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ABSTRACT. Given a Brauer class on a K3 surface defined over a
number field, we prove that there exists infinitely many specializa-
tions where the Brauer class vanishes, under certain technical hy-
potheses, answering a question of Frei-Hassett—Vérilly-Alvarado.
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1. INTRODUCTION

Let X be a K3 surface over a number field K and let o € Br(X)
be a Brauer class on X. Let 2 — % be a smooth projective model,
where . < Spec(Ok) is an open subset of the spectrum of the ring
of integers Ok.

For a prime P of . where « is unramified, we have a specialization
of o in the Brauer group of the reduction Zy that we denote by:

ap € Br(Zy) .

In [FHVAZ22|, Frei, Hassett and Varilly-Alvarado ask about what can
be said about the locus:

S(X,a) ={P € Sap=0}.

Let 0 : K < C be a complex embedding and let T'(X,(C)) be the
transcendental lattice of X,(C). Let N be the product of primes where
X has bad reduction. In this article, we prove the following result.
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Theorem 1.1. Assume that the rank of T(X,(C)) is different from
2,4, and that the torsion order of o in Br(Xy) is coprime to the dis-
criminant of T(X,(C)) and N. Then the set S(X, «) is infinite.

1.1. Prior work and applications. The question of triviality of Brauer
classes on smooth projective surfaces under specialization has been
raised in [FHVA22|. The authors proved loc. cit. that on a K3 surface,
a Brauer class becomes trivial for a positive density of primes, when the
following assumptions are satisfied: the endomorphism field E of the
transcendental lattice of X,(C) is totally real and dimg(7(X,(C))) is
odd. If these assumptions are not satisfied, then Charles [Chal4| proved
that the set in Theorem has density zero, up to a finite extension of
K. Our result hence gives a fairly general answer to this question with
no assumptions on the Hodge structure of X, see [FHVA22, Remark
1.4]. The technical conditions appearing in the theorem are artifacts of
the proof and we explain their appearance in the strategy of the proof
below.

Theorem [1.1] has several applications to rationality problems of cubic
fourfolds and derived equivalences of twisted K3 surfaces which have
been developed in [FHVA22|. Theorem admits also a natural for-
mulation over the complex numbers and in this case it follows from
the results of [Voi02 §17.3], which can be furthermore sharpened into
an equidistribution type statement in the spirit of [Tay20|, [TT23|]. We
simply formulate the statement here.

Theorem 1.2. Let &~ — S be a non-isotrivial smooth projective family
of K3 surfaces over a complex quasi-projective algebraic variety S and
let o be a Brauer class on the generic fiber Z,. Then the locus in S
where the specialization of the Brauer class o vanishes is analytically
dense and equidistributed with respect to the metric given by the Chern
form of the Hodge bundle.

1.2. Strategy of the proof. The proof of Theorem relies on
Arakelov intersection theory on integral models of toroidal compact-
ifications of GSpin Shimura varieties. We interpret the locus S(X, a)
as an intersection locus of . with a family of special divisors in a
Shimura variety with level structure at r, the geometric torsion order
of a.. Following a method initiated by Charles in [Chal8| and gener-
alized in [SSTT22|, see also [MST22al, [ST20, MST22b|, we control the
intersection numbers of . with a sequence of special divisors indexed
by integers m at archimedean and non-archimedean places and compare
the order of growths. If there were only finitely many primes where «
vanishes, then this means that the intersection is supported at finitely
many primes independent of m. As m grows, we get a contradiction by
comparing the order of growths of the local and global estimates. The
assumption on the rank is used at this level, as the results of [SSTT22]



3

are valid only when the rank of the transcendental lattice is at least 5,
and the case of rank 3 follows from [FHVA22].

The main new difficulty that we have to overcome in this paper is
that the Shimura variety has a level structure at r and hence the results
of [HP20] do not apply directly. We have thus to construct suitable
integral models which are ad hoc for our purposes, then we construct
Borcherds products to derive the global estimate on the intersection
number. This, in particular, explains the technical condition appearing
in the statement of Theorem [I.I] We also have to construct the special
divisors above r, in a way compatible with the special divisors already
constructed outside of r by [HP20]. We then show that [HP20, Theorem
A| extends over r for the special divisors and for some well chosen
Borcherds products. We do not prove that the resulting generating
series is a modular form, a result not needed for our purposes and
which requires a deeper understanding of the integral models with full
level structure at 7.

1.3. Organization of the paper. In §2, we explain how to reduce
Theorem to an intersection theoretic statement in GSpin Shimura
varieties. In §3, we introduce GSpin Shimura varieties, their integral
models, special divisors and toroidal compactifications. We construct
suitable integral models with level structure at r and use them to write
down the local and global estimates needed from Arakelov theory. In
§4 we prove the global estimate on the intersection number using a
well-chosen Borcherds products. In §5 we estimate the archimedean
contributions, and in §6 we estimate the non-archimedean contribu-
tions.

2. K3 SURFACES AND BRAUER CLASSES: SOME REDUCTIONS

We prove in this section how to deduce Theorem from Theo-
rem[2.2] Then we explain the connection to special quasi-endomorphisms
on Kuga-Satake abelian varieties. For background on Brauer classes on
K3 surfaces, we refer to [Huy16, Chapter 18] and [FHVA22, §4].

2.1. Background results. Let X be a K3 surface over a number field
K and let a € Br(X). Let 0 : K — C be a complex embedding and let
(L, Q) be the transcendental lattice of the complex K3 surface X, (C).
Then we have the following maps between the different Brauer groups:

Br(X) — Br(X%) ~ Br(X,) C Br"*(X,(C)) ,

where Br®"(X,(C)) is the analytic Brauer group of X,(C). By a theo-
rem of Gabber, the Brauer group Br(X7) is torsion and is in fact equal
to the torsion part of the analytic group Br®"(X,(C)).

It follows that the image of the class « in Br*"(X,(C)) is torsion of
order > 1, which may be different from its torsion order in Br(X).
We refer to r as the geometric torsion order of a.
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The class a admits B-lifts to H?(X,(C),Q) that we now recall fol-
lowing [Huy16|, Page 415|. From the exponential exact sequence, we
get the exact sequence

0 — H*(X,(C),Z)/Pic(X,(C)) = H*(X,(C),Ox,(c)) = Br**(X,(C)) — 0.
Since the torsion part of Br"(X,(C)) is equal to Br(X,), we get:
0 — H*(X,(C),Z) + NS(X,(C))o — H*(X,(C),Q) — Br(X,) — 0,
yielding an isomorphism
Homy(L,Q/7Z) ~ Br(X,) .

In particular, the r-torsion sub-groups are isomorphic:
1 1
—LY/LY ~Homg(L,-Z/Z) ~ Br(X,)[r].
r r

Let 8 € %LV /LY be a preimage of a. To summarize, we have proven
the following proposition.

Proposition 2.1. Let L be the transcendental lattice of X,(C) and
let « € Br(X) be a Brauer class of geometric torsion order r > 1.

Then there exists 5 € }«LV/Lv which corresponds to the image of o in
Br(X%)[r].

