr1="5—

m ) (Ctxt)mt
s 1102941 1<t<2g+1

where

lQ|

p—1 > p—=1)
2 _
ma, M2, ..., M2gr1 mylmy! - - 'm2g+1!

11



This allows us to express each ky in terms of the coefficients of f(z):

-1

p
ko = > 2
p—1 my, ma,

<oy Magta
mi+ma+t..+magi1="5"
mi+2ma+..+(2g+1)mag1=5

Mt
1<t<2g+1

Since kp-1 is the first non-zero term of f (z)P=/2 we will index the first p + 1 non-zero

coeflicients in terms of this one.

LEMMA 3.2.1. Let g = p and assume ¢; # 0. [fk%ﬂ =0 for somei with2 <i<p—1,

and c; = 0 for all j in 2 < j <14, then ¢;11 = 0.

PRroOOF. For kp%l ; With 4 in this range and g = p, the coefficient can only be comprised of
f(x)-coetficients with small indices due to the restriction that mq+2mo+. . .+(2p+1)map1 =

p—1 ;
5= + 1. For example,

In general, for 2 <i <p—1,

p—1

N =1 o3y

kpo1,. = 2 cMel? .o Mo —C(p )/ Cit1-

S 1 =2 () 1 i+

2 . my, Mo, ..., M, 2
m1+m2+.l.+mi:p?

mi+2ma+...+im;=L51 +i

It should be noted that, while not all of the ¢;, 2 < 7 <4, occur in each term in the sum, at
least one ¢; must occur. That is, there cannot be a term in the sum of just ¢;, because that

Wouldforcem1:p%l,mgz...zmizoa andthenm1+2m2+--~+imi7&I%l+i'

Ifk;prlH:Oandcj:Oforalljin2§j§i,then

P—1 (p3)2
k%_l+i: 9 Cgp )/ C7;+1:0.

12



Since we are assuming c¢; # 0, we must have ¢; ;1 = 0. U

Let us continue to assume g = p. The last non-zero term of f(z)®P~V/2 is ky1)4(p-1)2
= k(gp2—p—1)/2, 50 we will index the last p+ 1 non-zero coefficients in terms of this one. Also,
although we are assuming co,41 = 1, we will write it in as a coefficient to clarify over which

terms we are summing.

LEMMA 3.2.2. Let g = p and assume cygp1 = Copy1 7# 0. If kgpe_p_1y/2—i = 0 for some i

with2 <t <p-—1, and c; =0 for all j in2p —i+2 < j < 2p, then cop_i41 = 0.

PROOF. For k(yp2_,—1y/2—; with ¢ in this range and g = p, it can only be comprised of f(x)
coeflicients with large indices due to the restriction that mq +2mo + ...+ (2p + 1)mgp41 =

(2p? —p—1)/2 — i. For example,

p—1 w3
Fp2—p-1)/2-1 = —5—CopCapi1 -
In general, for 2 <i <p—1,
p—1
o D) M2p—i+2 M2p—it3 map+1
k(2p2—p—1)/2—i = E : ( A >02p—i+2 Cop—i+3 """ Copy1
p—1 Mop—it2, -+ M2pt1

mop—it2+...+mopr1="5—
S sms=(2p?—p—1)/2—i

p—1 —3)/2
+ 5 CQp—i+IC§1;,+1)/

where the lower summation is over 2p — 1+ 2 < s < 2p + 1. Again we see that while not
all of the ¢;, 2p — i+ 2 < j < 2p, are present in each term in the sum, at least one ¢; must

occur. Thus, if kgp2_p1)/2-; = 0 and ¢; =0 for all j in 2p — 7+ 2 < j < 2p, then

p—1 ~3)/2
k(QPQ*pfl)/Zfi = TCgp,iHchH)/ = 0.

13



Since we are assuming cg,+1 = 1 # 0, we get that co,_; 11 = 0. U

These lemmas can now be used to prove the following theorem.

THEOREM 3.2.3. Let g = p where p is an odd prime. Then there are no smooth hy-

perelliptic curves of genus g defined over a field of characteristic p with a-number equal to

g—1.

PRrOOF. Let X be a hyperelliptic curve of genus ¢ in characteristic p with a = g — 1.

The Cartier-Manin matrix A = [q;;] associated to X is as given above with g — 251 zeros

in A, and A,. For g = p, this means the last ’%1 entries of A; are zeros and the first ’%1

entries of A, are zeros. As above, kp%l = cgp‘”” and Kg(p—1)+(p-1)/2 = Fep2—p-1)2 = 1. We

will assume ¢; # 0 so that X is not singular at x = 0. This gives us an idea of what A looks

like:

—-1)/2
kp;l+prl /{prlJrl Cgp )/ 0 0
kp—1 kp—1 kp—1 +1
E+p E=+-1) E+5
k2p25p—17% N k2p2_2p_17(p71) k2p2_2p_17p
0 . 0 1 kyr—pr | oo kupopn p
2 2 2

Setting equal to zero the determinants of 2 x 2 minors involving entries in the first and
second rows, we get the following relationships. When 1 <7 < 7%1,

0=kpr,,-1-0-c"V2

2
14



When’%lgigp—l,

0=l kory, —k 0.

p—1 :
TP

Hence, k%—l+i =0for 1 <7< p-—1. When we first consider i = 1,

p—1 (p-3)2
kz%H:—Q P2, — 0,

and we must have co = 0. Lemma 3.2.1 then applies for ¢« = 2 to show c3 = 0. By reapplying
lemma 3.2.1 as 7 increases, we get ¢; = 0 for 4 < 7 < p. Now lets consider the last two
rows of C'. Looking at determinants of 2 x 2 minors gives the following relationships. When

1<i< et

Y

0= Cgp_l)/Q - kop2—p-1)/2-i — 1 - 0.

Whenj%lgigp—l,
0= Kep—p-1)/2-i - 1 =0 Kp2p-1)/2-p-

Thus, kgpe_p-1)/2—i = 0 for 1 <7 < p— 1. If we first let ¢ = 1,

p—1 32 p—1
k(2p2_p_1)/2_1 = TCQPC%LI;-H)/ = 5 C2p = 0,

and we see that cy, = 0. Now lemma 3.2.2 applies when ¢ = 2 to give cpp—1 = 0. We
can reapply lemma 3.2.2 as we increase ¢ and get cy,—; = 0 for 2 < j < p — 2. That is,

Cp+2 = ... = C2p,2 =0.

