EQUIDISTRIBUTION OF HODGE LOCI II
SALIM TAYOU AND NICOLAS THOLOZAN

ABSTRACT. Let V be a polarized variation of Hodge structure over a smooth complex
quasi-projective variety S. In this paper, we give a complete description of the typical
Hodge locus for such variations. We prove that it is either empty or equidistributed
with respect to a natural differential form, the pull-push form. In particular, it is always
analytically dense when the pull-push form does not vanish. When the weight is 2,
the Hodge numbers are (¢, p,q) and the dimension of S is least rq, we prove that the
typical locus where the Picard rank is at least r is equidistributed in S with respect to
the volume form cf, where ¢, is the ¢"® Chern form of the Hodge bundle. We obtain
also several equidistribution results of the typical locus in Shimura varieties: a criterion
for the density of the typical Hodge loci of a variety in A,, equidistribution of certain
families of CM points and equidistribution of Hecke translates of curves and surfaces in
Ag.

These results are proved in the much broader context of dynamics on homogeneous
spaces of Lie groups which are of independent interest. The pull-push form appear in
this greater generality and we provide several tools to determine it and we compute it
in many examples.
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1. INTRODUCTION

Let G be a semi-simple Lie group and let I' C G be a lattice. Homogeneous dynamics is
traditionally interested in the equidistribution properties of the orbits of a Lie subgroup
H acting on I'\G by right multiplication and, dually, on the dynamics of the left action of
[ on G/H. Classifying the closure of orbits of such actions is the subject of an extensive
literature with far reaching applications to number theory and ergodic theory.

In this paper, our first purpose is to provide a fairly general answer to the following
question:

Question. Assume that a sequence of closed H-orbits is equidistributed in I'\G. Can
we deduce an equidistribution result for the intersection of these H-orbits with a fixed
analytic subvariety V C I'\G?

We consider more generally the following setting: let G be a real semi-simple Lie group,
[ a lattice in G, H a semi-simple subgroup of G, K a compact subgroup of G (which is not
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assumed to be maximal), and L = H N K. Denote by p the projection map G/L — G/H
and by 7 the projection map G/L — G /K. We fix compatible choices of invariant volume
forms we, we/p and wy on G, G/H and H respectively (see Section .

Let (O, )nen be a sequence of finite unions of closed H-orbits in I'\G. Since H is semi-
simple, O,, has finite volume with respect to the volume form wg along H-orbits for every
n € N . We say that the sequence (O, ),en is equidistributed in T'\G if the normalized
integration measure[] on (O,,wy) converges weakly to the Haar measure wg on I'\G.

Let now S be a real analytic subvariety of I'\G/K of codimension dim(H/L) whose
smooth locus is oriented. Denote by pisnr(0,) the transverse intersection measure of V- and
O,,, which counts (with an orientation sign and multiplicity) the transverse intersection
points between S and 7(O,,) (see Section [3.2{ for precisions). We prove the following:

Theorem 1.1. Assume that the sequence (Oy)nen is equidistributed in T\G. Then the
sequence of signed measures Wusmﬂ(@n) on S converges weakly to the restriction of
the G-invariant form

1
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This general result has countless potential applications, some of which will be detailed
in the paper. What is interesting about this theorem is that the pull-push form m.p*wq/n
is not easy, in general, to determine precisely and depends greatly on the subgroup H.
These forms were studied extensively by the second author in [Thol5| with a very different
motivation. Building on this previous work, we will give tools to analyze this pull-push
form and characterize it in various examples.

It sometimes happens that the form m,p*we/p vanishes (this vanishing played an im-
portant role in [Thol5]). In that case, our theorem only asserts that positive and negative
intersection points “cancel each other” asymptotically.

The theorem is stronger when G/K, H/L and S are complex analytic. Then, all inter-
sections are counted positively and the form m,p*we, i does not vanish (see Corollary .
It vanishes in restriction to S if and only if all the intersections S N O,, have “exceptional
dimension” (i.e. complex dimension > 1).

In the applications we develop in the next sections, H/L C G/K will be Mumford-Tate
domains of Hodge structures and S — I'\G/K is the period map of a polarized variation
of Hodge structure. In Proposition [5.9, we give an algebraic characterization of when the
form m,p*wg/p is non-zero in restriction to some analytic variation of Hodge structure.

1.1. Equidistribution of typical Hodge loci. One of the main motivations of The-
orem is its application to the equidistribution of Hodge loci of variations of Hodge
structure. In fact, the present paper is a continuation of the first author’s previous
work [Tay20], which studied the particular case of the Noether-Lefschetz locus of a one-
parameter family of K3 surfaces.

Let V = {Vg, F*V, B} be a polarized variation of Hodge structure (Z-PVHS) of weight
2k over a complex quasi-projective algebraic variety S of dimension d > 1 (see Section .
The group of Hodge classes Hdg(s) at a point s is the free abelian group Vz N F*V,. An
important class of examples of Z-PVHS is provided by those of geometric origin: starting
from a smooth projective morphism f : X — S where S is a smooth complex quasi-
projective variety, the 2k* cohomology groups of the fibers, modulo torsion, endowed
with their Hodge structure give rise to a Z-PVHS of weight 2k on S, see [Voi02l, Partie
II1] for more details.

1See Definition for our convention on the normalization of this measure.
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More generally, let V¥ be the countable direct sum of of Z-PVHS @, -, V* ® (VY)Y
where V" is the dual Z-PVHS. Then the Hodge locus HL(S, V®) is defined as the subset
s € S where V has more Hodge tensors than the very general fiber V. It is a countable
union of algebraic subvarieties by [CDK95, BKT20].

In this paper, we give a precise description of the typical part of this Hodge locus. More
precisely, let G’ be the generic Mumford—Tate group of the variation. The Hodge locus
can also be seen as the locus of points of S where the Mumford-Tate group is strictly
contained in G.

For H C G a sub-Mumford-Tate group, the typical Hodge locus for H is the set of
points s € HL(S,V®) whose Mumford—Tate group is contained in H and such that
T'puwa/a,s 7 0. The typical Hodge locus is then the union of typical Hodge loci over all
Mumford—Tate subgroups H.

We prove then the following theorem, see Proposition [5.9}

Theorem 1.2. The following statements are equivalent:

(1) There exists H C G such that the typical Hodge locus for H is equidistributed with
respect to m.p*wa/p end in particular analytically dense.

(2) There exists H C G and one point s € S such that m.p*weg g is non-zero at x.

(3) The typical Hodge locus is non-empty.

Remark 1.3. The equidistribution assertion in the above theorem as well as in all the
subsequent ones in this article, when not explicitly specified, should be understood in the
sense of Theorem [T.11

Remark 1.4. In the case of the Noether—Lefschetz loci, the above theorem is a strength-
ening of the classical criterion of Green, see [Voi02, Prop. 17.20].

The following proposition gives a criterion for the emptiness of the typical Hodge locus,
see Proposition .11}

Proposition 1.5. If for every sub-Mumford-Tate group H C G the Hodge structure g/b
satisfies:

(g/b) 7" #0  for some [p| =2,
then the typical Hodge locus is emply.

Theorem will be applied to situations where we know how to compute the form
m.p*wa - These applications will be explained in the next section.

Theorem and Proposition have also been independently studied by Baldi-
Klingler—Ullmo in [BKU21|, see also the prior work of Klingler-Otwinowska [KO21].
Moreover, the authors prove in [BKU21, Theorem 2.3| that the condition in Proposi-
tion is always satisfied whenever V has level more than 3.

1.2. Applications. We explain now further applications of our main theorem. They
correspond to situations where we know how to compute the pull-push form and they are
hence far from exhaustive.

1.2.1. Refined Noether—Lefschetz loci. Let V be a polarized variation of Hodge structure
of weight 2 over a complex quasi-projective algebraic variety S of dimension d > 1. Let
(¢, p,q) be the Hodge numbers.

Without loss of generality, one can assume that the Z-PVHS is simple, so that the group
of Hodge classes at a generic point is 0. The Noether—Lefschetz locus is then defined as
the subset of elements of S which admit non-trivial Hodge classes. More generally, we
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define the refined Noether—Lefschetz locus of rank r as the subset where the group of
Hodge classes has rank at least r, and denote it by NL="(S).