2.2. Compatibility with reductions. We keep the notations from
the previous section and let 2~ — .% be a smooth projective model of
X where . < Spec(Ok) is a Zariski open subset.

Let 3 be a prime of good reduction for X, i.e., in .%, where the
Brauer class « is unramified and has torsion r coprime to the residual
characteristic of . This excludes only finitely many primes.

The Kummer exact sequence yields the following commutative dia-
gram, where the middle vertical arrow is an isomorphism by smooth
base change theorem:

0 —NS(X%) ®Z/rZ — Hgt(X?, ) — Br(X%)[r] —=0

| | |

0 — NS(2%) ® Z/rZ — H (25, pir) — Br(25)[r] —=0

By Artin’s comparison theorem [AGV ™72, XVI 4], for every prime
number £, we have a natural Gal(K /K)-module Lz, in HZ (X7, Z(1)).
By compatibility of Poincaré pairings in Betti and étale cohomology,
the dual lattice of Ly, is equal to Ly, . If £ does not divide the discrim-
inant of L, then in fact L is self-dual at £ and Ly, = Lg,.

Let a € Br(X) be a Brauer class of geometric torsion order r. By
Proposition [2.1] there exists 5 € 1LY/L" that lifts c. For every prime
number ¢, we let 3, € %LV/LV ® Z; denote the f-adic component of f.
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If 7 is coprime to r, then £, = 0 and if ¢ is coprime to the discriminant
of L, then

1 1
B@ € ;LV/LV ®Q Ly ~ ;L/L ®Q Ly ~ LZ[/TLZE .
Theorem [I.1]is then a consequence of the following statement.

Theorem 2.2. Assume that r is coprime to the discriminant of L.
Then there exist infinitely many prime ideals B such that there exists
S Pic(%g) which satisfies the following: for every prime ¢ coprime
to P, the image of A under the isomorphism

HE (X, Lo(1)) = HZ (X7, Zao(1)),
lies in Ly, and the residue class of X in Ly, /rLy, is equal to By.

2.3. Proof of Theorem Assuming Theorem [2.2] we will prove in
this section Theorem [I.1] Let P be a prime ideal given by Theorem[2.2]
and where « is unramified. Let r be the geometric torsion order of «,
which is coprime to p, the residual characteristic of 8. We have then the
following diagram, where the middle vertical arrow is an isomorphism
by proper and smooth base change theorem:

Do Lz, C Doy HG (X, Zo(1)) — Br(Xg)[r] —0

| |

(A)f\r c @Z\TH§t<%§v Zf(l)) - Br(%ﬁ) [T] - 07

By construction, the image of A in Br(X)[r| is equal to . By com-
mutativity of the diagram, this implies that the image of A in Br(25)[r]
is equal to the specialization agp of a. Since A € NS(Z5), we can con-
clude that ag = 0 in Br(Z2%)[r]. Finally, we use the following lemma,
which is taken from [FHVA22, Lemma 4.4|, to conclude.

Lemma 2.3. We have o = 0 in Br(Z%).

2.4. Special endomorphisms on Kuga-Satake abelian varieties.
We explain in this section our strategy for proving Theorem [2.2] By
IMP15, Theorem 3| (and [KMP16, ITK21] when the characteristic is
equal to 2), up to extending the number field K, we can associate to X
an abelian variety A defined over K, the Kuga-Satake abelian variety
such that for any prime 8 of good reduction for X and A, the Z, and
crystalline realizations of the primitive cohomology of Z¢ embed in
those of End(Agy).

Let B be a place where both X and A have good reduction. For
every € L/rL, we will define a subgroup

Vg(.A{g) C End(.A,ﬁ),
of special endomorphisms of A‘f, see Sections [3.1.2] and [3.27]
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Proposition 2.4. Let r > 1 and let P be a prime of good reduction
of residual characteristic coprime to r. Then there exists f € L/rL
such that Vg(.Ag) is different from zero if and only if there exists \ €
Pic(25) that satisfies the conditions of Theorem .

Proof. Let E € %L/L be a lift of the class a as given by Proposition
and let § € L/rL its image after multiplication by r.
From the properties of the Kuga-Satake abelian variety, we have an
inclusion:
Vg(.Aﬁ) — PlC(%@)
Then for any non-zero endomorphism f € Vs(Ag), the class A = f gives
the desired result. Indeed, by definition of special endomorphisms, for

any prime ¢, we have an (-adic realization f € Lz, which by definition
has residue equal to 3 in L/rL, hence it satisfies Theorem O

We conclude that Theorem is implied by the following statement
which we will prove in Section [3.5

Theorem 2.5. For € L/rL as in the proof above, there exists infin-
itely many primes P coprime to r such that A has good reduction at B

and Vs(Ag) # {0}

3. GSPIN SHIMURA VARIETIES: INTEGRAL MODELS AND
ARAKELOV INTERSECTION THEORY

We introduce in this section GSpin Shimura varieties, their integral
models and their toroidal compactifications. Our main references are
[AGHMP18, MP16, [HP20, Per19] to which we refer for more details.

3.1. GSpin Shimura varieties over Q. Let (L, Q) be a quadratic
even lattice of signature (n,2), n > 1 and denote the bilinear form
associated to (L, Q) by:

(z-y)=Qr+y) - Q) - Qy), Yo,y € L.

We can construct a Shimura datum associated to (L, Q) as follows:
let G = GSpin(Lg) be the reductive algebraic group over Q of spinor
similitudes and consider the Hermitian symmetric domain

D={weP(Lec),(w-w)=0,(w-w) <0}

Then (G, D) is a Hodge type Shimura datum with reflex field equal
to Q. For any choice of a compact open subgroup K C G(Ay), we get
a Shimura variety defined over Q whose set of complex points is

M(C) = GQ\D x G(A)/K,

and whose canonical model M is a smooth Deligne-Mumford stack over

Q.
The choice of the lattice (L, () specifies a particular open subgroup

of G(Ay) defined as K = C(L ® 7) N G(Ay), where C(L ® 7) is the
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7Z-Clifford algebra of (L ® Z Q). The group K is the largest compact-

open subgroup of G(Ay) that stabilizes L ®z Z and acts trivially on
LY /L where LY is the dual lattice of L defined as:

LY ={z € Lo|Vy € L, (x-y) € Z}.

As mentioned above, the Shimura variety M is of Hodge type and
carries a family of Kuga-Satake abelian varieties A = M whose relative
cohomology can be understood in terms of algebraic representations
of G as follows. By construction, G has an algebraic action by left
multiplication on C(V) where V' = L ®; Q, and C(V) is the Clifford
algebra of (V, Q). There is also an action of G on V' via an algebraic
group morphism G — SO(V). Letting H = C(V'), then we have an
inclusion V' — Endg(H) given by left multiplication and it is in fact a
G-equivariant map. This yields filtered vector bundles with integrable
connection on M, denoted (Vyr, F*V4g) and (Hyg, F*Hyg) related by
a morphism of flat filtered vector bundles

VdR — HdR .
The vector bundle V,z is endowed with a bilinear form
() IVdR XVdR—> OM,

for which the line bundle w = F'V g is isotropic and F'V g = (F'V4z)*.
Moreover, we have a canonical isomorphism of filtered vector bundles:

Hyp ~ Hom(Rlﬂ*Q;‘/M, Own),

see [AGHMP18| §4.1] for more details.