15



What we see now is that most of the coefficients of f(z) are zero. In fact,

flz) =2 4 2Pt g
= 2(x*® + cp12” + 1)

= 2(2® + ypiz + e’

Thus f(z) is not squarefree and hence X is a singular hyperelliptic curve. Therefore, there
are no smooth hyperelliptic curves of genus ¢ defined over a field of characteristic p with
a-number equal to g — 1. 0

3.3. THE CASE g=p—1

3.3.1. EXAMPLES.

ExAMPLE 3.3.1. We will first show that there are no smooth hyperelliptic curves of g = 4

with a = 3 defined over a field of characteristic 5. Consider a genus 4 hyperelliptic curve X,

so X is defined by 3? = f(x) where

f(x) = 2 + cg2® + T + 628 + c52° + et + 32 + o + 1z

We assume that ¢y = 0, since a curve with ¢ # 0 is isomorphic to X with a change of

variables. We get the following Cartier-Manin matrix A = [a; ;]:

2cic3 + c% 2c1c2 c% 0
2(cacs + cace + cacr +c1c8)  2(cses + cacg +eicr) +c3 2(cgea + cacs + cice) 2(c2cs + c105) + €3
2(cges + c5) + ¢2 2(cger + c5c8 + ca) 2(cser +cacs +e3) +c2 2(cses + cact + cses +c2)
0 1 2cs 2c7 + 2

16



For this matrix to have rank one, we can consider 2 X 2 minors involving elements in
the first column with a4 2, elements in the last column with a, 3, and elements in the middle
two columns involving aso and as3. These give the following relationships between the

coeflicients of f(x):

(1) 0 =2cic3 + 3

(2) 0 = cacs + 306 + 207 + Cic8

(3) 0=2(cees + c5) + 2

(4) 0= (2(ccs + c105) + 3) - F

(5) 0 = (cs¢6 + cacr + c3cg + Co) - 2

(6) 0= (2c7+c2) -3

(7) 4cs(cer + cses + ca) = 2(eser + cacg + ¢3) + 2

(8) 2¢s(2(cze5 + cace + c107) + 3) = 2(c3cq + Cacs + €106)

(9) deyeacg = 2

From (9) we see that ¢; = 4cocs and since ¢y = 0, we must have ¢; # 0 so that f(z) is
squarefree. Hence ¢o # 0 and cg # 0 as well. From (1) we get co = 2c3cs and ¢3 # 0. Again
because ¢; # 0, equation (6) gives c; = 2¢2 and ¢; # 0. From (4) we see c3 = cycg + 4csca
and from (3) we get c5 = 4cgeg + 3cg. We can plug in what has been solved for already and

write these variables in terms of ¢4, cg, and cg:
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cr = 2¢;

— 4 4
c5 = 4cgeg + 3cg

_ 3 6
€3 = C4Cg + CeCg + 2¢g
o = 2c4C + 2c6Cg + 4ch

c1 = 3c4ch + degel + S

Equations (2), (5), (7) and (8) all result in the same relationship between cy, ¢, and cs:
0 = ¢ + 4eged + 4cS. Hence we see that cg = 3¢3, and we can plug that in to simplify the

expressions for the variables solved for above:

3 2 3 2
[Clv C2, C3, C5, Cg, 67] = [304087 204087 C4C3, Oa 368a 268]

This gives f(x) = 2° + cgx® + 2227 + 3325 + ez + ¢y + 2¢4c2a? + 3c4c3x, which over

F; factors as

f(z) = z(z® + cgz® + 2cix + 3c3) (2 + c4)

= 2(z — 3c3)*(z + /ea)’.
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Since f(z) is not squarefree, this hyperelliptic curve is singular, and we see that there are

no smooth hyperelliptic curves of genus 4 with a = 3 when p = 5.

ExAMPLE 3.3.2. We will next show that no smooth hyperelliptic curves of ¢ = 6 with
a = 5 exist over a field of characteristic 7. Let X be a hyperelliptic curve with g = 6, so X

is defined by y* = f(x) where

13

fla) = e

=1
and ¢;3 = 1. Again we assume that ¢y = 0. If we define f(z)71/2 = 32 k2’ then the

Cartier-Manin matrix A associated to X is

ke ks kg ks O O

ki3 k12 kin ko ko ks
ko kg kis ki ke Kis
ko7 ko kos koa Koz Koo

k34 k33 k32 k31 kSO k29

0 0 ks kss kar ks

With a little bit of information, we can use the determinants of some of the 2 x 2 minors
to determine relationships between the coefficients of f(z). We know k3 = 3, ky = 3cicy,
ksg = 1, and ksg = 3c12. Using the minors involving elements from the first two columns
with k39, we get that all of the elements in the first two columns must equal zero. Using the
minors involving elements from the last two columns with k3 gives that the last two columns
are also all zeros. The last minor that we will need to use is ky - k3g — k3 - k39 = 0. Hence we
get a number of equations, but only the following are necessary for determining the form of

f(z):
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(1) 3cicy - 3c1a =3

(2) ks =0 = 3cic3 + 3c3cs3

(3) kg =0 = c3 + 6creacs + 3c3¢cy

(4) k37 = 0= 3c}y + 3en

(5) ksg =0 = c3y + 6c11c19 + 3c1g

(6) ksy = 0 = 3c2,c12 + 3c10¢3, + 619011 + 6egera + 3es

(7) ksz =0 = ¢}y + 6crpericiz + 3cgchy + 3¢ty + 6egery + 6egera + 3er

(8) k3o = 0 = 3 + 6cocroery + 3egc?y + 3cicra + 6cscrocia + 6erericra + 3c6ciy + 6cgco + 6erc1g +
6cgc11 + 6¢5c12 + 3¢y

(9) koo = 0 = 3cgc?y+ 3cici +6cseigens + 3crc3 ) + 6cgcocia + 6crciocia + 6cgCricra + 353y + 32 +
6crcg + 6cgcrg + 6¢sc11 + 6C4c12 + 33

(10) kor = 0 = 3 + 6cgeocig + 3ercdy + ki + 6eregery + 6egeipcrr + 3esciy + 6crcgera + 6cgcocia +

6csciocia + 6¢4c11019 + 3030%2 + 3c§ 4 6cgeg + 6escg + 6eaci9 + 6c3c11 + 6¢ac10 + 3¢
These equations can be simplified to give the following relationships:

(1) 1 = 2¢9¢99

(2) 3 = 3019

(3) ¢35 = 3cqc2

(4) c11 = 6¢3,

(5) c10 = ety

(6) cg = Begerg + 3¢y

(7) ¢z = Begc?y + 5y

(8) ¢4 = )y + 4coChy + 4cicrn + o2y + Hescrn

(9) Cy = 6C9€il2 + 603 + CgC12
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(10) 2cocty + 4cicly +2¢3 =0

The last equation gives cg = 0 or ¢y = 6¢},. If g = 0, we can solve for ¢y, ¢z, c3, ¢4, Cs,
c7, Cg, Cy, C109, and cq7 in terms of ¢g and ¢15. Then we need to check one more 2 X 2 minor,

the one resulting in kog = 0. This gives that

2 2 2 2 2
kas =3cscy + 3cgeip + 6crcgeip + 3cgcyy + 6crcsein 4 6cgegenn + 6escipent + 3eacy; + 3czcin
2
+ 66608612 + 66569012 + 6C4010612 + 6C3611€12 + 303612 + 66667 + 60568 + 6C4Cg + 663010
+ 662011 + 601012

=cl3 = 0.