Let (Vz, B) be the fiber of V at a point s € S. The period domain associated to V is
the homogeneous space D = G/ K, where G is the real group SO(B) and K the stabilizer
of the Hodge structure at s, and S has a period map to the quotient I'\D, where I is the
subgroup of G preserving V7. For our purposes, we will assume that V has generically
immersive period map. Otherwise, we can replace S by its image by the period map,
which still has an algebraic structure by [BBT18].

The refined Noether—Lefschetz locus of rank r is a countable union of algebraic subva-
rieties which are the intersection of S with certain Mumford-Tate subdomains obtained
as projections of right H-orbits for the subgroup H of G stabilizing a set of r integral
elements in V7 with positive intersection matrix. Applying Theorem in this setting,
we obtain equidistribution results for refined Noether—Lefschetz loci.

For all n € Ny, define NL="(n) as the set of points s such that (Hdg(s), B) contains a
primitive sublattice of rank r in restriction to which B has discriminant at most n. The
set NL="(n) is an algebraic subvariety of S. It has expected dimension d — rq but can
contain higher dimensional components.

Theorem 1.6. Let {Vy, F*V, B} be a simple Z-PVHS of weight 2 and Hodge numbers
(q,p,q) over a complex analytic variety S of dimension d = rq and which has generically
immersive period map. If r < p, then there is a constant X > 0 such that, for every
relatively compact open subset Q0 C S with boundary of measure 0, we have

n "2 |{(s, P),s € Q, P C Hdg(s), rank(P) = r, disc(P) < n}| — A/ cg(FV)"
Q

n—-+00
where ¢, denotes the ¢™ Chern form of the bundle F*V endowed with the Hodge metric.

This theorem relies on an “elementary” equidistribution result for positive definite sub-
lattices of a quadratic lattice that we prove in Section Using a more refined equidis-
tribution result of Eskin-Oh [EO06b| based on Ratner theory, one can get a more precise
equidistribution theorem for the locus where the Néron—Severi group is a fixed quadratic
lattice. For a positive definite matrix M, we denote by p;(M) the square-root of the
smallest non-zero value integrally represented by M. Say also that M is primitively rep-
resented by (Vz, B) if there exists a primitive sublattice of V7 of rank r having a basis
with intersection matrix equal to M.

Theorem 1.7. Let {Vy, F*V, B} be a simple Z-PVHS of weight 2 and Hodge numbers
(q,p,q) over a complex analytic variety S of dimension d = rq and which has generically
immersive period map. Assume that p,2q > 2 and rq < p.

Let (My,)nen be a sequence of positive definite integral matrices of rank v which are
primitively represented by (Vz, B) and such that p,(M,) — oo, as n — oo. Then there
exists a sequence (a(M,)), oy of positive real numbers such that, for every relatively com-
pact open subset  C S with boundary of measure 0, we have:

1
{(s, 21,7+, A) € QX VL (B(A\iA))) = My, A € Hdg(s)} — [ ¢ (F2V)".
a<Mn) ’ n—oo Jo
Remark 1.8. In the above theorems, one needs to exclude the points belonging to excep-
tional components of NL="(S) of dimension > 1 from the counting, i.e., the non-typical
ones. The precise versions of these theorems are given in Section [6.1.3]

Remark 1.9. The Siegel-Weil formula gives an arithmetic expression for the asymptotic
behaviour of the sequence a(M,) in Theorem [I.7 The precise expression and how it
grows with det(M,,) are discussed in Lemma
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Remark 1.10. A base of dimension rq is the minimal dimension for which a refined
Noether—Lefschetz locus is expected to exist for dimension reasons. If the dimension
of the base S is greater than r¢, then Theorem gives the equidistribution of NL="(S)
towards c,(F2V)" in terms of currents (see Theorem [3.7).

Remark 1.11. As soon as ¢ > 2, Griffiths’ transversality combined with the integrability
condition of the tangent space to S imply that the dimension of S'is at most £! by [Car86,
Theorem 1.1].

Remark 1.12. The above theorems are already interesting when r = 1, for which they
give the equidistribution of the Noether—Lefschetz locus. The case r = ¢ = 1 was treated
by the first author in [Tay20].

Remark 1.13. If the base S of the variation V is a complex projective variety, one can
apply Theorem to 0 = S and get an asymptotic estimate of the “growth” of the
Noether-Lefschetz locus of S. We conjecture that the same estimate holds when S is
quasi-projective of arbitrary dimension (which implies that [, c,(F?V)" < +o0). The
case ¢ = r = 1 has been settled in [Tay20]. One could hopefully obtain this global
estimate by working with the cohomology of an appropriate compactification of I'\G/K.
This raises more general questions that are beyond the scope of this paper.

Theorem applies to families of algebraic varieties whenever one has a generic local
Torelli theorem. This holds for families of abelian varieties, K3 surfaces, hyperkihler
manifolds and for projective hypersurfaces by the general result of [Don83|, which yields
the following examples:

e Smooth quintic surfaces in P3 have Hodge numbers
W0 =4, hb=45.

The moduli space of quintic surfaces has dimension 40 and satisfies a generic
Torelli theorem by |[Don83|. Thus Theorems and give equidistribution re-
sults for the refined Noether—Lefschetz loci on the moduli space of quintic surfaces
up to r = 10.

e Cubic hypersurfaces in P7 have Hodge numbers

WO =n> =0, n?=8, B =178

So their cohomology in degree 6 is a Hodge structure of weight 2. The moduli
space of cubic hypersurfaces in P7 has dimension 56 and satisfies the generic
Torelli theorem [Don8&3|. Thus again Theorems and [1.7] give equidistribution
results for refined Hodge loci on the moduli space of cubic hypersurfaces of P” up
tor =T.

1.2.2. Hodge loci in Shimura varieties. For g > 2, let A, be the moduli space of prin-
cipally polarized complex abelian varieties of dimension g. It is well-known that the
smallest codimension of a special subvariety is ¢ — 1 and it is realized for example by
Ay x Ay It is then expected, see [BKU21, Remark 2.16|, that the Hodge locus is
analytically dense in any Hodge generic subvariety of dimension at least g — 1.

As a partial answer, we have the following results. Let 7' — A, be the Hodge bundle
and let (¢, (F"))g<,<, be its Chern forms with respect to the Hodge metric. For 1 < k < g,
define [

sk = det (((=1) " ecgpyj—i(F)1<ij<k) -
Then si is a semi-positive form. We prove then the following result.

2This is a particular example of a Schur polynomial.
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Theorem 1.14. Let X C A, be a smooth subvariety. If the restriction of s, to X is
non-zero, then the locus of elements in X parameterizing abelian varieties containing a
sub-abelian variety of dimension k is analytically dense and equidistributed with respect
to si. In particular, if X is compact and has dimension at least w, then the Hodge
locus s analytically dense in X.

If £ = 1, then the above theorem yields that the Hodge locus is dense if ¢,_; is non-zero
by restriction to X. This prompts the following question.

Question 1.15. Let X be a Hodge generic subvariety of A, of dimension at least g — 1.
Is the restriction of co—1 to X always non-zero?

Remark 1.16. The assumption of Hodge genericity is necessary. Indeed, if X = Ay X
{pt} € A4. Then X has dimension 3 > 4 — 1 = 3 but the the restriction of ¢ to X
vanishes. Indeed, the restriction of the vector bundle F' to X splits as a direct sum of
two vector bundles of rank 2, one of them being trivial. Hence c3 vanishes on X.

Theorem admits the following generalization.

Theorem 1.17. Let S be a connected Shimura variety associated to a connected Shimura
datum (G, D). Assume that there exists a Shimura sub-datum (H, Dy) such that m.p*we/n
is positive of type (k,k). Then the Hodge locus is dense in any subvariety of dimension
at least k and equidistributed with respect to m,p*wq . In particular, if G is absolutely
simple and has a Shimura curve associated to a Shimura subgroup H, then the Hodge
locus is dense in any hypersurface and equidistributed w.r.t m,.p*wq/n.

In particular, for unitary Shimura varieties, we obtain the following.

Corollary 1.18. Let S be a Shimura variety of unitary type (n,1). Then the typical
Hodge locus is dense and equidistributed in any subvariety of S of positive dimension.

Let S be a Shimura variety associated to a connected Shimura datum (G, Dy ) and let
k be the minimal integer for which there exists a sub-Shimura datum (H, Dy) such that
TP we g is of type (k, k). Then Question has the following generalization.