The constructions above are functorial in the following way: for any
inclusion (L1,Q) C (L2,Q) of quadratic lattices, then the previous
discussion produces Shimura varieties M; and Ms over Q which admit
Kuga-Satake abelian schemes A; — M, and filtered vector bundles with
integrable connections (Vi, F*Vi.) and (Hg, F*HYR), for i = 1,2.
We have a finite morphism 7 : M; — Ms, which is étale if L, has finite
index in Ly. We also have morphism of Kuga-Satake abelian schemes

Ay —— 77*142
N
M,

which is an isogeny in the finite index case, of degree a power of |Ly/L1|.
Finally, we have canonical isomorphisms of filtered vector bundles with
integrable connections:

n*VﬁR = V}lRa and U*H?IR = HcllR :
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3.1.1. Integral models and their compactifications. We recall in this sec-
tion the construction of integral models of GSpin Shimura varieties
following [HP20, §6|, [AGHMP1S8|, §§4.2, 4.3], and their toroidal com-
pactifications following [HP20, [Per19].

Let p be a prime number. The lattice L is said to be mazimal at p
if L ®Z, is a maximal lattice of L ® @, over which the quadratic form
is Zy-valued. In particular, if the lattice L is self-dual at p, then L is
maximal at p. We say that L is maximal if it is maximal at all primes.

Let €2 be the finite set of primes p € Z at which the lattice Lz, is
not maximal. Then by [HP20l §6], there is a normal and flat integral
model M — Z[Q~!] with generic fiber M, which is a Deligne-Mumford
stack and which enjoys the following properties:

(1) The Kuga-Satake abelian scheme extends to an abelian scheme
A— M.

(2) The line bundle w = F'V, extends to a line bundle w on M.

(3) M is smooth at a prime p if the lattice (L, Q) is almost self-dual
and regular if p is odd, and p? does not divide the discriminant
of L.

To explain the last condition, we say that L is almost self-dual at p if
either p is odd and L is self-dual at p or p = 2 and vo(|LY/L|) < 1,
where vq 18 the 2-adic valuation.

3.1.2. Special divisors. By [AGHMP1S, §4.5|, for every scheme S —
M, there is a functorial subspace

V(.As) C End(As)@

of special quasi-endomorphisms, the construction of which will be re-
called in Section [3.2 The space V(Ag) is endowed with a positive
definite quadratic form @ such that zox = Q(z)-Id4, for z € V(Ag).
One in fact can define for every 5 € LY /L, a subset

Vs(A) C V(As)

of special quasi-endomorphisms whose different cohomological realiza-
tions are prescribed by 3, see [AGHMPIS, P. 447]. We have then the
following result which is [AGHMP18|, Proposition 4.5.8].

Proposition 3.1. For every 5 € LY/L, m € Q(B) + Z, there is a
finite, unramified and relatively representable M-stack whose functor
of points assigns to every scheme & — M the set

Z(8,m)(S) = {z € V5(As)| Q(x) = m}

By [HM22, Proposition 2.4.3|, Z(8,m) is a generalized Cartier di-
visor in the sense of [HM22| Definition 2.4.1] and can also be seen as
Cartier divisor on M by [HM22, Remark 2.4.2]. We will henceforth
refer to it as special divisor.
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We can give an explicit description of the set of complex points of
the special divisors as follows: in M(C), a point s € M(C) can be
lifted to a pair

(h,g) € D x G(Ay),

and the group of special quasi-endomorphisms of A is canonically iden-
tified with

{z € Lg|(x-h) =0} .

Then the special divisors are given, for every 5 € LY /L and m, by the
following double quotient

Z(B,m)(C)=G@Q\ |J {(hg) eDxC(Ay),(h\)=0}/K .

AEg.(,B-‘rZ)
Qn=m

3.2. GSpin Shimura varieties with level structure. We fix a max-
imal quadratic lattice (L, Q) for the rest of the paper and let r > 1.
Consider the inclusion of quadratic lattices

(rL, Q) C (L, Q).

The discussion from the previous section applies to both lattices
(L,Q) and (rL, Q) yielding normal flat integral models

M — Spec(Z) , and M, — Spec(Z[Q27])

of M and M,. Here € is the set of primes where r L is not maximal, i.e.,
the prime divisors of r. We have thus an abelian scheme A, — M,., and
a Hodge line bundle w,. We also have a finite étale map n : M, — M
which extends to a finite map over Z[Q2~!] by [HP20, Proposition 6.6.1]
that we still denote by

n: MT — MZ[Q_l] )

and such that n*w ~ w,.
The Kuga-Satake abelian scheme A — M pulls back to an abelian
scheme n* A on M, with an isogeny

A, —— A
N/
M,

which extends the isogeny over the generic fibers.

The following lemma is an easy consequence of the construction of
the module of special quasi-endomorphisms, see also [HP20, Proposi-
tion 6.6.2, 6.6.3] which refers to JAGHMP17, Proposition 2.6.4] for the
proof. To simplify notations, we will drop the index r in the notation
of special divisors in M,., as it will be clear from their coset in which
space they live.
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Lemma 3.2. For every 8 € LY/L, m € Q(8) +7Z, we have an equality
of Cartier divisors:

"ZBm) = || Z(m).
~yeLY /rL
¥=4

Definition 3.3. Let MVT be the normalization of M in M,. This a
normal flat integral model over Z of M, extending M, — Spec(Z[Q~1]).

It follows from the definition that we have the following commutative
diagram:

Spec(Z) M, M,
0 7
Spec(Z) M Mz .

The Kuga-Satake abelian scheme .A — M pulls back to an abelian
scheme 7" A on M,, and the line bundle w pulls-back to a line bundle
n*w on M, which extends w,. By abuse of notations, we still denote
w, this extension.

Our goal in the next section is to extend the Cartier divisors Z(3, m) —
M, to M, such that the extension has good moduli interpretation and
Lemma [3.2] still holds. We will work at each prime in 2 then glue the
constructions.

3.2.1. Almost self-dual case. Let p be a prime number dividing r, hence
p € 2. We make the additional assumption that the lattice L is almost
self-dual at p as this will be satisfied in our applications. Then the
level K at p is hyperspecial and the Shimura variety M, is the smooth
canonical model over Z, constructed in [Kis10, MP16, KMP16|]. Let
7 : A — M be the Kuga-Satake abelian scheme. For ¢ # p, we have
an inclusion of étale sheaf of Z,-modules

YV, C Endze (Hg)
where
H, = Hé1t<A/M(p)7 L) -

We also have an inclusion of filtered vector bundles with integrable
connections:

Var C End(Hyg) ,
where
Hair = Hyp(A/ M) |
and a crystal of modules over the formal completion of M, along the

special fiber:
Vcrys C End(Hcrys)a
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where He,ys = Rlﬂ'*Ojg ?F . Moreover, the formal completion of the de
Rham vector bundle Vy4r with its integrable connection is isomorphic
t0 Vepys.