If 15 =0, f(x) = ' which is not squarefree. This results in X being singular.
If instead ¢y = 6¢],, We can back-substitute variables to get ¢y, co, ¢3, ¢4, ¢s, c1, Cg, Co,

C10, and c¢q7 in terms of ¢g and cqa:

5 4 3 2 5 4 3 2
[Cla Co, C3, C4, C5, C7, Cg, Cy, C10, Cll] = [5060127 6660127 406612a 6060127 CeC12, 07 5ClQa 60127 46127 6612]

This gives f(z) = 213 + cppa'? + 63,2 + 43,210 + 6¢,2% + 5elyx® + o2’ + coerr® +

6ceCiort + dcgcdy® + 6egetyr? + Segclyr which over Fy factors as
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f(x) =2(2° + cppa® + 6¢i,2° + 4cya? + 6¢iyx + 5ey) (27 + c6)

=2(x — 4eyg)® (2 + /cg)”.

Thus X is singular, and we see that there are no smooth hyperelliptic curves of genus 6

with a =5 when p = 7.

These two examples have a number of similarities, including the algorithm used to deter-
mine the form of f(x), the final factored form of f(z), and the fact that f(x) is determined
completely by ¢, and cyy. The goal, then, is to solidify some of these similarities as truths

for any p > 3.

3.3.2. PRELIMINARIES. Let X be a hyperelliptic curve defined over a field of character-

istic p > 3 of genus g = p — 1, where X is defined by y*> = f(z) and f(z) is a degree 2g + 1
2g+1

polynomial, f(x) = Z cir’. We will assume cyyp1 = 1 so that f(x) is monic, and that
i=1

c1 # 0 so that f(z) does not automatically have repeated roots.

LEMMA 3.3.1. Let 2 < i < ’%1 and {my,ma,...,m;} be a set of non-negative integers
p—1
2

i i 1
such that Z my = and Zﬁmg = ])T + 4. Then
/=1 (=1

—3
(i — D)my+ (i — 2)mg + oo+ 2my g+ myg = (i — 1) <pT) ~1
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PROOF. Let T'= (i — 1)my + (i — 2)mg + ... + 2m;_o + m;_1. Under the assumptions of

the statement, we have the following:

T :Z(ml + Mmoo+ ... +M;_o+ mi,l) + zmz — zml — (m1 + 2m2 + ...+ (Z — 2)mi,2 -+ (Z — 1)mi,1)

:Z(ml + Mo+ ... +My—o +My;—1 + mz) — (m1 + 2m2 + ...+ (l - 2)mi_2 + (Z - 1)mi_1 + Zmz)

:z’(pgl)—(p;1+i)

LEMMA 3.3.2. Let 2 <1 < p%l and {Mag—(i—2), Mag—(i—3), ---, Mag—1, Mag, Mag41} be a set

2g+1 p— 1 2g+1 p— 1
of non-negative integers such that Z me="— and Z lmy = (T) (29 +
{=2g—(1—2) 1=2g—(i—2)

1) —i. Then

(i = 1)mag—(i—2) + (i = 2)mg—(i-3) + .. & 2mng—1 + Mg = @.

PROOF. Let T' = (i — 1)Maog—(i—2) + (1 — 2)Mag_(i—3) + ... + 2mog_1 + Mmyy. Under the

assumptions of the statement, we have the following:

T =(2g + 1)(mag—(i-2) + Mag—(i-3) + ... +Mag_1 + Mag + Magy1)—

(29 — (i = 2))mag—(i2) — (29 — (0 = 3))mag—(i-3) = - — (29 = V)mag—1 — 2gmag — (29 + 1)mazgia
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=29 +1) (1%1) —((29 — (i — 2))mag—(i—2) + (29 — (i — 3))mag—(i—3) + ...

+ (29 — 1)mag_1 + 2gmay + (29 + 1)magy1)

—(2+1) (7%1) _ <<2g+ 1) (’%1) —i)

=1.

LEMMA 3.3.3. Let 2 <1 < ’%1 and assume for all j with 1 < j < i, ¢j = bjcjy1c94 for

some b; € k*. Then ky_,; = cgp*?’)/zcgj”(p*?’)/z” [/¢; + Beipicag] for some o, € k.

PROOF. Based on the assumption, we get that for all £k with 1 < k <11 —2, ¢; 4 =
k
H bi_gcicgg, since getting ¢y in terms of c3 and cy4 allows us to rewrite ¢; in terms of ¢3 and
=1

C2

59> and so on. We can substitute these into the expression for k:p 1

+z

p
N L P=1 3
kp1 ;= E ( 2 )cﬁ"lc’;‘2 et 4 cgp 24
2 - my, Mo, ..., M; 2

mi+ma+...+m;= T
mi+2ma+...+im; =251 4i

mo
D
=2 <m1,m2,..., z) (H bi- ﬁczczgl> (H bi—eciChg > o (bimacicag) ™
i—1 (p—3)/2
—1 i—1
I (H bz’—eCicgg ) Ci+1
(=1

_E : mi+ma+..4+mi_1+m; (i—1)mi+(i—2)mao+...42m;_o+m;_1 (p—3)/2 (i—1)(p—3)/2
= (Oécz ¢ ZCQQ ¢ ‘ —'I_ /BCZ CQg CZ+1

_Z( 1)/2 (1 D(p—3)/2— 1> —i—ﬂcp 3)/2 g De-3)/2, Cit1

g
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I S () 4 By,

:Cz(‘pis)/zcggl)(pis)/%l [(Z Oé) Ci + 5Ci+1029] :

If we let 7o = o, then we have kp ;= P2 Sg D@32 [0/ 4 Beiicag). O

For the remainder of this section, let o = (29 + 1) (&2).

LEmMmA 3.3.4. L6152<z<—1 and assume for all j with 1 < j <i—1, cyq J—bjcj

for some b; € k*. Then ky_; = o/cég + = czg (i-1) for some o €k.