Question 1.19. Let X C S be a Hodge generic subvariety of dimension at least k. Is
the restriction of m.p*wg/m to X always non-zero?

1.2.3. Equidistribution of families of CM points in Shimura varieties. Another applica-
tion of Theorem|[I.1]is an equidistribution result for families of CM points in some Shimura
varieties. Several results about the equidistribution of CM points are known, see for ex-
ample [Duk88| [Zha05, Khal9] and in general, the following conjecture is widely open, see
[Yaf17, Conjecture 2.6] for more details on this conjecture.

Conjecture 1.20. Let S be a Shimura variety over Q and let (x,)nen be a generic

sequence of CM points in S. Then the sequence of Galois orbits Aut(Q/Q) -, is equidis-
tributed in S(C).

In what follows, we will state the result we prove in the simplest case of Siegel Shimura
varieties, referring to Theorem for the most general statement.

Let ¢ > 1. A polarized isogeny f : (A;,w1) — (As,ws) of similitude factor N > 1
between two principally polarized abelian varieties of dimension ¢ is an isogeny which
satisfies f*wy = Nw;. If A; = Ay, we say moreover that f is regular if the centralizer
of the homological realization of f in GSp2g(H1(A, R)) is a torus. This implies that A,
is a CM abelian varietyﬂ, meaning that End(A)g is a commutative algebra of degree 2g

3Short for “abelian variety with complex multiplication”
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over Q, i.e., the maximal possible dimension. Conversely, every CM polarized Abelian
variety admits a regular self-isogeny (Lemma . An equivalent characterization of
CM abelian varieties is that their Mumford—Tate group MT(A) (which is contained in
the centralizer of the isogeny f) is a torus, see Definition [6.12]

Let w be the first Chern form of the Hodge bundle on A,. It is well know that w is a
Kéhler form. If A is a principally polarized abelian variety, we denote by { : End(A)g —
End(A)g the Rosati involution. As an application of Theorem and of the main result
of [COUO1] (see also [EO06a]), we get an equidistribution result for CM abelian varieties
admitting self-isogenies of fixed degree.

Theorem 1.21. There erists a sequence b(N) such that, for every relatively compact
open subset @ C A, with boundary of measure 0, we have:

g(g+1)
2

1{(A, f),A €, f€End(A), flof=NId, and f reqular}| Nind b(N)/w
—+o0 Q

This theorem does not answer Conjecture because, as N grows, our equidistribut-
ing sets are the union of an increasing number of Galois orbits. It is however sharper than
other more elementary equidistribution results. For comparison, in the case of g = 1,
Conjecture is answered positively by Duke’s equidistribution theorem for CM ellip-
tic curves with fundamental discriminant N [Duk88, Thereom 1] and by Clozel-Ullmo in
general [CUO4, Théoréme 2.4|, while an elementary counting argument easily gives the
equidistribution of CM curves with discriminant < N. Our theorem lies in-between: it
asserts that the set of CM elliptic curves with discriminant of the form N — 4a? for all
integers 0 < a < /N is equidistributed when N goes to +oo.

1.2.4. Equidistribution of Hecke translates. We mention two further applications of The-
orem that we obtain. The first one is related to the dynamics of Hecke translates in
A,

Let S and D be two subvarieties of A, of complimentary dimensions such that S has
dimension d < 2. Let w be as before the first Chern form of the Hodge bundle on A,.
Also, if (s,d) € S x D, with corresponding abelian varieties A; and A4, we denote by
Isog™ (A,, Ay) the set of isogenies from A, to Ay of similitude factor N. An isogeny
f Ay — Ay is said to be transverse, if it does not admit first order deformation in
S x D. Then we prove the following, see Section for more details.

Theorem 1.22. There exists a sequence (¢(N))n>1 of positive real numbers such that
for every relatively compact open subsets Q C S, ' C D with boundary of measure 0, we
have:

{(s,d, f)] (s,d) € Qx . f € Isog™ (A, Ag) regular}| ~ ¢(N) / w? / Wi
— 00 QO ’

In particular, the locus of points in S isogenous to a point in D is analytically dense and
equidistributed in S.

We have the following corollary.

Corollary 1.23. Let S C Ay be a curve. Then the locus of points in S isogenous to the
Jacobian of a curve is analytically dense and equidistributed in S.

1.2.5. Equidistribution in cohomology. Theorem yields that cohomology classes of
['\G/ K represented by an equidistributing sequence of locally homogeneous submanifolds
converge after normalization to the cohomology class of a locally invariant form. (See
Corollary for a precise statement.)
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To illustrate this in a specific example, we use the same notation as in Section [I.2.1]
Then we have a family of special cycles in I'\G/K ~ I'\D where D is the period domain,
defined as follows : for r > 1, A\, € VJ, H = Stab(}),), M € M,(Z) semi-positive definite

matrix with rank r(M), and Vi; © {A € V7, (B(A.)\;)) = M}, let

1<i,j<r
Z(M) €T\ (Upev, {z € D,z ), Vi=1,...,r}) = I'\D.
Let ¢,(F*V) be as before the top Chern form of the vector bundle F2V.

Proposition 1.24. Let (M, )nen be a sequence of positive definite matrices primitively
represented by (Vz, B) such that py(M,) — oo, as n — oo. Then

Z(M,) o~ a(M,) c,(F?V)".

This result is reminiscent of the work of Kudla—Millson on modularity of special cycles,
see [KMO0Q], see also [Garl8| for a recent approach using superconnections. Indeed, in
both these papers, it is proved that the formal generating series:

Z Z(M) U Cq(]:2V)T_T(]\/I)€tr(2i7rMT), e,

M>0

is a Siegel modular form valued in H*"(T'\D,R). Here §, is the Siegel upper half space.
Hence the knowledge of the structure of the space of Siegel modular forms allows in
principle to give an asymptotic formula of Z(M) in terms of the constant term c,(F?V)".
As r grows, the structure of the space of Siegel modular forms becomes complicated
to analyze and much work is needed to derive formulas similar to ours through this
approach. Our method yields a straightforward estimate on the asymptotic growth of
Z(M) without using these results. One might even hope that this asymptotic estimate
could help understand the cusp structure of Kudla—Millson’s modular forms.

1.3. Related work. The distribution of the Hodge locus has been investigated indepen-
dently and concomitantly by Baldi-Klingler-Ullmo in [BKU21|. Additionally to striking
results on the atypical Hodge locus (see also [KO21] for prior work), they prove several
properties about the typical Hodge locus that echo the present work, namely that the
typical Hodge locus is either empty or dense, and is always empty when the level is at
least 3.

Several results analogous to Theorem[I.7]for algebraic families parameterized by Shimura
varieties have been settled in arithmetic situations over rings of integers of number fields
and over curves defined over finite fields: indeed Charles proved [Chal8] that there are
infinitely many places where the reduction of two elliptic curves are isogenous ; Shankar
and Tang [ST20] proved that an abelian surface over a number field with real multipli-
cation has infinitely many specializations which are isogenous to the self-product of an
elliptic curve and in collaboration with Maulik in [MST20b| they derive similar results
for ordinary abelian surface over the function field of a curve over a finite field. Finally
the analogous statement of Theorem for K3 type variations of Hodge structures over
curves has been proved in the number field setting in [SSTT19, [Tay22| and over curves
over finite fields in [MST20a). It is thus interesting to further explore other analogous
statements of Theorem [I.1] Theorem [I.7] and Theorem [1.22] over number fields and func-
tion fields situations.

1.4. Organization of the paper. In Section [2, we introduce the setting of homoge-
neous dynamics and explain how to reformulate an equidistribution theorem in terms
of currents. In Section [3] we deduce our general theorem for transverse intersections of
locally homogeneous subspaces with a fixed analytic subvariety, proving Theorem [I.1}
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Section (4] is devoted to the study of the pull-push form. In particular, we explain how to
interpret its cohomology class via compact duality of homogeneous spaces. In Section [5]
we discuss the pull-push forms in the case of period domains of variations of Hodge
structures and relate them to Chern classes of Hodge bundles, allowing us to compute
these forms explicitly in the setting of a variation of Hodge structure of weight 2 and
Shimura varieties. Finally, in Section [0, we discuss our applications : the study of refined
Noether—Lefschetz loci, the equidistribution of some families of CM points in Shimura
varieties and the equidistribution of intersection points of Hecke translates of the Torelli
locus with a curve and a surface in A,.