We recall now the construction of special divisors in M,). For
any scheme S over Z,), the module of special quasi-endomorphisms
V(As)z,,, is by definition the set of quasi-endomorphisms » € Endz,, (As)
such that:

e the de Rham realization z4g lies in Vg, and
e the (-adic realization x, lies in V), ® Q; and
e the p-adic realization z, over the generic fiber Sg lies in V,, 50 @

Qp, and

e its crystalline realization Ty lies in V. sp.
p

Let § € LY/L and let 8, € LY/L & Z; be its f-adic component for
every prime (. For £ # p, the local system Vy /Vyz, is trivial on My,

and isomorphic to LY/L ® Zy. Thus we have a well defined subsheaf
Be+V, CV .
We define:
Va(As) = {z € V(As)z,), VL F#p, w0 € B+ Vg, 2p € B+ Vyig ) -

Via the morphism

n: Mg = My

all the above data pulls-back to /T/l/n(p): we have hence (-adic sheaves
n*Vy, a de Rham vector bundle n*V;r and a crystal 0"V .

For any Zy)-scheme S — M, ), we define the group of special
quasi-endomorphisms:

V(H*As)z(m C End(n*.As)z(p)

as the quasi-endomorphisms f € End(n*As)z,,, whose étale, de Rham
and crystalline realizations lies in the subsheaves 7"V, ® Qg, n* Vg,

17" Verys)s- This is simply the pull-back of V(As)z,,, -

For ¢ # p, notice that the étale local system %U*VZ/T 1"V is trivial
on M,. ) and isomorphic to %LV /rL ® Zy. Hence, given 5 € L/rL and
B its f-adic component, we have a well defined subsheaf

Be+r-nV, .
We define then
Ve, (" As) = {z € V(1" As)z, | 20 € Be+ 10"V},
and

Vgp (77*.,45) = {ZL‘ S V(U*AS)Z@)| Ty € 5p—|—T'77*Vp75Q, and Terys € U*Vcry&st}.
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Finally, we define
Vs(n" As) = NeVs, (0" As) N Vs, (1" As) .
We define now a functor on Z(p)—schemes as follows:
S Z(8,m)(S) ={f € Vs(n"As), fof=m-Idpas} .

Proposition 3.4. Let § € L/rL. Then the above functor is repre-
sentable by a finite unramified M, ) -stack which coincides over Q with

Z(ﬁ, m)Q.
Proof. The proof is similar to [AGHMP17, Proposition 2.7.2]. O

In particular, it results from the previous proposition that the divi-
sors Z(3,m) glues as a finite unramified M,-stack over Z and étale

locally it is a Cartier divisor on .//\Zr. Moreover, we have an equality of
Cartier divisors:

n*Z(m) = UﬁeL/’I‘LZ(/BJ m)7 (321)
valid over Z, and which extends Lemma [3.2]

Proposition 3.5. Let 5 € L/rL, m € Q(5) + rZ. Then the Cartier
divisor Z(3,m) — M, is flat over Zy).

Proof. We have the relation n*Z(m) = User/rn Z(7,m), Z(m) is flat
over Z, by the same argument as in [MP16], Prop 5.21], hence has no
vertical components. Since 7 is a finite map, we conclude that none of
the Z(,m) has vertical components and by the lemma below applied
to the complete local ring at a point, they are flat over Z,). O

Lemma 3.6. Let R be a normal, local, flat Zy,-algebra and let a be
a non-zero divisor. Then all the associated primes of a have height
1. In particular, if div(a) C Spec(R) has no vertical components of
Spec(R®IF,), then div(a) is flat over Z,).

Proof. This lemma is similar to [HP20, Lemma 7.2.4] when R is Cohen-
Macaulay but since we only assume normality, we give a detailed proof.
By Serre’s normality criterion, for every ideal *B of height > 2, Ry has
depth at least 2 and hence P8 cannot be associated to a, as otherwise
the depth of Ry/aRy would be 0, which is not possible as

depth(Ryp/aRy) = depth(Ry) — 1> 1,

by [Sta23, Lemma 10.72.7.]. For the second part, to prove that div(a)
is flat, it is enough to prove that it has no p-torsion. By assumption,
a is not contained in any minimal prime over p, which are the same as
the associated primes by the above. Hence a is not a zero divisor in
R/pR, which is equivalent to p not being a zero divisor in R/aR, since
R is local and normal. O
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3.3. Arithmetic Chow groups. We introduce in this section Arakelov
Chow groups following [GS90] and [BBK07|. For more details on this
section, we also refer to [SSTT22, §3.1| and [Tay22| §3].

Let (rL,Q) C (L, Q) be an inclusion of quadratic lattices of signature
(n,2) as before, in particular L is maximal with discriminant coprime
to r. Let M,., M be the normal integral models over Z of the GSpin
Shimura varieties associated to (rL, Q) and (L, Q) constructed in the
previous section.

Let X be a rational polyhedral K,-admissible cone decomposition.
By the main theorem of [Per19, Theorem 1|, M, has a toroidal com-
pactifications MZ> which is proper, normal and flat over Z. Over C,
it is compatible with the toroidal compactification of its complex fiber
as constructed in [AMRT10, Chapter III|. Let él\{l(/\/lf, Dyre)g be the
first arithmetic Chow group of prelog forms as defined in [BBKO7], Def-
inition 1.15].

For any toroidal stratum representative (Z, o) of type I1I where o is a

ray, let B57 be the corresponding boundary divisor of M?> and for T a
toroidal stratum representative of type II, let BY be the corresponding
boundary divisor of type II. Then by [Per19, Theorem 1], both B=°
and BY are relative Cartier divisors over Z, hence flat over Z.

Let 8 € L/rL and m € Z. We have defined in the previous section
a special divisor

Z(8,m) — M2,

and following [BZ21], see also [EGT23, Theorem 1.2|, we define a cor-
rected divisor in MZ:

2 (B,m) = Z(B,m) + > _ pr(8,m)B + > pzo(8,m)B>7,
T (E,0)
(3.3.1)

where the coefficients py (8, m) and uz (5, m) are defined in [Tay22,
Eqs (4.5.1), (4.6.1)].

Following [Bru02, BZ21], the divisors Z%"(3,m) can be endowed
with a Green function ®g ., such that the pair:

2(67 m) = (Ztor(67 m)? (1)57771)

is an element of éﬁl(./\/lf, Dpre)o-

The Hodge line bundle w, has a canonical Hermitian metric with
prelog singularities, the Petersson metric, see [HP2(), Equation (4.2.3)]
for a definition. Hence it defines an element

—~1 —
@, € CH (M* D,,.) .
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3.3.1. Arithmetic height and main estimates. Let K be a number field
and let .

p:.7 = Spec(Og) — M=
be an Og-point. Then the height hz g, ., () of ¥ with respect to

z (B,m) is defined as the image of z (8, m) under the composition:
CH (MZ,D,,.) %5 CH (#) *5 R .
It is given by, see [SSTT22, Equation (3.1)]:
hzpm(Z) = Y (Z(8,m).S )plog Ok /Bl + Y Pam(x),
PCOK z€.S(C)

where for a prime ¢ C Ok:
(Ztor(/87 m)y)gn — Z length (Oztor(ﬁvm)xﬂgy’v> y

ve (S x gm Ztor (B,m) ) (Fyp)
and Fy is the residual field of .