PROOF. Based on the assumption, we can substitute these expressions into k,_; to get

the following;:

p—1 1
E M2g—(i—2) 29— (i—3) magy1 | P (p—3)/2
ko—i = < 2 )c 9= c ) ...c I c
B 2g—(i—2) C2g—(i—3 2g+1 29— (i—1)C3g41
ey 29— (i=2)5 - 2041 9=(i=2) "2¢=(i=3) g 2 9
Mag—(i—2)F...FMagr1="5—
S sms=o—i
p—1
E 1)™M2g—(i-2) 2\™M2g—(i-3) 1\™M2g—(i—2) Moy Magi1
- < g )(b QCég) ! (b1 2 ég) - . (b 26129) 9 Cog ' Cogii
Mag—(i—2)5---5M2g+1
p—1 (p—3)/2
+ Cog—(i— 1)C2g+1
—1
Z( >Hbm2J (i—0) (1 Dmag—(i—2)y+(i—2)may_(i—2)+...+2mag_1+mag
Mag—(i— 2)7” y M2g+1
p—1
+ C2g—(i—1)

2

-1
= bng (i—0) Z L e
Z <m29 (i— 2)7~. m29+1> H 5 C29-(i-1)
p 1 1
VSN
Mog— (i— 2)7 <oy M2g41 2

. D — 1
:O/C7ég + TCQQ_(i_l).

1

Recall that cgg41 = 1 and that is why it dropped out of the expression. Therefore,

A p—1 !
ko_i =« Coy + 55 Cog—(i-1) for some o’ € k. O
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LEMMA 3.3.5. Let 2 < i < ”%1 and assume for all j with 1 < j <4, ¢j = bjcjiico4 for

some b; € k* and k‘pT—l+i = 0. Then ¢; = biciy1c09 with b; € k.

PRroOOF. Based on the assumptions, lemma 3.3.3 applies and we see that

kL;lJri =0= Cz(-pig)/2cggil)(p73)/2il [O/Ci + /BCi+1629] .
i1
Since ¢; # 0 and under the assumptions ¢; = H bi,gciczl, we must have ¢; # 0 and ¢y # 0
(=1
as well. Hence we get that ¢; = —(a’) ™ Seii1094. O

LEMMA 3.3.6. Let 2 <1 < ’%1 and assume for all j with 1 < j <i—1, cogj = bjcé;rl

for some b; € k* and k,—; = 0. Then cog_(i—1) = bi,lcég with b; € k.

PrRoOOF. Under these assumptions, lemma 3.3.4 applies and

i p—1
koi =0=achy, + 5 C20-(i-1)-

Hence, ¢yg—(i—1) = — (p;l)_l cég. d
LEMMA 3.3.7. Let 7%3 <1 < p—1 and assume for all j with 1%3 < J <t that cyg_(j—1) €
k[cgg,g/g,czq], ke—i = 0, and the assumptions of lemma 3.3.6 are satisfied. Then coq_(;i—1) €

k[@g—g/?v C2g] .

Proor. If k,_; = 0, then

—21 Mog_(i—2) Mag_(;—3) m p 1 (p—3)/2
O ( —(7- >C 2—g -Z 2 C 29 -Z N o C 201 C‘z 3 Cp .
z : 2 —2) "2g—(i—3 2g+1 2 g—(i—1)C2g-+1
L \TM2g—(i—2)s - + - s M2g41 9-(-2) (i=3) g g

Mag—(i—2)+etmagp1=L5~
S sms=c—1t
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If we consider the coefficients present within this sum, we have cyy_(;_q_1) for 1 < d <, and
oncei—d < ;%1’ then we know cyg_(i—q—1) = bi_d_lczd, using the conclusion of lemma 3.3.6.
When i — d = 7%1+1, Cog—(i—d—1) = Cag—g/2- Liet cag_(j_1) = Pj(Cag—g/2, C24), & polynomial in

Cag—g/2 and cyg, with the conditions on j as assumed in the lemma statement. Then

p—1
0= < 2 >(pi1)ng_<i_2> (pFQ)mz.q—(i—s) R (pg/2+1)ng—(.q/2+1>0?29—72/2
Mg (i—2)y -+, M2g41 979
(b 9/2)7"29—(9/2—1) (b 3 )M20-2(h 2 )M2e—1 Mg p—1 .
g9/2—1C24 2Cog 1C24 Cog B Cog—(i—1)-

We see that the resulting terms in the sum are still polynomials of cz;_g/2 and ¢y, SO we can

call the sum p(cag_g/2, C2g). Now,

p
0= p<6297g/2a 029) + TCng(ifl)a

i1
and we get that cyy_(;_1) = — (pTl) P(Cag—g/2, C2g). Thus, cog— i1y € k[cog—g/2, Cag)- O

LEMMA 3.38. Let p+2 <1 < 3’;—73 and assume for all j with p+ 2 < 5 < 1 that

Cog—(j—1) € klcg—1,Cq, Cag—g/2, Cog], ko—i = 0, and the assumptions of lemmas 3.3.6 and 3.3.7

are satisfied. Then cog_(i—1) € klcg—1,¢q, Cog—g/25 Cag)-

PROOF. As in the previous lemma, the expression for k,_; contains cyy_(j—¢—1y for 1 <
d < i, and once ’%3 <i—d <p—1, cog—(i—d-1) € k[cag—g/2, Cag] Dy lemma 3.3.7. Let these be
represented by polynomials pi_d(cgg,g/g, Cag). Once i —d < 7%1, then we know cog_(j—g—1) =
bi_d_lcé;d, using the conclusion of lemma 3.3.6. When ¢ — d = p%l—i—l, C2g—(i—d—1) = C2g—g/2;
when i —d = p, cag_(i—a—1) = ¢4, and when i —d =p+ 1, cog_(i—4—1) = cg—1. Let cyg_(j_1) =

qi(Cg—1,Cq; Cag—g/25 Cag), & polynomial in ¢,_1, ¢g, C2g—g/2, and cyqy, With the conditions on j as
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assumed in the lemma statement. Since we are assuming k,_; = 0, we get

p—1
_ 2 —(i— —(i—5 -
0= § < >(qi_1)m2g (i=2) (g;_g )29~ (=8) ...(qg+3)m2g (9+2)
p1 \M2g—(i—2)s - M2g41
Mag—(i—2) ... FMagr1="5—
S smgs=o0—1
Mg—1 _m Moy (g Moy 9/2\mao, _ _ 2 \mog_1 M2g p_l
"€y Cg'? (pg) 297071 - (pgay2)™ (g/2+1)(b9/2—1c2g )2o=(@/2=0 (b ey, )0 Cog T 5 ©29-(i-1)-

Each term in the sum is a product of polynomials in ¢,_1, ¢y, ¢2g—g/2 and cyy, SO We can call

the sum q(cg_1, ¢g, Cag—g/2, C2g). This gives

p
0= Q(Cg—lv Cg, Cog—g/2; CZg) + TCng(iq),

1
. o p—1
which means cag_(;—1) = — (T) q(Cg—1,Cq, Cog—g/2, C2g). Therefore, cog_ i1y € klcg_1, g, Cag—g/2, Cag)-