1.5. Acknowledgments. We thank Bruno Klingler for suggesting the use of o-minimality
and Gabriele Mondello for pointing out the Giambelli-Porteous—Thom formula. The ap-
plication to Hecke translates of the Torelli locus was raised during a fruitful discussion
with Ananth Shankar and Yunqing Tang, to whom we are grateful. We also thank Olivier
Benoist, Nicolas Bergeron, Francois Charles, Phillip Griffiths and Shou-Wu Zhang for
many useful discussions. S.T. also thanks CRM in Montréal and TAS in Princeton for
excellent working conditions. We also thank the referees for their careful reading of the
paper and useful comments.

2. EQUIDISTRIBUTION IN TERMS OF CURRENTS

In this section, we recall some background on convergence of measures, currents and
homogeneous spaces. Then we reformulate equidistribution results in homogeneous dy-
namics in terms of weak convergence of currents. Finally, we recall some equidistribution
results from Ratner’s work.

2.1. Convergence of measures. Let us start by recalling a few classical facts in mea-
sure theory which will be used mainly in Section [3]

Let S be an analytic subset of dimension d of a manifold M whose smooth locus is
oriented, and let w be a smooth form of degree d on M. Then the restriction of w to the
smooth locus of S defines a signed Radon measure on S. This measure is regular in the
sense that:

(1) For every open subset U of S and every sequence of compact sets (C,)neny With
C, C Chy1 and |J . C, = U, we have

neN ~'n
w= lim w .
U n—-+o0o Ch

(2) For every compact subset C' C S and every sequence of open sets (U,),en with

Unt1 C Uy and (),,cn Un = C, we have

w= lim w .
C n—-+oo U

In the absence of any precision, we say that a set A C S has measure 0 if the intersection
of A with the smooth locus of S has Lebesgue measure 0 in any coordinate chart. This
implies that its measure with respect to w is 0.

Given a sequence of signed Radon measures y,,, we have the following equivalent char-
acterizations of the convergence of u, to w:

(i) for every continuous function f: S — R with compact support,

nlf) — / fo,

n—-+o0o
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(ii) for every relatively compact open subset €2 of S with boundary of measure 0,
Q .
ﬂn( ) njoo o w
We then say that u, converges weakly to w and we write

N
w.
Hn n—-+o0o

We will say that p,, converges weakly to w on an open subset U if the restriction of p,
to U converges weakly to the restriction of w. Equivalently, u, converges weakly to w on
U if Property (i) above holds for any function with compact support inside U.

The following standard facts will be useful in proving weak convergence of measures:

Proposition 2.1. Let (U;);cr be an open covering of S. Then p, converges weakly to w
on S if and only if converges weakly to w on U; for all 1 € I.

Proposition 2.2. Let Z be a closed subset of S of measure 0. Assume that p, converges
weakly to w on Z¢. Then the following are equivalent:

(i) pn converges weakly to w on S,
(ii) for very compact subset C' C Z and every € > 0, there exists an open neighborhood
U of C' such that
lim sup |, |(Ue) < €.

n—+oo
Here, |u,| = p,t + p,, denotes the total variation measure of p.
2.2. Currents on manifolds. For more details on this section, we refer to [GH94, Chap-
ter 3, section 1.
Let M be a real manifold of dimension n. For k > 0, let Q%(M) be the vector space

of C'™ differential forms on M of degree k with compact support. It is endowed with its
natural topological space structure making it a Fréchet space.

Definition 2.3. A current of degree k on M is a continuous linear form on Q" *(M).
The space of currents of degree k on M is denoted by D*(M).

Example 2.4. If N — M is an oriented properly immersed submanifold of codimension
k of M, the integration current Ty € D¥(M) is defined by

/6, B e Qrh(M),

Ezample 2.5. A differential k-form « induces a k-dimensional current 7T, defined by
7.06) = [ ans, seortan,
M

The exterior derivative d on differential forms induces a map
d: D*(M) — D" (M)
defined by
dT(¢) = (=1)*"'T(d), ¢ € Q" H(M).

A current T is closed if dT = 0.

The exterior derivative defines a cochain complex structure on (D*(M)), and Exam-
ple gives a morphism of cochain complexes

(Q*(M),d) — (D*(M),d).

The previous morphism is in fact a quasi-isomorphism (i.e. it induces isomorphisms at
the level of cohomology groups, see [GH94, p.382]).
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The space D¥(M) is naturally a topological vector space when equipped with the weak
topology: a sequence T,, of degree k currents converges weakly to a current T' (which we
write T,, — T if

T.(8) — T(B)

n——+00
for all B € Qk(M).
Assume now that M is a complex manifold of complex dimension n. Then the complex
D*(M) admits a bigrading
DHM) = B DrI(M),
pt+q=k
where DP2(M) is the topological dual of the complex vector space QP P"~¢(M).
In particular, if Z C M is a closed complex analytic subvariety of complex codimension

k, we can similarly define a closed integration current T, € D¥*(M) by integrating over
(the smooth locus of) Z.

2.3. Homogeneous spaces, orientations and volume forms. In this section, we
introduce the notations that we will be using throughout the paper and recall some facts
on volume forms on Lie groups.

Let G denote a real algebraic semi-simple Lie group. Suppose we are given the following
subgroups of G:

e a lattice T,
e a semi-simple Lie subgroup H without compact factor,
e a compact subgroup K.

Let L be the intersection of K and H. This is a compact subgroup of H. The group
H acts on the right on the quotient I'\G, and we will be interested in the next section in
equidistribution properties of orbits of this action and their projection to I'\G/K.

Let g, b, € and [ denote respectively the Lie algebras of G, H, K, and L. Up to taking
subgroups of index 2, we can assume that the adjoint actions of G, H, K, and L have
determinant 1. We then fix once and for all some orientation of g, b, € and [ and orient
accordingly the quotient spaces g/¢, g/bh, g/l, ¢/l and h/I. Those orientations induce
orientations on G/K, G/H, G/L, K/L and H/L respectively.

Recall that the Lie algebra g carries a natural symmetric bilinear form called the
Killing form, which is invariant under the adjoint action and non-degenerate since G is
semi-simple. Its restriction to b, € or [ is still non-degenerate. We denote by wg, wy, wi
and wy, the volume forms associated to the restricted Killing metric and the prescribed
orientations on g, b, € and [ respectively, as well as the induced bi-invariant volume forms
on G, H, K, and L. Finally, we denote by wq/x, Wa/n, wa/L, Wi/ and wyyr, the invariant
volume forms on the corresponding homogeneous spaces induced by wg, wy, wix and wy,.

The volume forms we and wg/ i respectively factor to volume forms on I'\G' and
I"\G/K, and we define respectively

Vol(I\G) = / v, Vol(K) = / wie s Vol(T\G/K) = / Wi -
G K "\G/K
The compatibility of the volume forms gives the following identity:
Vol(T'\G) = Vol(I'\G/K) - Vol(K)) .

Similarly, if xH is a closed H-orbit in I'\G, then wy, wy, and wy,, induce volume forms
on xH, L and xH/L. We denote respectively by Vol(zH), Vol(L) and Vol(zH/L) their
total mass, and we have the following identity:

Vol(zH) = Vol(zH/L) - Vol(L) .
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2.4. Equidistribution in terms of currents. In this section, we reformulate equidis-
tribution results of sequences of H-orbits in terms of convergence of currents. As before,
for all n € N, let O,, be a finite union of closed H-orbits in I'\G. The starting point of
our work is the remark that the equidistribution of a sequence {0, C I'\G,n € N} can
be reformulated as an equidistribution of the currents of integration over O,.

To be more precise, let p denote the projection from G/L to G/H and 7 the projection
from G/L to G/K.

Lemma 2.6. Assume that the sequence (Oy)nen is equidistributed in T\G and let ﬁgn/L
denote the integration current on O,/L C T\G/L. Then

1 A 1 ,
Vol(O, /L) L0/~ VoK L) Vol(T\G ) P e/t -

The form p*wg/p can be seen as a transverse volume form to the foliation of G/L by
translates of H/L. Note that, by applying the lemma to L = {15}, we get the following
corollary:

Corollary 2.7. Assume that the sequence (Oy)nen is equidistributed in T\G and let Tp,
denote the integration current on O,. Then

1 1
— T N
Vol(0,) " Vol(I\G)

FWG/H )
where p is the projection from G to I'\G.