3.4. Main estimates. Let § € L/rL and let m € Z represented by
B+ rL.

Let ¢(8, m) be the (5, m)-th Fourier coefficient of Eisentein series E,
as in [BKO3, Prop. 3.1, (3.3)], see also [SSTT22] §3.3]. For n > 3, we
have |c(3,m)| = —c(B,m) <. m? along the integers m representable
by 5+ rL.

Our first main result is the following global height bound.

Proposition 3.7. As m — oo and represented by § + rL, we have
> (Z(8,m). L )qlog Ok /Bl + D Pymlx) = O(c(B,m)) .
PCOK z€.7(C)
Recall from [SSTT22l §6] that for a subset S C N, the logarithmic
asymptotic density is defined as:
, {s € S, X <s<2X}
lim sup :
X —00 IOgX

The second main results are estimates in average of multiplicities at
archimedean and non-archimedean places.

Proposition 3.8. For every x € ./ (C), there is a decomposition:

Pygm(z) = (B, m)log(m) + A(B,m) + o (c(8,m)log(m)) .
Moreover, there exists a subset Syaq C Zsqo of logarithmic asymptotic
density 0 such that

A(B,m)

Jim, S
meSe, M2 logm

Next, we have the estimate at the non-archimedean places. Let N
be the product of primes where p intersects the boundary of M?Z.
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Proposition 3.9. Given D, X € Z~,, D coprime to N, let Sp x denote
the set

{mez>o\xgm<zx,,/%ez, (m, N) = 1}.
For a fized prime *B and a fixed D, we have
S (L Z(B.m))y = o(X T log X).

TI’LESD,X

3.5. Proof of Theorem [2.5] Assuming Propositions to from
the previous section, we prove here Theorem which proves Theo-
rem [2.2] and hence Theorem [L.I]

Let K a number field and fix an embedding ¢ : K — C. Let X
be a K3 surface over K, and let (T'(X,(C)), Q@) be the transcendental
lattice of X,(C). Let a € Br(X) be a Brauer class of geometric torsion
order r, assumed to be coprime to the discriminant of T'(X,(C)). Let
B € T(X,(C))/rT(X,(C)) be a lift (multiplied by r) given by Propo-
sition [2.1] and let A be the Kuga-Satake abelian variety associated to
X.

Let T(X,(C)) C L be a maximal lattice containing T'(X,(C)). Then
we can see f € L/rL. We are now in the setup of the previous sec-
tions: let M2 be the toroidal compactification of the integral model of
the Shimura variety associated to (rL, Q) constructed in the previous
sections. The Kuga-Satake abelian variety defines a K-point in M=
which extends to a morphism:

p:y—>/f\/lv§,

where . = Spec(Ok).

Assume by contradiction that the conclusion of Theorem does
not hold. Then there exists finitely many primes 1, ...,*P, such that
for every m € Z, the support of the intersection of . and Z(3,m) is

contained in {,...,%B,}.
By Proposition [3.8] there exists a subset Spaq C Z=q of logarithmic

asymptotic density zero such that outside Sy.q we have:

S By () x (6, m) log(m)-+o(c(B, m) log(m)) = —|e(B,m)| log(m).
z€7(C)

Let S%OS? ={m € Sp.x,m & Spaa, (M, N) = 1}, then one can easily
check that |Sgo°d] Xz. By choosing m representable by 8+ rL which

is guaranteed by Lemma , we have |c(8,m)| > X2 for m € S%OS?.
Hence we get

Y Y Ppmla) > X log X (3.5.1)

Sgood z€.7(C)
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On the other hand, by Proposition [3.9, we get by summing over the
finitely many places where either . intersects a Z(f, m) or which are
of bad reduction:

" (L Z(B.m))ylog |0k /F| = o(X T log X). (3.5.2)
mES%O;?
The combination of Equation (3.5.1) and Equation (3.5.2) contra-

dicts Proposition [3.7 This proves the desired result.

The rest of the paper is devoted to proving the main estimates in
Section 3.4.

4. GLOBAL ESTIMATE

We prove in this section Proposition[3.7. Our method is inspired from
[HP20] and relies on Fourier-Jacobi expansions of Borcherds products
at the cusps of GSpin Shimura varieties.

4.1. Background results. Let (L, Q) be a quadratic lattice of signa-
ture (n,2) and let M be the normal integral model over Z[Q2~!] of the
GSpin Shimura variety associated to (L, Q) constructed in [HP20]. Let
f € M]_n(p1) be a weakly holomorphic modular form of weight 1 — %
with respzect to the conjugate Weil representation p;. We assume that
the principal part of f has integral coefficients and denote it by:

Z Z C(ﬁam)qm, c(B,m) € Z

BELY /L me—-Q (B
m<0

By the main theorem of [HP20, Theorem A], there exists a Borcherds
products ¥(f) associated to f which defines, after multiplying f by a
suitable integer, a rational section of w s over Q and its divisor in

M is equal to:

div(¥(f)) = Y e(B,~m)Z(8,m).
(B,m)

Let 3 an admissible polyhedral cone decomposition and let Z" (5, m)
be the completed divisor as defined in Equation (3.3.1). Then by
[Tay22, Proof of Thm 3.1], the divisor of the Borcherds products on
M? is equal to:

div(p(f)) = D e(B,~m)Z'" (5,m) .
(B,m)
In fact, the above relation can be upgraded into an equality by [HP20,
Equation (1.2.2)] in 61\-11(./\/12,271[”6)@:
div(e(f) = Y e(8,—m)Z"" (8,m) .

(B,m)
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On the other hand,

—~ c(0,0)
wvw(n) = %%
Hence we get the following equality:
c(0,0) . Stor
—y W= > eB,m)Z(B,m) .

(B;m)

4.2. Expansions at the cusp. We assume now that we are given two
quadratic lattices (rL, Q) C (L, Q) where L is a maximal lattice, almost
self-dual at 7. Let ¥ be a K,-admissible polyhedral cone decomposition
and let M? be the toroidal compactification of the integral model of the
GSpin Shimura variety associated to (rL, () constructed in Section .
It is normal, proper and flat over Z.

We recall in this section the theory of integral g-expansions at the
cusps following [HP20), §85,8]. We assume that (rL,Q) is isotropic
and let (Z,0) be a toroidal stratum representative such that o is top
dimensional.

We will first describe the Fourier-Jacobi expansion over C and then
over Z where p is a prime number. Associated to the cusp label
representative =, there is an admissible parabolic subgroup Pz C G, a
connected component D° of D and an element h € G(Ay). Such cusp
label representative determines a mixed Shimura datum (Q=, Dz), see
[HP20, §4.4]. The unipotent radical Wz and its center Uz are both
equal and are described at the level of Q-points by:

U=(Q) ~ Kq ® Ig
where Igp is the Q-isotropic line determined by the cusp label rep-

resentative =, I = rL N Iy, and K = [+/I. Define the Z-lattice
I's = K= N Uz(Q) and the torus:

Tz =T=(-1) @ G,,.