U

3.3.3. THE MAIN RESULT.

THEOREM 3.3.9. Let X be a hyperelliptic curve defined over a field of characteristic
p > 3 of genus g = p — 1, where X is defined above. If X has a = g — 1, then f(z) €

k[z, cg, cag—g/2, C2g]-

PROOF. Asin Sections 3.1 and 3.2, we will use the Cartier-Manin matrix A to determine

any restrictions on the coefficients of f(x). In this case, there will again be g — 2&

—
S

o |
w

zeros in A; and A,, meaning A is of the following form, where o = (2g+1) (;;;1) = 23t
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—-1)/2
kpgl_,'_pgl k‘p%l_‘_pg3 ka—l+2 ka;l_,’_l Cgp )/ 0 0
koo, koot boct | pss
kopsz ko_pe o Komon) Kop Ko—@r)  Ko-z) o Kooz
0 0 0 1 ko1 koo by oo
First, we see
~1)/2
Cgp )21 kaq+1 kg1 =0.
Since k?prl+1 = ’%1020517_3)/2 and k,_; = 19%1@29,
_ -1 _ -1
0= c§p /2 4 _ p—@cgp 3)/2 p—cgg
2 2
2
-3)/2 p—1
= Cgp )/ 1 — (—2 ) CQng

Since we are assuming c;

Note that this means ¢y # 0

# 0 so that f(x) is squarefree, we must have

2
p—1
c1 = (T) CoCog.

and cgy # 0.

Next, we will consider what information we can get from A;. For 2 <i < ]%1,

kafl_H:'].—O'k:prl_,'_l:O,
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SO /{;uﬂ.:o. When ¢ = 2,
2

—1 _ _
koiiy = (clp R 3)/203> =0

2
9 (p—5)/2 9 (p—3)/2
p—1 2 p—1 _
5 CoCayq Co + T CoCoyq c3| = 0

We know ¢y # 0 and ¢y # 0, so

2
p—1
Cy = — <T) C3Cagq.

Now, when we consider ¢ = 3, lemma 3.3.5 applies to give c3 in terms of ¢, and cy,.
Repeatedly applying lemma 3.3.5 gives ¢;_p = %_kciﬂcngl for 0 < k < i — 2, which means
we have c,, in terms of ¢y/241 and ¢y for 1 <m < g.

Let us next consider what information we can learn about the coefficients of f(x) from

. p—1
Ag. FOI"QS’LST,

koo PV 1 0=0

and since ¢; # 0, we have k,_; = 0. Consider first when ¢ = 2.

p—1 32 (pP—1\ [(p—3 5l
ko2 = (T) 629—1052-%1)/ + < 9 ) ( 9 ) ngcgg_;'_l)/ 5 =0

p—1 1 /p—3
=(77) [z (5) 8] =0
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This gives cpg_1 = —27' (52) ¢, Now lemma 3.3.6 applies to give cy—o = bacd,, and

repeatedly applying this lemma allows us to solve for coefficients of f(z) in terms of the last
coefficient cyg. We now have cag_g/241, ..., Cag—2, C2g—1 in terms of cy,.

Next we move up to A,_; for more information. For ’%3 <:i:<p-—1,
kori1l—kep-0=0

which forces k,_; = 0. Consider first when 7 = 7%3 = 24 2. Then

p—1
0= E ( 2 )Cqu 9/2 M29—g/241  M29+1 +p 102 /2 1C(P 3)/2
- 2 2 %2 241 Cog+1 9—g 20+1
p—1 Mog—g/2,- -, M2g41 9=9/ 9=9/ 2
Mag—g/at- tMag41="5-

3 sma=o—(p+3)/2

We just found that cag_1, cog—2, ..., Cag—g/2+1 can be written in terms of cyy, so this expression
becomes

i M2g—g/2 9/2 mMog—g/24+1 2 \mag+1 29 m2g+1 p 1 (p 3)/2
0= E By, lo (Cag )07/ e (e30) ™29 0y o 21+ 5 C29-9/2-1C2g41

_p—1
m2g—g/2+"'+m29f1* 2
S sms=o—i

where [ is the product of the binomial coefficient with the coefficients b;nzg‘j for1 < ;< 7%1.

Since cyg41 = 1,

0— Mag_g/2 9/2(ng g/241)H(9/2+1) (mag_g/a42)+. . H2mag_1+meg P — 1
o pe Cag—g/2 C29 + 9 C2g—g/2—1;

which means

2g g/2 29

—1
Cog—g/r1 = — (p ; 1) [Zﬁ Mag_g/2 9/2 Maog_g/24+1)T(9/2+1)(Mag_g/242)+...+2mag_1+mag
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_ ptd

Thus we see that cyg_g/2-1 € k[cag_g/2, Cog]. When we consider i = 252,

lemma 3.3.7 applies to
give Cog—g/2—2 € k[cag—g/2, Cag, and repeatedly applying lemma 3.3.7 gives cy11, Cgy2, ...Cog—g/2-3 €

k[c2g—g/2> Cag)-

Now let p+2 < < %. We have

Foi ko = ko 1) -0 =0

and since ¢; # 0, we must have k,_; = 0. When i = p + 2,

p—1 1
M2g—p M2g—(p—1) m2g M2g+1 p— (p—3)/2
0= g ( 2 >c I“Pe ey e + —Coy c
29—p “29—(p—1 29 “2g+1 2g—(p+1)C2g+1
o \Mgp, .. Mogiy (—1) 2
mag—p+...+tMag41="5-
3= sms=0—(p+2)
p—1 -1
2 Mg —(g+1) M2g—g mag mogi1 | P (p—3)/2
= c C cetCy,  C + ——C9,_ c
29—(g+1) “2g—g 29 C2g+1 29—(p+1)C2g+1
(m2g(g+l)7 s ang-‘rl) 9=(9+1) 2
p—1 -1
_ 2 mg—1 mg  mag magi1 | P (p—3)/2
= E ( )cg_l Cq Cog Cogt1 T 5 Cg—2Cog41" -
Mg—1,...,M2g41

Since cg41 = 1, we can solve for c,_s:

-1 p—1
p— 1 - m
Cgo = — (— g 2 SRR e I
2 Mg—1,--.,M2g41

We have cgi1,Cgi2,..-Cog—g/2—2,Cog—g/2-1 € Kk[Cag_g/2,C24], and we know from above that
029—9/2-1-17 ey C2g—2, Cog—1 € ]{?[ng]. Hence, Cg—2 c ]{?[Cg_l, Cyg, ng_g/g, ng].
When i = p + 3, lemma 3.3.8 applies to show that c,_3 € k[cg_1,¢g, Cag—g/2, C2g]. Repeat-

edly applying lemma 3.3.8 gives cg/o11, Cg/2+42, - Cg—a € K[Cg—1, Cq, Cag—g/2, C2g] as well.
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Let us momentarily recap what we have solved for thus far. We have ci,cy,...cyp2 €
klcgrat1s Cagls Co/at1s Copat2, vy Cg3, Cg—2 € K[Cg1, g, Cag—g/2, Cag]s Coi1; Cai2s -+ Cog—g 22, C2g—gja—1 €
klcag—g/2, Cogls and Cag—g/a41, -, Cog—2, Cag—1 € k[cag]. Overall, we have found ¢; € klcy—1, ¢g, Cag—g/2, Cag)
for1<i<2g9—1landi#g—1,9,29 —g/2.