Finally, one can push this equidistribution forward by the fibration map from G/L to
G /K. Recall that the map 7 induces a push-forward map

T Q*(G/L) — QI E L) (G/K)

which is by definition Poincaré dual to the pull-back map 7*, i.e.

/ ma)nf= [ an(@p)
a/K G/L

for all B with compact support (for more details, see Section or [BT82, p.37]). We
still denote by 7 and 7, the factorization of those maps by the left action of T'.

Theorem 2.8. Assume the sequence (O, )nen equidistributes in I'\G and let Tp, /1, denote
the integration current on O,/L C I'\G/K. Then

1 1
Vol(O, /L) 1'% = Nol(K /L) Vol(T\G/K)

k
T+«P WG/H -

Proof. Let H denote the foliation of I'\G/L by the left translates of H/L and TH C
T(I'\G/L) the tangent distribution to this foliation. The volume form wg,, on H/L
defines a smooth section wy of A™**T*H.

Let « be a form of degree dim(G) —dim(H) with compact support on I'\G/L, and let f
be the smooth function with compact support such that o7y = fwy. The compatibility
between the various volume forms gives

aAp'wan = fwar -
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Let po denote the projection from I'\G to I'\G/L. We have

1 / 1 /
b 0 = - fw
Vol(O0,,/L) Jo, 1 VOI( On/L) Jo, /L k
n—>—+>oo VOl(F\G) NG f o bo e
and

1 s 1 / 7

- oPoWg = —————+

v01<F\G) NG Po @a VOI(F\G/L) T\G/L WG/L

1
- - A D" .
Vol(T\G/T) /F\Ga bc/n

This shows that TO /1 converges weakly to WWG/H O

Vol0L7T)
Proof of Theorem [2.8, We push forward the equidistribution of Lemma [2.6 to I'\G/K.

Note that we have Ty, ;1 = 7. T0, /1
Let a be a form of degree dim(H /L) with compact support on I'\G /K. We then have

1 1 ~
T = — (T, *
Vol(O,/z) Torm @) = Yoo, T) Fonm ™
),
- = ™ a A ptw
Vol(T\G/L) Jra1 o
1 / o
= — aATpiw by definition of ).
VOII\G/D) ey et { )

i

For n € N, the integration current Ty, is closed since O, /L has empty boundary.
It thus has a well defined cohomology class [0, /L] € H (T'\G/K,R) where dy is the
codimension of H/L in G/K.

Corollary 2.9. Assume that the sequence (O,,) is equidistributed in '\G and let [O,,/ L]
denote the corresponding cohomology class in H% (T'\G/K,R). Then
1 1 .
Vol(0,/L) O ) e Vol Ty Vel G i) P e
2.5. Ratner theory and its consequences. In this final section, we recall some equidis-
tribution results a la Ratner of homogeneous orbits in locally homogeneous spaces. These
results will be used when studying the refined Noether—Lefschetz locus in Section
We place ourselves in an arithmetic setting. Though this is not a requirement of Ratner
theory, it is the source of its most remarkable consequences and will be sufficient for our
applications.
We thus assume that we are given an inclusion H C G of semi-simple algebraic groups
over Q such that
e (G is a subgroup of Gg containing GS,
e H=GnN HR,
e I is commensurable to p~!'(GL(n,Z)), for some faithful representation ¢ : G —
GL(n) over Q]

4The commensurability class of p~'(GL(n,Z)) is independent of the representation p.
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By a lemma of Chevalley (see [Ben08, Proposition 4.6]), we can find a free Z-module
Vz and an embedding G — GL(Vg) such that H is the stabilizer in G of a vector
vg € Vz. We can moreover assume that the G-orbit of vy is Zariski closed and that I'
preserves Vyz. For every A € R.(, we can now identify the homogeneous space G/H with
the G-orbit of Avy in V.

The following classical result of homogeneous dynamics establishes the equivalence
between closed H-orbits in I'\G and discrete I-orbits in G/H.

Lemma 2.10. Let g be an element in G, let x be its projection to I'\G and v = guvy its
projection to Gug = G/H. Then the following are equivalent:

the set 'gH s closed in G,

the right H-orbit of x is closed in T'\G,
the left T-orbit of v is discrete in G/H,
the group T' N gHg™! is a lattice in gHg™!,
there exists A € Ry such that \v € V7.

Now, let now V,, be a finite union of discrete I-orbits in G/H and let O, be the
corresponding finite union of closed H-orbits in I'\G. The volume form wpy induces an
H-invariant measure v, on I'\G, supported by O,,, whose total mass Vol(O,,) is finite.

Definition 2.11. We say that the sequence (O, )nen is equidistributed in I'\G if the
sequence of probability measures
1

Vol(O,,)

Vn

converges weakly to
1

VolT\G)“¢
We say that the sequence (V},)nen is equidistributed in G/H if the discrete measure

1 Z 5
Vol(O,,) = *

converges weakly to wg/ .
Recall the following classical lemma from [EO06bl Proposition 2.2]

Lemma 2.12. The sequence (V,,)nen is equidistributed in G /H if and only if the sequence
(On)nen is equidistributed in T'\G.

In [EO06D], Eskin and Oh give an equidistribution criterion for finite unions of closed
orbits which relies on Ratner’s groundbreaking work on unipotent dynamics as well as
further developments by Mozes—Shah [MS95| and Dani-Margulis [DM93] [DM93].

Let O, = Ui’;l x;»H be a finite union of closed H-orbits in I'\G and let V,, = Ui’;l v p
be the corresponding union of discrete I'-orbits in G/H.

Definition 2.13. We say that the sequence (O, ),en has no loss of mass if for all compact
subsets C' of G/H,

1

—_ 1 (x; ., H .
Vol(O,) Z Vol(z;n,H) | — O

n—-+00

(3
z; n HNC=0
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Definition 2.14. The sequence (O,,) is called focused if there exists ¢ € G and a subgroup
H' of G containing gH ¢! and defined over Q such that

> Vol(ziH) | >0.

7
Tw; , CTH'gZ(H)vg

lim sup

1
n——+oo VOl(On)

It is called non-focused otherwise.

Remark 2.15. Eskin—Oh’s original definition of being non-focused combines both defini-
tions and It is more convenient to us to separate them, since we shall verify
both conditions independently.

Theorem 2.16 (Theorem 1.13 from [EOQ0GD| ). Assume that H is a semi-simple subgroup
of G without compact factors. Then the sequence (V,)nen s equidistributed in G/H if
and only if it is non-focused and has no loss of mass.

Note that a sequence of closed H-orbits of I'\G leaving every compact subset can only
exist if H is contained in a proper parabolic subgroup of G. We thus have the following
proposition which results from Proposition 3.2 and 3.4 in [EO06D].

Proposition 2.17. If H is not contained in a proper parabolic subgroup of G, then any
sequence of finite unions of closed H-orbits of T\G has no loss of mass.

3. EQUIDISTRIBUTION OF INTERSECTION POINTS

We consider as before a sequence (O,,),en of finite unions of closed H-orbits of I'\G
which is assumed to be equidistributed. In this section, we want to pass from the equidis-
tribution in terms of currents to an equidistribution of the intersection points of O,, with
a subvariety of I'\G/K of dimension dy. Though this kind of result can be expected to
follow from Theorem [2.8] some work is needed to deal with the locus where this intersec-
tion is not transverse. This will require in particular a finiteness result for maps defined
in an o-minimal structure.

3.1. Moderate geometry of locally symmetric spaces. We recall in this section
notions from o-minimal geometry in the context of locally symmetric spaces following
[BKT20] and the structure of definable maps. For a general introduction to o-minimal
structures, we refer to [Dri98].

A structure § on R expanding the real field R is by definition a collection (S,,),enx
where each S, is a set of subsets of R", called the definable sets, which is a Boolean
sub-algebra of the subsets of R™ containing all the algebraic subsets and which satisfy
the following properties:

(1) IfAeS,, BES,,, then AXx B € S, n;
(2) if p : R*™' — R" is the projection on the first n-coordinates, A € S,,1, then
p(A) € S,.
The structure is called o—minimalﬂ if any element of S; is a finite union of points and
intervals. Given an o-minimal structure, one can define the following notions:
(1) amap f: A— B between two definable sets is definable if its graph I'y C A x B
is definable ;
(2) a S-definable manifold is a manifold having a finite atlas of charts (¢; : U; —
R™);er such that the intersections ¢;(U; N U;) C R™ are definable and the change
of coordinates maps ¢; o ¢j_1 (U, NU;) = ¢,(U;NU;) are S-definable maps.