The level K, determines a mixed Shimura variety Mg associated to
the mixed Shimura datum (Q=,D=z). Let Kz¢ be the compact open
subgroup of Q=(Af) determined as in the end of page 220 of [HP20].
It defines another mixed Shimura variety Mz over Q associated to
the same datum (Qz, D=) and an étale morphism of Deligne-Mumford
stacks M=y — Mz.

The toroidal stratum representative (=, 0) determines partial com-
pactifications Mz(o), Mzo(c) and 0-dimensional boundary component

Z=° of M*, M=(c), and M=o(c). We denote by /\TZ, resp. ]\/4\5(0),
Mz=¢(c), the formal completion of MZ*, resp. Mz(o), Mzo(o) along
Z=°. By a theorem of Pink [Pin90, Corollary 7.17, Theorem 12.4], see

also [HP20, §2.6] which is our reference, we have an isomorphism

ME ~ M=(0) .
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Then by [HP20, Proposition 4.6.2], there exists Ky C A} compact
open subgroup such that we have the following commutative diagram
of formal Deligne-Mumford stacks over C:

—

Uecas e i T=(0)c Mzo(0)/C (4.2.)

| |

M3 = Mz(0)/C,

such that the vertical arrows are formally étale surjections and

fE(U) = Spf <Q[[Qa”aerg(1)> :
(@:0)20
Now given a section ¢ of w®*, we get by [HP20, Equation (4.6.10)]

a trivialization, the Fourier-Jacobi expansion on each copy of fg ()¢
indexed by a € QZ,\A} /Ko:

FJ(a) (1/1) = Z FJS)@M “Ga € C[[Qa]]ael“é(l) :

a€ely(1) (a-0)20
(2020

Let f be a weakly holomorphic modular from of weight 1 — % with

respect to p,; and with integral principal part. Let ¢ (f) be the associ-

ated Howard-Madapusi-Borcherds product, which is a rational section
¢(0,0)

of w,? . Let F be the abelian extension of Q determined by the
reciprocity isomorphism in class field theory:

rec : @>0\AX/K0 Gal(F/Q) .

By [HP20) Proposition 5.4.2], for every a € QZ,\A¥ /Ko, the Borcherds
product ¥(f) has a Fourier-Jacobi expansion given as follows:

FJ(a)(w(f)) — K(a)Arec(a)qa(p) . BP(f)rec(a) : (4'2'2)

where k(® € C is a constant of absolute value 1, and

BP(f) € OFHQaHang(l) ;

(a-0)>0

is the infinite product:

BP(f) = H H (1 ¢, qa()\))c(h—l,u,—Q(A)) _

AE(IL/I)Y pehLY [hL
(A #)>0
In the product above, # is a Weyl chamber as defined in [HP20, Equa-
tion (5.3.1)] such the interior of the cone ¢ is isomorphic to an open sub-
set of #. The number (, is a root of unity of order dividing |$L"/rL|.
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Finally, the constant A is given as follows, see [HP20, Equation
(5.3.6)]: let Iy be be as before the isotropic line corresponding to the
cusp label representative = = (D, P,h) and let ¢ be a generator of
INnh-rL. Let N be the order ¢ in (h-rLz)"/(h-rLz). Then

x€Z/NZ
z#0

c(0,0)

Remark 4.1. There is a (2im)~ 2 factor in [HP20|, Proposition 5.4.2]
that disappeared from Equation (4.2.2) and the reason is that Howard-

Madapust already rescaled the original Borcherds constructed by Borcherds
c(0,0)

in [Bor98|, denoted by V(f) in loc. cit., by the factor (2im)~2  to ob-
tain Y (f).

Lemma 4.2. For very a € Q5,\A} /Ky, the constant k@ is a root of
unity.

Proof. Since 9 (f) is defined over Q, the rationality principle of [HP20,
Proposition 4.6.3] stipulates that for any 7 € Aut(C):

(PRI ((f)) = FIE ()
where a, € QZ\A} /Ky is the unique element with

rec(ar) = Tigab -
By identifying the constant term, we get:
(k@) = glaer)

In particular, all the Galois conjugates of x(*) have absolute value 1,
hence it is a root of unity. O

4.3. Integral theory. Let p be a prime number. We now extend the
results from the previous section to Z,). We still assume that rL has
an isotropic vector, which is always true if n > 3. Let

AE(U> = Spf (Z(p)[[qa]]ael“g(l)> )

(a0)>0
and let R be the localization of O at a prime ¢ C O above p.

Proposition 4.3. There is a unique morphism

|_| AE(O)/R — M; .
aEQiO\A}( /Ko
of formal Deligne—Mumford stacks which agrees with Equation (4.2.1)

by base change to C, and such that for any s in the source with image
t, the induced map on étale local rings is faithfully flat.
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For primes p where rL is maximal, i.e., those primes who do not
divide r, the result above is [HP2(, Proposition 8.2.3]. The proof of
Proposition 8.2.3 in [HP20] uses Proposition 8.1.1 as the main input.
The latter relies on Theorem 4.1.5 from [Perl9] and in fact the maxi-
mality assumption is not needed in the latter result.

Lemma 4.4. Assume that A = 1. Then the divisor of the Borcherds
product Y(f) in M, ) is flat over Zy).

Proof. As Mr,(p) is flat and normal over Z,), it is enough to show by
Lemma that the divisor of ¢(f) in M, ) does not contain any
irreducible component of the special fiber of M, . Since the Fourier-
Jacobi expansion of ¢(f) in Equation (4.2.2)) is not zero modulo B, we
deduce using the faithful flatness of Proposition [£.3], that the divisor of
¥ (f) in every irreducible component that meets the cusp is flat. Hence
it is enough to prove that each irreducible component of the special
fiber M, r, meets the zero cusp of M?.
Recall that we have a finite morphism

N My p) — Mg

and M, is smooth over Z,, in particular, every irreducible compo-
nent of My, is connected and meets the zero cusp. Since the morphism

7 is finite, every irreducible component of //\/lvﬁ]yp maps surjectivity to
an irreducible component of My, . Hence every irreducible component
of M, r, meets the 0-cusp of MEFP, which concludes the proof. O

4.4. Construction of a flat Borcherds product. We will construct
in this section Borcherds products which satisfy the conditions of Lemma[4.4]

Let g € %LV/rL. For every m € Q(fB) + Z, let ag,, be the linear
form on the space of cusp forms S1+g(prL) which maps a cusp from

g to its (B8, m)"-Fourier coefficient. Then there exists a finite set of
indices I such that ag,,, generates the Q-vector space

Span(agm|m € Q(8) +Z) C Sl—&-%(prL)* ’

where S1yn(p,,,)" is the dual of the space of cusp forms.