The last step in finishing the proof is to show that c,_1 € klcg, Cag—g/2, C24]. So consider
the following 2 X 2 minor:

Fop ko1 =1 kg (prn) = 0.

We know
p—1 1
_ 2 Mgt1 Mgta  magr1 | P (p—3)/2
ko—p = E (m " Mo +1>Cg+1 Co+2 Cogr1 T 9 CgCogt1 -
mg+1+.-~+m2g+1=p7_l g ’ g
S sms=o—p
Wi -
e also know k,_; = TCQQ, and
p—1 -1
_ 2 mg Mgt magi1 | P (p—3)/2
Ko—(pt1) = E : (m Mo +1) Cg Cg+1 Cog1 T 9 Cg—1C29+1 -
mg+...+m2g+1:% 99 ) g
> sms=o—(p+1)
Hence we have the following equality:
-1 p1 —1 —1
0 :p 62 2 Cmg+1cmg+2 . Cm29+1 + p 02 p c C(p—3)/2
5 g E , Mgats .. Magiy g+1 Cgt2 2g+1 9 979 9%+
p—1 _
— 2 cmgcm9+l “ e cm29+1 — p 1C C(p_?’)/z
m Mgt g “g+1 2g+1 9 g—1t2g4+1 -
gs -+ T2g
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This allows us to solve for ¢,_;, and using the fact that cyg; = 1 gives

p—1\""lp-1 Z el p—1\2
m 1 Mg+2 m32
o1 = ( 2 > 2 2 ( (mgﬂ, ) .2. ,m29+1> Cgﬁf Cgﬁ; ---0299) * ( 2 ) €020

p—1

_ 2 Mg JMetl o M2g
5 <m >cg Coil Coy | -
g,

<oy Mgt

Note that the expression on the right includes only ¢; for g < i < 2¢g. Since we have found
¢j € klcag—g/2, Cog) for g+1 < j <29 —1and j # 2g — g/2, we see that this expression gives
Ccg-1 € klcg, caggy2; Cagl-

Therefore, we have found ¢; € kcg, cag—g/2, Coq) for 1 <i <29 —1and i # g,29 —g/2, 2g.

This gives the desired result that f(x) € k[z,cg, cag—g/2, Cog)- O

34



CHAPTER 4

COMPUTATIONS AND EXAMPLES FOR SMALL PRIMES
4.1. FOrR p=3

We see from Elkin’s bound that hyperelliptic curves defined over Fg with a = g — 1 will
only occur when g < 5. By the results in Chapter 3, in fact such a curve will only occur
for ¢ < 3. In fact, genus 3 hyperelliptic curves have been studied extensively, and it was
previously known that curves with @ = 2 do not exist [EP07]. It is also known that genus
2 hyperelliptic curves with a = 1 exist for all p > 3. Hence for p = 3, genus 2 hyperelliptic

curves are the only hyperelliptic curves with a = g — 1.

4.2. FOR p=5

According to Elkin’s bound, hyperelliptic curves with a = g — 1 will only occur when

15

g < 7. For p =75 it is known that such hyperelliptic curves exist with genus 2 and with

genus 3 [EP07]. When g = 3, they in fact occur with both p-rank 0 and 1.

REMARK. Due to genus 3 curves with a = 2 occurring with both p-rank 0 and 1, there
are still three possibilities for their Ekedahl-Oort type. This topic is discussed further in

Chapter 5.

ExaMPLE 4.2.1. We see in Figure 4.1 that over the base field F5 there are almost an
equal amount of curves with p-rank 0 and p-rank 1. This is surprising because it is expected
that curves having a = 2 with p-rank 1 will form a subspace of dimension 2 in the dimension

5 space of smooth genus 3 hyperelliptic curves, and the curves having a = 2 with p-rank 0
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Fi1GURE 4.1. Hyperelliptic curves and their p-rank in characteristic 5 with
g=3and a=2.

F=GF (5)
R.<x>=PolynomialRing (F)
N=0
V=VectorSpace(F, 6)
for m in V:
f=m[0]*x+m[1]*x"2+m[2] *x~3+m[3] *x~4+m [4] *x"5+m [5]*x"6+x"7
if f.is_squarefree()==True:
C=HyperellipticCurve (f)
B=C.Cartier_matrix ()
if B.determinant ()==
if B.rank()==1:
N=N+1;
[f,C.p_rank ()]

N

[x~7 + x~5 + x~3 + 4x*x, 0]

[x~7 + x~5 + 3%x~3 + 2%x, 1]

[x"7 + x°5 + 4%x~3 + x, 0]

[x"7 + 2%x~5 + x~3 + 3*x, 0]

[x"7 + 2%x~5 + 2*x~3 + x, 1]

[x"7 + 2%x~5 + 4*x~3 + 2*x, 0]

[x~7 + 3*x~5 + x~3 + 2*x, 0]

[x~7 + 3*x~5 + 2*x~3 + 4xx, 1]

[x~7 + 3*x~5 + 4*x~3 + 3#x, 0]

[x~7 + 4*x~5 + x~3 + x, 0]

[x~7 + 4*x~5 + 3*%x~3 + 3x*x, 1]

[x"7 + 4*x~5 + 4*x~3 + 4x*x, 0]

[x"7 + x°6 + x5 + 2%x~3 + x~2 + 3%x, 1]