50rder-minimal.
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Intuitively, definable manifolds in an o-minimal structure have reasonable geometry lo-
cally and at infinity, complex algebraic varieties being an example of definable manifolds.
The first example of an o-minimal structure is the one given by semi-algebraic subsets
denoted by R,;,. More examples of o-minimal structures have been studied during recent
years and the ones relevant to Hodge theory are:

(1) Rgp: the smallest o-minimal structure expanding Ry, and for which restricted
analytic functions are definable, see [Gab6§].

(2) Reyp @ the smallest o-minimal structure expanding R, and for which the real
exponential map is definable, [Wil96)].

(3) Ranexp: the smallest o-minimal structure expanding the two previous structures,

[vdDM94| vdDM96].

One of the main theorems of [BKT20, Theorem 1.1] asserts that locally symmetric
spaces can be endowed with a semi-algebraic structure which is compatible in R, with
the analytic structure on the Borel-Serre compactification, see loc. cit. for more details.
More precisely, let G be a real connected semi-simple group which has a Q-structure, I"
a torsion-free arithmetic subgroup of G and K C G a compact sub-group.

Theorem 3.1. [BKT20, Theorem 1.1] The quotients G/K, I'\G/K have Ry, structures
such that

(1) G = G/K is definable in Rgy,y;
(2) there ezists a definable fundamental domain F C G/K for the action of T’ such
that F — I'\G/K s definable in Ry,.

Moreover, this structure is functorial in the triple (G, K,T).

One last ingredient we need from o-minimal geometry is the structure of definable
maps: a definable map f : M — N between definable sets has a definable trivialization
if there exists a pair (F, \) where F' is a definable set and A\ : M — F'is a definable map
which induces a definable homeomorphism M — F x N compatible with maps to N.
The following theorem is from [Dri98, Chapter 9,Th 1.2].

Theorem 3.2. Let f : M — N be a continuous definable map between definable sets in

an o-minimal structure S. Then there exists a finite partition (N;); by definable subsets
of N such that f: f~1(N;) — N; is definably trivial.

An easy corollary is that the number of connected components of the fibers of a defin-
able map is finite and uniformly bounded.

3.2. Counting intersection points. In this section, we explain our conventions for
counting points of intersection of varieties mapping to the quotient I'\G /K with closed
H-orbits. We adopt the same notations as in Section to which we refer. From now
on, & will be a fixed o-minimal structure which extends R,.

Let S C I'\G/K be a definable real analytic subvariety of dimension dy = dim(G/K)—
dim(H/L), and assume that the smooth locus of S is oriented. Let O be a finite union
of closed H-orbits in I'\G. Recall that we denote by O/L its projection to I'\G/L and
by 7(O/L) its projection to I'\G/K.

In general, m o/, is not an embedding, which is why it is more convenient to count
intersection at the level of I'\G/L, where O/L is a finite union of closed leaves of the
foliation H introduced in Section 2.4

Let (I'\G/L)s be the preimage of S by the fibration = : I'N\G/L — I'\G/K. By
assumption on S, (I'\G/L)s and O/L have complementary dimension in I'\G/L. A
point y € (I'\G/L)s N O/L is a transverse intersection point if (I'\G/L)g is smooth at y
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(equivalently, if S is smooth at 7(y)) and
7,MN\G/L)s®T,(O/L)=T,(I'\G/L) . (3.2.1)

For y € ('NG/L)s N O, we set ¢(y) = 0 if y is not a transverse intersection point,
and €(y) = 1 if y is a transverse intersection point such that the direct sum is
compatible with orientations, and e(y) = —1 otherwise.

We have the following distribution on (I'\G/L)g given by summing over transverse
intersection points :

TS = > e(x)d, . (3.2.2)

2e(I\G/L)sNO/L

Note that, since (I'N\G/L)s N O/L is definable, it has a finite number of connected
components. Moreover, components of dimension > 1 consist only of non-transverse

intersections points, for which ¢(y) = 0. Hence fg is a finite signed measure. We can
finally define:

Definition 3.3. The transverse intersection measure between S and O/L is the signed
measure

def -
5 = mTy .

Informally, T3, counts the transverse intersection points of S and 7(O/L), with a
multiplicity corresponding to the (signed) number of branches of 7(O/L) meeting S
at a smooth point x. The asymptotic behavior on S of the distributions 7, gn for an
equidistributing sequence O,, will be discussed in the next section. In particular, we will
prove that they are equidistributed with respect to the form m.p*wa/g.

Remark 3.4. In general, the intersection S N 7(O/L) could have zero dimensional com-
ponents which are not transverse because they are not reduced or are not smooth points
of S. We do not take them into account in T35, but we will see in the next section that
they are negligible from the equidistribution point of view.

Remark 3.5. Working in the setting of a moderate geometry allows us to avoid topological
pathologies which do not arise in the applications we intend to give and makes it possible
at the same time to make statements in a more general setting.

3.3. Equidistribution of intersection points. We keep the notations from the pre-
vious section, namely, G is a semi-simple Q-group, I' C G is a torsion free arithmetic
subgroup and H C G is a semi-simple subgroup without compact factor. Let D = G/K
where K C (G is a compact subgroup and L = K N H. Let dg be as before the codimen-
sion of H/L in D. Let S be an analytic subvariety of I'\D of dimension dy and consider
an equidistributing sequence (O,,), .y of finite unions of closed H-orbits in I'\G. In this
section, we refine Theorem into an equidistribution theorem for the measures Tgn
introduced in the previous paragraph, which will imply Theorem [1.1}

Theorem 3.6. Let S be an analytic subspace of T\D of dimension dy and let (O,)nen
be an equidistributing sequence of finite unions of closed H-orbits in T\G. Then

1

—TS N

Vol(0,,) " O nstoc
Proof. Recall that it is enough to prove the weak convergence on every open subset of
a covering of S by Proposition 2.1} We can thus restrict ourselves to an open relatively
compact definable subset (2 C S that lifts to D. We still denote this lift by 2. We want

*
TP WG/H-
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to prove the equidistribution of the transverse intersection of Q with 7(p~1(V},)), where
V,, is the finite union of discrete I-orbits in G/H such that O, = I'\71(V,,).
Denote by (G/L)q the preimage of Q by 7, and consider the following open subsets of
(G/L)a:
e The domain Usyeey, where (G/L)q is smooth,
e the domain Uy, where (G/L)q is smooth and pjq is a submersion (hence a local
diffeomorphism by equality of the dimensions).

By definition, the distribution TS 0, 18 supported by Ug,,. We first prove that ; ( )TO
converges weakly to p*wg /g on Uy, then extend the weak convergence successwely to
Usmootn and (G/L)q using Proposition After pushing forward by 7, we get the desired
result.

To prove the weak convergence on Uy, it is enough to prove it on every open relatively
compact subset U’ of Uy, such that p; is a diffeomorphism onto its image (since those
open sets cover Ug,y). Thus, let f be a continuous function with compact support on
such U’. Let €(U’) be 1if pys preserves orientation and —1 otherwise. Then

L o _ E(U')
—+> E(U/) fop_1($)wG/H($) = fp*wG/H
noee p(U") U

since V,, is equidistributed in G/H.

This shows the weak convergence of To on every U’, hence on Uy,

Vol(Or,
Let us now extend the weak convergence( to)(G/L)Q. Since the projection map p/r),, :
(G/L)q — G/H is definable in the o-minimal structure R, czp, it follows from Theo-
rem that the number of connected components of its fibers is uniformly bounded by
some number N.
Let first C' be a compact subset of Ugpoom \ Usup- Then, by Sard’s lemma, p(C') has

measure 0. Hence, for every € > 0, there exists an open neighborhood U’ of C' in Ugpeon

such that
/ wa/H
p(U’)

Since for all z € p(U') NV, the set p~!(z) N U’ has at most N isolated points, we get that
1

<e€.