Let (g;)ier be a dual family [| of cusp forms to the family (agm,)ier
and we can assume that the (g;) have integral Fourier coefficients by

[McGO3|. Then for each m, there exists ¢;(3,m) € Q such that we can
write

a(ﬁ? m) = Z Ci(ﬁa m)a(ﬂ7 ml)

icl

'We don’t require ag m,(g:) = 1, but only ag,m,(g;) = 0 for j # i.
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and ¢;(8,m) = ¢;(B8,m)g;(5,m;). Standard estimates on growths of
coefficients of cups forms show that:

Ci(ﬁam) = O(C(ﬁam)) )

where ¢(5,m) is the (5, m)-coefficient of the Eisenstein series intro-
duced in the paragraph before Proposition [3.7]

By [Bru02, Theorem 1.17], there exists a weakly holomorphic mod-
ular form f,, € M !_% (p,1) such that its principal part is equal to

(vg +v-g)g ™ = Y ci(B, —m)q " (vs +v_g) .
i€l

Let d = |XLY/rL| — 1 and let
Cm) = (01, 0) 1y, € T

Y#0

be the vector of constant Fourier coefficients of f,,. Then the span of
(C(m))m>1 is a finite dimensional vector space of Q? which admits a
basis given by (C(m;));es for some finite set J.
Finally for any m, there exists coefficients u;(m) € Q such that

us(m) = O(c(B,m)) and

C(m) =Y uy(m)C(my).

jed

Define . .

Jm = fm — Zuj(m)fm] :

jeJ

Then by construction, all the (v, 0)"*-Fourier coefficients of f,, vanish,

except possibly the (0, 0)"-coefficient. Moreover, its principal part is
equal to:

(v +v3)a ™™ = Y ei(Bm) (v +v-g)g ™

i€l

N Zuj(m) <(Uﬁ +u-p)gT - Zcz’(ﬁa m;)(vs + v_g)q_mi) :

(4.4.1)

The latter can be rewritten as:
(v +v_p)g ™+ Y 2e(m)(vg +v_p)g ™
el

where T is finite set independent of m, and z,(m) are rational numbers
that satisfy:

2(m) = O(c(B.m)) .
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Up to multiplying f,, by an integer let ¢ (f) be the Borcherds prod-
<(0.0)
uct associated to f as in Section Then Y (fm) is a section of w, 2
and we have the following relation in CH' (M7, Dpre)o

c0.0) 5
2

= div(y(fn)) = 2 (3, m )+ z(m)Z(B,my). (44.2)

vel

Assume now that § € L/rL and we will extend the above relation
above the primes p € Q. Let M?> be the proper, flat integral model
over Z extending M?.

Assume also that rL has an isotropic vector. Then, by choice of
the Borcherds product ¢(f,,), the constant A from Equation (4 is
equal to 1, hence by lemma Lemma [4.4] the divisor of the Borcherds
Y( fm) is flat over Z,). By Proposition , the special divisors Z(3,m)
are flat over Z,) and the boundary divisors are flat over Z, by [Per19,
Theorem 1|. Hence Equation holds over Z,) for all p € €2. Hence
we conclude.

Proposition 4.5. Let 8 € L/rL and assume that rL is isotropic. Then
~1 ——X%
we have in CH (M, , Dpe)g

(0 0) _ le( (fm)) Ztor ﬁ m +ZZZ Ztor(ﬁ mg>

tel

4.5. Summary. By the previous section, for every m € N, we have
¢(0,0)
constructed a section ¥( f,,) of w, 2

in CH' (M, Dpre)g:
div((fn) = 27 (B,m) + > 2(m) 2" (B, m).

that satisfies the following relation

el
From which it follows that:
c(0,0)
htor 5. (L) = =52, () = Z 26(m) - B z1or 5.y ()
3

It follows that hz . () = O(c(B,m)). Now recall that:
Ztor(ﬂam) = Z(ﬁvm) + ZMT(B)m)BT + Z #E(ﬁam)BHE
T (B,0)

and from [Tay22, Proposition 4.13], we have the following estimate as
m — oo:

(1) For any type II cusp label representative T, we have

pr(m) < ma=1+e
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(2) For any type III toroidal stratum representative (=, o) such that

o is a ray, we have
b-1
ME,J(m) <Lem 2 +6'

Hence combining the previous estimates, we get the desired global es-
timate of Proposition [3.7

5. ARCHIMEDEAN ESTIMATES

Our goal in this section is to prove Proposition 3.8 We follow the
approach explained in [SSTT22] §5|.

5.1. Development of the Green function. The Green function
®g,, has an explicit expression due to Bruinier [Bru02, §2] and which
we recall following [SSTT22] §5].

Let (L,Q) be a quadratic lattice of signature (n,2). Let k =1+ %,
B € LY/L and s > % areal number. Let:

k k
F(s,z):H<s—1+§,s+1—§,2s;z),

where

H(a,b,c;z)zzmzn

= () n!

is the Gauss hypergeometric function as in [AS64, Chapter 15|, and
(@), = 2% for a,b,c,z € C and |2| < 1.

T'(a)
For x € D, define:
[(s—1+%)
m =2 2
Pam(, 5) I'(2s)

S () e () - 6

QN)=m,\ef+L

Then ¢g (2, s) admits a meromorphic continuation to the complex
plane with a pole at s = g with residue —c(5,m). We define then:

$pm(z) = lim <¢>5,m(x, s) + C<5’TZ)> . (5.1.2)

sy

Let s — C(B,m,s) be the holomorphic function for Re(s) > 1 de-
fined in [SSTT22, Equation (3.3)], see also [BK03, Equation (3.22)].
Then define:

C’(ﬁ,m,s—%).(s—l%—%)
(2s—1) L (s+1—1%)

b(B,m,s) =— (5.1.3)
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By [Bru02, Proposition 2.11], we can write for x € D:

k
Cbﬁﬂn(fb) = ¢/57m)<m) - b,(ﬁv m, 5)

5.2. Estimate on b'(3, m, g) We make the following assumptions in
this section: L is maximal and § € L/rL has torsion coprime to the
discriminant of L. Our goal in this section to prove the following the-
orem.

Theorem 5.1. Let D > 1 be an integer. For m — oo representable by
B+ rL and such that \/% € 7Z, we have:

(5, m, &) = |e(8, m) log(m) + o (5, m) log(m)

Proof. The theorem above has been proved in [SSTT22, Proposition
5.2] under the assumption that L is maximal and 5 = 0. We recall the
main steps here and make the appropriate modifications.

Taking logarithmic derivatives at s = g in Equation yields:

v(g,m,%  C'(Bm0) 2
bgm Y~ CBmo) b LW

Let
Ngm(a) ={ € L/aL|A = (modrL), Q(\)=m (mod a)}|.