[x"7 + 276 + x75 + 3*x~3 + 4*x~2 + 2%x, 1]
[x"7 + x76 + 3*x"~5 + x"3 + 4*x~2 + 3*x, 1]
[x"7 + x76 + 3*x~5 + 2%x"3 + 3*x~2 + x, 0]
[x°7 + x~6 + 3%x~5 + 3*x~3 + 2#%x~2 + 4*x, 0]
[x°7 + x°6 + 3%x~5 + 4*x~3 + x~2 + 2%x, 1]
[x°7 + 2%x”6 + 2%x~5 + x~3 + 3*xx~2 + 2*x, 1]
[x°7 + 2%x"6 + 2%x~5 + 2%x~3 + x~2 + 4*x, 0]
[x~7 + 2%x~6 + 2*x~5 + 3*xx~3 + 4*xx~2 + x, 0]
[x~7 + 2%x~6 + 2*x~5 + 4*xx~3 + 2%x~2 + 3*x, 1]
[x~7 + 2%x~6 + 4*x~5 + 2%x~3 + 2%x~2 + 2*x, 1]
[x~7 + 2%x~6 + 4*x~5 + 3*x~3 + 3*x~2 + 3*x, 1]
[x"7 + 3*x™6 + 2*x~5 + x™3 + 2%x~2 + 2%x, 1]
[x°7 + 3%x"6 + 2%x~5 + 2%x~3 + 4%xx~2 + 4*x, 0]
[x"7 + 3*x"~6 + 2%x~5 + 3*%x"3 + x~2 + x, 0]
[x~7 + 3*x~6 + 2*x~5 + 4*xx~3 + 3*x~2 + 3*x, 1]
[x~7 + 3*x~6 + 4*x~5 + 2*x~3 + 3*x~2 + 2*x, 1]
[x~7 + 3*x~6 + 4*x~5 + 3*x~3 + 2%x~2 + 3*x, 1]
[x~7 + 4%x™6 + x5 + 2%x~3 + 4*x~2 + 3*x, 1]
[x"7 + 4%x™6 + x~5 + 3*x~3 + x~2 + 2x%x, 1]
[x"7 + 4*x~6 + 3*x~5 + x~3 + x~2 + 3*x, 1]
[x"7 + 4*x~6 + 3*x~5 + 2*x~3 + 2%x~2 + x, 0]
[x"7 + 4*x~6 + 3*x~5 + 3*x~3 + 3*x~2 + 4x*xx, 0]
[x"7 + 4%x~6 + 3*x~5 + 4*x”~3 + 4*x~2 + 2%x, 1]
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will form a subspace of dimension 1. Hence, we should expect to see far fewer of these curves

with p-rank 0.
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It is next worth investigating g = 4,5, 6, and 7, but Theorems 3.1.1 and 3.2.3 in Chapter
3 show that for ¢ = 5,6 and 7, there are no smooth hyperelliptic curves of such a genus
with ¢ = g — 1. As we saw in Example 3.3.1, there are no smooth hyperelliptic curves of
g = 4 with a = 3 defined over a field of characteristic 5. Hence, the case p = 5 is completely

determined, with curves having a = g — 1 only existing when g = 2 and g = 3.

4.3. FORp=7

Elkin’s bound for p = 7 gives that for a hyperelliptic curve with a = ¢ — 1, we must

have g < %, so we are interested in looking for curves with genus up to 10. Theorems
3.1.1 and 3.2.3 show that such a curve will not exist with g > p, so in fact we only need to
study g = 2,3,4,5 and 6. It was previously shown that genus 2 curves exist with a = 1 in

characteristic 7.

ExXAMPLE 4.3.1. Hyperelliptic curves of genus 3 with a = 2 exist, and as occurred for
p = 5, they exist with p-rank 0 and 1, meaning there are three possibilities for their Ekedahl-
Oort type. In this case, as expected, there are far more such curves with p-rank 1 than p-rank

0 over the base field [F;.

It is still open whether or not curves of genus 4 exist with a = 3. It is shown in Figure
4.2 that these curves do not exist over 7, but they could still exist over some field extension.
There are 49° possible curves branched at oo over the first field extension, Fy9. Rather than
searching all of these curves, we can fix additional branch points at + = 0 and 1 and this
brings the possible number of curves down to 497. This is still too many curves to check
computationally in any reasonable amount of time, but it is possible to check a large number

of random curves for a = 3. After checking 1,000,000 curves of this form, none were found
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F1GURE 4.2. Computations in Sage show there are no genus 4 curves with
a = 3 over [F; and that a random check of 1,000,000 curves over [F 9 did not
find any genus 4 curves with a = 3.

F=GF (7)
R.<x>=PolynomialRing (F)
N=0
V=VectorSpace(F, 8)
for m in V:
f=m[1]#+x+m[2]*x~2+m[3] *x~3+m[4] *x~4+m [5]#x~5+n[6] *x~6+m [Tl #x~T+m [0] #x\,
~8+x"9
if f.is_squarefree()==True:
C=HyperellipticCurve (f)
B=C.Cartier_matrix ()
if B.determinant (})==0:
if B.rank()==1:
N=N+1;
c
N
0

F=GF (49, *a?)
R.<x>=PolynomialRing (F)
N=0
for 1 in range (1000000):
m=random_vector (F,7)
f=(x-1)*(m[0]*x+m[1]*#x~2+m[2] #x~3+m[3] *x~4+m[4] *x~5+m [B] *x~6+m [6] * x|
~T+x~8)
if f.is_squarefree()==True:
C=HyperellipticCurve (f)
B=C.Cartier_matrix ()
if B.determinant ()==0:
if B.rank()==1:
N=N+1;
Cc

to have a = 3. This can be seen in Figure 4.2. However, this is a very small portion of the
total number of curves, so it is possible that such a curve does still exist. Furthermore, not
finding any over 49 does not mean such a curve doesn’t still exist over a larger extension,
although it does mean that the occurrence is not very likely.

When g = 5, we see similar results. It is still open whether or not curves of genus 5 exist
with @ = 4. Figure 4.3 shows that when restrictions are placed on the coefficients of f(z),
for y> = f(x), to force the Cartier-Manin matrix to have rank one, there are no genus 5

curves over F; with a = 4.
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FiGURE 4.3. Computations in Sage show there are no genus 5 curves with

a = 4 over F.

F=GF (7)
R.<x>=F[]
N=0

V=VectorSpace (F,

for m in V:
c2=m[0]
c3=m[1]
cd=m[2]
c6=m[3]
c7=m[4]

c8=2*m[6] ~3+5*m[5]*m[6]

c9=m[5]

cl10=m[6]

chb=24%c9 " 3+5*cB*cO9*cl0+6*cT*cl1l0"2+6+cB~245*cT*cO9+5*xcB*c10
51=6#c7#58"2+6*c7‘2tc9+5*56*c8tc9+6tc5tc9“2+5*cﬁ*c?*c10+5*c5*c8tc10\
+h*cd*cO*%c10+6%c3*cl10~2+6+%cB"2+5b*%ch*cT+b*cd+cB8+b%c3+cO+5b%c2%c10
if c2°3+6*cl*c2#%c3+3*cl " 2*cd==
if c9 3+6*c8*09*c10+3*c7*c10 243%cB 2+6*cT*c9+6*cH*cl0+3%ch=