~ N
— T2 (U < ———|p(UYNV,|,
hence ]
o TSI < | | wayul < Ne.
VOI(O ) © p(U") /

We conclude that <; ( )TO converges weakly on Ugpoo by Proposition
Finally, the complement of Upeo in (G/L)q is the singular locus, which has dimension
< dpg. Since p is definable, its image has measure 0, and one can reproduce the previous

argument to show that - 1(0 )TO converges weakly to p*weg g on (G/L)q. O

In the previous theorem, we chose to restrict to dim(S) = dy for simplicity. We
indicate briefly without proof how these statements should be adapted when dim(S) >
dy: we define the transverse intersection current Tg " as the integration current over the
transverse intersection locus of S N O, with the sign normalizations as in Section [3.2]
Intersecting further with submanifolds of dimension dy and applying our theorem, one
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would obtain the convergence of these intersection currents (after normalization) to the
current T.p*wg/, Hig- We thus get the following theorem.

Theorem 3.7. Let S be an analytic subspace of dimension d > dy and let (O,)nen be
an equidistributing sequence of finite unions of closed H-orbits in U\G. Then for every
B € Q4 (8), we have

S *
VOI(O,L) T(Dn(ﬁ) n:oo T« WG/H A B

4. THE PULL-PUSH FORM

In the equidistribution theorems and we see appearing the pull-push form
mp"wg . This form was already studied by the second author with entirely different
motivations [Thol5|, while the first author proved, in the particular case of G = SO(2, q),
H =1S50(2,¢g—1) and K = S(O(2) x O(q)), that this form is the G-invariant Ké&hler form
on G/K.

Here we introduce some tools to better characterize this form, most of which were
already presented in [Thol5].

4.1. Push-forward of forms. Let us first recall without any proof the construction of
the push-forward of a form « under a smooth fibration 7 : M — B with compact oriented
fibers. This construction can be found for instance in [BT82l p.37].

Let r be the dimension of the fibers of 7. Let x be a point in B and denote by F' the
fiber of m over x. Choose w a volume form on F' compatible with the orientation of the
fiber, and let

XelNTF)CcNTM
be the multivector such that w(X) = 1.

Let now « be a smooth p-form on M. The contraction txa is a (p — r) form with
kernel T'F, which can thus be seen as a section of AP""(NFV), where NF = TM/TF is
the normal bundle to F' and NFY = {p € T*M | ¢;7p = 0} is its dual.

Finally, the differential of m along the fiber F' induces an isomorphism NF ~ F' x T,.B
and therefore AP""(NFY) = AP~"(T,B"). With these identifications, we can now define:

Definition 4.1. The push-forward of the form « is the (p — r)-form on B given at x by

(mer)e = /yEF ex(a)yw .

Let p + ¢ be the dimension of M. Then we have

Proposition 4.2. The form m.« is the unique (p—7) form on B such that for any q-form
B on B with compact support,

/Bﬂ*a/\ﬂz/Ma/\ﬂ*ﬁ.

Moreover, the push-forward operation commutes with the exterior derivative. In par-
ticular, the push-forward of a closed form is closed.

4.2. A formula for the pull-push form. Let us now apply the previous general con-
siderations in order to give a formula for the pull-push form m,p*wq/y at the Lie algebra
level.

Let G/H be a G-homogeneous space and o denote the base point of G/H (that is, the
projection of the unit element of G). Then the tangent space T,G/H with the induced
linear action of H identifies canonically with g/h endowed with the adjoint action of H.
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This identification induces an isomorphism between the differential algebra Q°*(G/H, C)“
of smooth G-invariant forms on G /H with complex coefficients and the differential algebra
A*((g/h)¢&)™ of H-invariant exterior forms on g/h, with derivative given by

dOé(.Tl, . ,l’k+1) = Z(—l)l“a([xi,xj], T1y... ,i'\i, c. ,i/L'\j, c. 7xk+1) s
i<j
for o € A*((g/h)) and xq,. .., 2541 € g/b.

Let us now come back to the setting of the previous section, where H is a semi-simple
subgroup of G, K a compact subgroup of G and L = G/H. At the Lie algebra level,
the pull-back homomorphism p* (resp. 7*) identifies exterior forms on g/b (resp. g/¢) to
those exterior forms on g/l having /[ (resp. €/[) in their kernel.

Reinterpreting Definition for G-invariant forms on G/L, we get:

Proposition 4.3. Let o be a G-invariant form on G/L. Then the form m.a on G/K is
G-invariant and corresponds on g/t to the Adk-invariant form

/ Adk*(buQ)wK/L y
keK/L

where uw € A™(8/1) is such that wi(u) = 1.

Remark 4.4. Since /1 and b/l are both Adj-invariant, the form ¢,a is L-invariant and its
kernel contains €/[. Therefore, its pull-back by Ady only depends on the class of k in K/L
so that the integral makes sense. Moreover, the resulting form is obviously K-invariant
and has £/l in its kernel, so that is does identify with a K-invariant form on g/¢.

Corollary 4.5. Let (o ..., 0, ) be an oriented orthonormal basis of {¢ € (g/8)" | Py =
0}. Then there exists a positive constant A such that

TP We/H = )\/ Adj(ar A AN g )wiy(k)
kEK/L

If moreover €/l is orthogonal to b/l in g/l, then A = 1.

Proof of Proposition[{.3 The G-invariance of 7.« easily follows from Proposition [1.2] so
we only need to compute 7.« at the base point of G/K.

Let o denote the basepoint of G/L and vy,...,v,_, be p —r vectors in T,G/L = g/I.
Let k be an element of K. At the point & - 0, we have

(kv o ko vp ) = tavg, .o Upy)

by left invariance of ¢, .
Now, the differential of © maps a vector k - v € Ty,G/L to the vector Ady(v) €
Tr0)G/K = g/t. Applying definition [4.1) to .« gives the required formula. O

Proof of Corollary[{.5 Complete (a4, ..., a,_,) into an orthonormal basis (S, ..., B, a1, ...

of {¢ € (g/0)* | ¢jpyr = 0}. We then have

r p—r
p'we/n = /\51' A /\ Q; ,
=1 =1

hence
p—r
Lup Wam = A /\ Q;
i=1
where A = AI_, Bi(u), since all the o; vanish on ¢/[.
If furthermore £/[ is orthogonal to h/[, then (B, ..., ,) can be chosen as an orthonor-

mal basis of (¢/[)¥, so that A\ = 1.

, Q)
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Proposition 4.3 now concludes the proof. O

In practice, using this integral formula to compute the pull-push form quickly leads
to rather involved computations. In [Thol5|, the second author used this formula to
give a sufficient vanishing criterion: if there exists k € K such that Ady preserves h/[
and reverses its orientation, then Ady,(t,«) = —i,, and Proposition shows that
T.p*wa/g vanishes.

In terms of our equidistribution result, this vanishing means that the positive and
negative part of the intersection measure cancel out asymptotically, because a “random”
translate of H/L in G/K can intersect a submanifold S with two opposite equiprobable
orientations.

In contrast, we can prove the following non-vanishing criterion:

Corollary 4.6. If G/K has a G-invariant complex structure such that H/L is a complex
submanifold, then m.p*wq/u does not vanish.

Proof. Let o, ..., Qpr be a complex basis of {¢ € (g/€)" | ;5 = 0}. Then t,p*we/p is
proportional to

p—r
2
/\ a; VAN O_éi .
i=1

Which is non-negative on every complex subspace of dimension *5*. By invariance of the
complex structure, the same holds for

u
2
Adk* /\ a; N\ Q@
i=1

p—r
Finally, A,2, o; A @; is positive on a complex complement of h/I, and so is

p—r

2
Adk* a; \Noy | W/ -
R VA B

=1

g

4.3. Compact duality. In [Thol5|, the second author investigated further the pull-
push form in the case where G/K and H/L are symmetric spaces. There, he proved that
TP W/ g is in some sense “Poincaré dual” to the inclusion H/L — G/K, a statement
which is made precise by passing to the compact dual of the symmetric space. Since
cohomology classes of compact symmetric spaces are represented by a unique invariant
form, this argument completely characterizes the pull-push forms and provides an effi-
cient way to compute it in practice. The goal of this section is to extend these results to
more general compact subgroups K C G.

Recall that a Cartan involution of GG is an involutive automorphism whose fixed sub-
group is a maximal compact subgroup. All the Cartan involutions of GG are conjugated,
and every compact subgroup of G is fixed by a Cartan involution.