Let also dg denote the order of § in %LV /rL and for a prime number
p, let:

wy, = 1+ 2v,(2mdg) .
Define the polynomial L(; zn(t):

wp—1

LO(t) = Nom(pn )t + (L= p" ') > Nam(p")t" € Z[t] .
n=0

For s € C, define the function og,,(s):

I M if r=2+n iseven
p\2d2m det(L) I_XDO(p)pis 7 ’
Uﬁ,m(S) - ’ 1-xp (P)P%is (p) 1_T_g . .
\2d2Hd t(L)W L, (p17E70), i v s odd.
p\2dzmde
(5.2.1)

Here, xp, is the quadratic character associated to a fundamental dis-
criminant Dy of the number field Q(v/D) where D is defined by

(=1)% det(L), ifris even.

r+

2(—1)"

; dZmdet(L), otherwise.
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By our choice of m, the fundamental discriminant is independent of
m, hence [BKO3| Theorem 4.11, (4.73), (4.74)] implies:

¢'(B,m,0) Ts.m(F)
C(8,m,0) 8.m(k)

It suffices thus to show that 22 mgk) = o(log(m). Taking the logarith-

mic derivative in at s = k: we get for r even

= log(m) +

+0(1).

o (k 1—rp ) (1-r
UﬁLEk‘; T Z (p (p)ﬁ’m fi : T kao (p)( ) log(p) ,
pim p\Qd%mdet(L) Lﬁ,m (p ) p XDo\P

and for r odd
ohak) 3 (pl‘”"L(éfin (r'™") X0, (P)

_ - + log(p)
s.m(K) LY (pr)  pE—xp(p) PN 1>

We have Lg?zn(pl*’”) = Ngm(p@»)pt="%r and

p\2d%m det(L)

wp—1

L(B]j?m<plfr) :prB,m( ) (1—7r)(wp—1) Z NB (n 1)(1—r) .

Hence
pl—rL(BIjzn <p1—r)
L), ()

wp—1
p N m v
wy— Y ﬁv—(p)p@pr)(lfr)

v=0 Nﬁ,m (pwp )

wp—1
- MP(ﬁ?mav)

= W, —
P v=0 :LLP(BJmawp)

Y

where 1,(8,m,v) = p~"" Y Ng ,.(p*). The proof of [SSTT22, Proposi-
tion 5.2| shows then it is enough to prove Lemma below. Assuming
this lemma, we get:

Z 1L (p)

p\2dZmdet(L) ~Bm (p'") p\2d%m det(L)
= O(loglog(m))

PI_TL% (pl—’/‘)

T < Y log(p)

p

g

Lemma 5.2. Let § € L/rL be a primitive element, m € Z repre-
sentable by B+rL, and p a prime number. Then there exists a constant
C independent of m and p such that

wp—1

voupﬁmwp =
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Proof. For p coprime to r, the result follows from [SSTT22| Proposition
4.1]. Hence we can assume that p divides r. By assumption, L is

unimodular at p and S is primitive r-torsion, hence every solution x €
B+ r(L/p*L) is good in the sense of [Han04, Definition 3.1]. Let
d =1+ v,(r) Then using that 8 # 0 modulo p, we get for v > 4:

N@m(pv) _ p(vfzS)(rfl) . Nﬁ,m<p6) — p(vf5+1)(r71)’

and (8, m,v) = p,(B,m,0) = %. As for v < 0, we have Ng,,,(p¥) = 1.
Hence:

‘”il 11,(8,m, ) 1 ‘5231 L[
v=0 /LP 5,777, U)p up(ﬁ,m,(S) v=0 p pU(Til) p .

g

Lemma 5.3. Let L be a maximal lattice and let r > 1 coprime to the
discriminant of L. Let 5 € L/rL be a primitive r torsion element.
Then any integer m large enough such that m = Q(fB) (mod r), is
representable by B+ rL.

Proof. There is no local obstruction to finding m and hence the argu-
ment of [SSTT22l, Corollary 4.7| still applies. O

5.3. Proof of Proposition We assume in this section that L
is maximal lattice, self-dual at primes dividing r. Let 5 € L/rL,
m € Q(f) + rZ and let ¢g,, be the Green function defined by Equa-
tion (5.1.1)).

For x € D, define

VmAEB+rL
[Q(Az)I<1,Q(N)=1

Then by [SSTT22 Proposition 5.4|, we have:

b
Ppm(v) = A(B,m, x) + O(m?2) .

The reference only proves it for § = 0 and L maximal, but the same

proof applies with minor changes.

Proposition 5.4. There exists a subset Spaq C Zso of logarithmic
asymptotic density zero such that for every m ¢ Spaq, we have

A(B,m,z) = o(mg log(m)).
Proof. Let

Amyz)==2 Y log(lQ(\)]) -
vmAEL

[Q(Az)[<1,Q(N)=1
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Notice that A(S, m,x) > 0 and that
S A(B,m,z) = A(m, )
BeL/rL
Hence
0<A(B,m,z) < A(m, x).

Now we can use [SSTT22, Theorem 6.1 to bound A(m, z), yielding the
desired result. This proves Proposition 3.8 O

6. NON-ARCHIMEDEAN ESTIMATES

Our goal in this section is to prove the local non-archimedean esti-
mates Proposition [3.9]

Let p : .¥/ — M?> be the period map, where MTE is the toroidal
compactification of the integral model of the GSpin Shimura variety
associated to (rL, Q).

6.1. Good reduction case. Let 3 be a prime of good reduction. By
the moduli interpretation of Z(3,m), see [SSTT22, Lemma 7.2| for a
proof, we have:

(ZL.2(B,m)) = Z [{z lifts to order n,z € V3(Ag), Q(x) =m}| .

n=1

In particular,
0< (S.2(8,m) < (S Z(m)),

where Z(m) — M is the special divisor in M
By [SSTT22, Theorem 7.1], we have the estimate:

> (S Z(m)) = o( X" log(X)).

mGSD,X

Hence, combined with the inequality above, we get:

S (F.2(8,m)) = o(X"log(X)) |

mESD,X

which proves Proposition

6.2. Bad reduction case: type II. Let B be a prime of bad reduc-
tion. The toroidal compactification M?> has a stratification with two
types of boundary components as explained in [Tay22|. We will use the
results from that paper to analyze the local intersection multiplicities
and we focus now on boundary components of type II.

Let T be a toroidal stratum representative of type II , BY the corre-
sponding boundary component of type IT and we assume in this section
that that boundary point . (Fq) lies in BY (F,,).
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By Equation (3.2.1)), we have
0<(L.2Z2(8,m))p < (SL.Z(m)))yp. (6.2.1)
Let D € Z>,. For X € Z+, let Sp x denote the set

{meZey| X <m<2X, T €ZN(Q), (m,N) = 1}.
Then by [Tay22|, we have
S (S 2(m))g = o(XF log X).

meSp, x

Combining Equation (6.2.1)) and the previous estimate, we get Propo-
sition [3.9|in the type II case.

6.3. Bad reduction case: type III. Let (=, 0) be a toroidal stratum
representative of type III where o is a ray. Let B be the correspond-
ing boundary component of type III and we assume in this section that
the boundary point .7 lies in BZ7(F),).

Similarly, we have Equation (3.2.1))

0< (S Z(B.m)y < (FZ(m)) .
Let D € Z>y coprime to N and X € Z~. Let Sp x denote the set

(meZoy| X <m < 2X, % € ZN (Q*)?, (m,N) = 1}.
Then we have by [Tay22, Proposition 5.4],
S (S Z(m))g = o(XF log X).

mGSD,X

Combining the two previous estimates concludes the proof of Propo-
sition [3.9|in the type III case.
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