There are 49'! possible curves branched at oo over the first field extension, Fy9. Rather

c3 " 3+6*%c2*c3*cd+3*%cl*cd~2+3%c2" 2*c5+6*cl*c3*c5+6*cl*c2*c5\
+3*cl " 2%cT=
if 3*04"2*c5+3¥03*c5“2+6*c3*c4*c6+6*c2*c5*c6+3*c1*c6“2+3*\

€3 2% cT+6%kc2*kcd*cT+6*cl*chrcT+6*c2*cI*cB+6*clrcld*cB+3%\
c2"24%cO+6*cl*c3*cI9+6*cl*c2*%cl0+3%cl~2==
f=x"11+c10#x~10+cI*x"9+c8*X "B+cT*x"T+c6b*x "6+ cb*x~5+cd)
*¥X "4+ c3*X"3+c2*¥x"2+cl*x
if f.is_squarefree()==True:
C=HyperellipticCurve (f)
B=C.Cartier_matrix ()
if B.determinant ()==0:
if B.rank()==
N=N+1;
[f,C.p_rank ()]

than searching all of these curves, we can fix an additional branch point at = 0, and then
use information from the Cartier-Manin matrix, again forcing the matrix to have rank one,
to further shrink the search space. At this point, it was possible to check a large number of
random curves to see if the had a = 4, as shown in Figure 4.4. After checking 21,000,000
random curves in this fashion (under the assumption that two separate random searches
would not check any of the same curves), none were found to have a = 4. While this does
not definitively indicate the non-existence of such a curve, it does begin to seem possible

that no hyperelliptic curves of genus 5 exist with a = 4 in characteristic 7.
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F1GURE 4.4. Checking 10,000,000 random curves of genus 5 over F49 in Sage,
under conditions that would force a = 4.

F=GF (49,’a’)
R.<x>=PolynomialRing (F)
N=0
for i in range (10000000):
m=random_vector(F,7)
c2=m[0]
c3=m[1]
c4=m[2]
c6=m[3]
c7=m[4]
c8=2+m[6] ~3+5+m [5]*m [6]
c9=m[5]
c10=m[6]
c5=2%c9"3+5%cB8*cI*cl0+6%cT*cl0 " 2+6*c8 " 2+5%cT*c9+5xc6*cl0
Cc1=6*cT*cB8~2+6+cT " 2*cO+5*cO*cB*cO+6*ch*cO~2+5%cH*cT*c10+5+c5*c8%c10)
+5%cd*c9%cl0+6*c3*c107246%cO 7 2+5%ch*cT+h*cd*cB+5%cI*cI+D*c2xc10
if €273+4+6*cl*c2*%c3+43%cl~2xcd==0:
if c9"3+6*c8*cI*cl0+3*%c7*cl072+3*%c8 2+6%cT*cO+6+%cb*cl0+3%cH==0:
if ¢B373+6%c2*c3%cd+3%cl*cdT2+3%c2 2% cE+6*cl*c3*cE+6*clHc2xcB)
+8*cl~2*%c7==0:
if 3%c4"2%c5+3%c3%chb 2+6%c3*cad*cb+6%c2*ch*cBH+3¥cl*ch"2+3 %)\
€37 2%cT+6*c2*%cd*cT+6¥cl*xch*cT+B¥c2*c3*cB+64clxcd*cB+3#\
c272*xcO9+6*cl*c3*c9+6*xcl*c2*cl0+3%cl~2==0:
if 3#ch 2%c6+3%cd*cB 246%cA*ch*cT+E*cI*ch*cT+3*c24cTY
~2+3%cd " 2*cB+6*c3*ch*cB+B*c2*ch*cB+6*cl*cT*cB+6*c3),
#c4*cO+E*c2*ch*cO+6%cl*cB*cI+3+c3 2% cl0+6*c2%ca*
clO+6*cl*cb*cl0+6*%c2*c3+6*cl*cd==0:
if 3%c6*cT " 2+3*c6~2*cB+B6+ch*cT+cB+3*%cd*cB 2+6*ch*)
CEXcO+EkcARCTHCO+6*cI*cBHcI+3%c2%c9"2+3 %5724\
cl0+6*c4*cB*c10+6+c3+cT xcl10+6*c2+c8*c10+6+cl )
cO9*cl0+6*cAd*ch+6*c3*cE+E*c2xcT+HE*Ccl*cB==0:
if 2%¢272%c1072+2%c1 2% c3*c1072+2%c27 3% cI+2%\
cl1~2%c3*c8-cl1~3==
if ¢c272%c10+cl*c3*cl0+2%cl*c2==0:
f=x"11+c10*x~10+cO*x " 9+c8¥x "B+ cT*x"T+\
CE*X"6+Cch*x~b+ca*x"4+c3*x"3+c2%x\
“2+cl*x
if f.is_squarefree ()==True:
C=HyperellipticCurve (f)
B=C.Cartier_matrix()
if B.determinant ()==0:
if B.rank()==1:
N=N+1;
[f,C.p_rank ()]

For genus 6 curves, we saw in example 3.3.2 there are no smooth hyperelliptic curves of

genus 6 with a =5 when p =T7.
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CHAPTER 5

FUuTURE WORK
5.1. LOWERING THE BOUND

Without any known examples of algebraic curves of genus g > 3 with a = g — 1, it is
unclear whether or not it is possible to lower the bound on the genus any further. Future
work in this area could include further exploring the cases of g = p— 1 and g = p — 2.
Examples 3.3.1 and 3.3.2 along with Theorem 3.3.9 suggest that curves with a = g — 1 likely
do not exist when g = p— 1. As shown in Section 4.3, it seems possible that curves of genus
5 with @ = 4 do not exist in characteristic 7. It would be worth generating data for p = 11 to
see if the results agree. From there, an attempt could be made to make a general statement

about the existence of such curves.

5.2. EKEDAHL-OORT TYPES

At this point, the only examples we have of hyperelliptic curves with a = g — 1 are when
g = 3. The next thing to consider for these curves, then, is what the Ekedahl-Oort types
are for such curves. Since a = 2, we must have f = 0 or f = 1. The three possibilities for

the Ekedahl-Oort type are [0 0 1], [0 1 1], and [1 1 1].

5.3. NON-HYPERELLIPTIC CURVES

While this paper explores the bound on the genus for hyperelliptic curves with a = g —1,
we could also ask how optimal the bound is on general algebraic curves with a = g —1. Since
we know algebraic curves of genus 3 exist with a = 2, the first interesting case is g = 4.

Non-hyperelliptic curves of genus 4 are either conical or hyperboloidal. To consider allowed
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a-numbers for such a curve X, we would need to first find a basis for H°(X, ), and then

determine how the Cartier operator acts on the basis elements.
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