In this section, we make the assumption (verified in all the examples we consider in
this paper) that there exists a Cartan involution 6 of G fixing K and preserving H. We
denote by GY and HY the compact subgroups of G and H fixed by #. The Lie algebras g
and b decompose respectively as

iR
g=g" g’
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and
h=1b" " .

We now introduce the dual Lie algebras

o =g’ ®ig’ Cge
and

by = b’ @ibh” Che .
These are respectively the Lie algebras of compact real forms Gy and Hy of G¢ and Hg,
called the compact duals of G and H.

From Gy and Hy, one can define compact duals to the homogeneous spaces G/H,

G/L and G/K, respectively given by Gy /Hy, Gy /L and Gy /K. The various inclusions
between these groups give the following commutative diagram:

G/L—~G/H

NN

G/K G(C/LC_>G(C/H(C

NG TN

Ge/Ke Gu/L -~ Gy /Hy
Gu/K

Now, the inclusion of G/H into G¢/Hc induces an isomorphism of differential algebras

0*(G/H,C)% = A*((g/5)")" @r C =~ AL((gc/be) )™ = Q&(Ge/He) ™ |

where AZ and Qf denote the complex of C-multilinear forms. The same holds for all the
inclusions in the above diagram. In other words, the differential algebra of real invariant
forms on a homogeneous space and its compact dual are two distinct real forms of the
same complex differential algebra.

Proposition 4.7. We have the following commutative diagram of differential complexes:

Q*(G/L,C) Q°*(G/H,C)°

|- \ i

QO dlm(K/L G/K (C GU/L (C Gu

\ lm

Qo—dim(K/L) (GU/K, (C)GU

Q*(Gy/Hy,C)Cv

Py

Proof. The only non-trivial point is that 7, and 7, are identified as maps from Q& (Gc/Lc)¢¢
to Q% (Gc/Kc)®e. But this readily follows from Proposition |4.3[since, at the Lie algebra
level, both maps are given by the contraction with u followed by averaging under the
adjoint action of K. O

Now, wg/n and we,/m, are both generators of AR*(gc/bc), so they are complex
multiples one of the other. More precisely, we can identify

g/b =g’ /b’ @ g" /n’"
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with
au /b = o’ /b’ @ ig” /b’
via the morphism
¢ (u,v) — (u,iv)
and normalize wg,, /p,, so that

¢*WGU/HU = WG/H -
With this normalization, we have the following equality in AR*(g¢/bc)

dim(g? " /p?")

wg/H:Z wGU/HU .

Finally, applying Proposition we conclude:
Corollary 4.8. The following equality holds in A%(Gc/Kc)™¢:

jdim(e?* /67%)

* *
TP WG/H = TU«PyWGy /Hy -

What we gained by switching to the compact dual space G/ K is that we can now talk
about the cohomology class of the pull-push form. The following theorem was proven
in [Thol5| under the assumption that K = G, but the proof easily adapts to our more
general context:

Lemma 4.9. The de Rham cohomology class of the pull-push form mﬂy*p"{]wgl]m[]

is Poincaré dual to the homology class of Hy/L C Gy /K; that is, for every closed form
B on Gy /K of degree dim(Hy /L), we have

1
= Nal(CL T H TPy (Wey /oy ) N B
/HU/Lﬁ Vol(Gy /Hy) /GU/K vDy(Way my) A B

Proof. This is essentially formal. Denote respectively by ¢; and ¢5 the inclusions of Hy /L
in Gy/L and Gy/K, so that we have 1, = 1y oy and ,(Hy /L) = pal(o), where o is the
basepoint of Gy /Hy.

Now, the form jWay /Hy 1S Poincaré dual to lo] in Hy,(Gy/Hy,R), so its pull-

1
Vol(Gy [ Hu
back under py is Poincaré dual to [p;'(0)] = t1.[Hy/L]. Finally, let 3 be a closed form
of degree dim(Hy /L) on Gy/K. We then have

/ 58 = / .y
Hy /L t1(Hy /L)

= / p*UwGU/HU /\W*Uﬁ
Gu/L

= / TUPyWay Hy N B -
Gu/K
]

4.3.1. The symmetric case. When K = GY is a maximal compact subgroup of G, a

theorem of Elie Cartan [Car3(] states that all G-invariant forms on G/K are closed.

Hence the exterior derivative is trivial on Q°(G/K)¢ and we have isomorphisms:
Q°(G/K,C)% ~ Q*(Gy/K,C)V ~ H3:(Gy /K, C) .

In other words, a G-invariant form on G/K is completely characterized by the cohomol-
ogy class of the corresponding form on Gy /K.
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This property does not hold for more general homogeneous spaces. In the next section
we will see however that it remains true on Mumford—Tate domains when restricting to
a variation of Hodge structure.

5. INVARIANT FORMS ON PERIOD DOMAINS

In this section, we introduce Mumford-Tate domains, Hodge loci and invariant forms
on period domains. Then we relate pull-push forms to Chern classes of Hodge bundles.
Finally, we compute it in various cases of interest.

5.1. Variations of Hodge structure and their period domains. Let us first recall
some definitions of Hodge theory, merely to fix notations.

Let V be a free Z-module of finite rank d € N endowed with a bilinear form B :
V xV — Z. Given a field K, we write Vx = V ®7 K and still denote by B the natural
K-bilinear extension of B to Vk.

A Hodge structure of weight k on V polarized by B is the data of a filtration of complex
vector spaces

0CF:rC...CF'=V¢
such that for all 0 < p <k,

(1) Ve= P 7Y,
(2) B(u,v) =0 for all (u,v) € FP x P+l
(3) #~9B(v,0) > 0 for all v € (F* N F)\{0} with p + ¢ = .

Remark 5.1. The existence of a Hodge structure of weight k implies that B is non-
degenerate and antisymmetric for odd k or symmetric for even k.

For p + ¢ = k, define VP4 = FP N F’. Then VP4 is a complement of FP™' in F?. In
particular, we have a decomposition

Ve= @ vro, with V™ =vor.

ptq=k

The Hodge numbers of the Hodge structure are the numbers h?¢ & dimg (VP9).

Let S = Resc/rG,, denote the Deligne torus, i.e., the restriction of scalars of the
multiplicative group G,, from C to R. Then S(R) = C* seen as an algebraic group over
R. Every Hodge structure on (V7z, B) induces a representation ¢ : S(R) — GL(Vg) given
by

z-u=2z Pz %
on u € VP,

Let k € Z and h = (hyq)p+g—t € N*™! be such that h,, = h,, and ZI;:O hP? = d.
The period domain of Hodge structure of weight k& and Hodge numbers (hy, ,)p+q— is the
set D of all filtrations (F?)o<p<, which define a Hodge structure of weight k£ and Hodge
numbers h7? on (Vz, B). It is a complex manifold homogeneous under the action of the
group Autgr(B), and the stabilizer of a point is a compact subgroup of Autg(B).

The period domain D is an open subset of the compactified period domain D of complex
flags 0 C F*¥ C ... C FO = V¢ such that F*? = FP* and dimc(F?/FP+Y) = hPFP for
all p. The compactified period domain is a flag variety of the group Autc(B) (i.e., a
quotient of Autc(B) by a parabolic subgroup).

Let U denote the trivial complex vector bundle D x V¢ equipped with the action of
Autg(B) given by the tautological linear action in the fibers. By construction, this bun-
dle admits a Autg(B)-invariant real structure and a complex bilinear pairing B as well
as a universal Hodge decomposition, i.e., a smooth decomposition as a direct sum of



25

Gr-equivariant complex vector bundles UP? such that, at a point x, the induced decom-
position of U, =V ®z C is the Hodge decomposition associated to x.

Let now X be a complex analytic variety. A (polarized) variation of Hodge structure
of weight k over X is the data of:
e A local system Vy of free Z-modules of finite rank d with a flat bilinear pairing
B:V,®Vy — Zy,
o A decreasing filtration 7*V on V = V;®z  Ox by holomorphic sub-vector bundles
0CFYC.---CFV=V,
Which satisfy the following conditions:

e Hodge property: For every x € X, the flag 0 C F*¥V, C --- C FV, o V, is a

Hodge structure on Vz , ;
e Griffiths’ transversality: The flat connection V associated on V;® Oy satisfies

V(FEV)CFFrve Qi for 0<p<k.

Let {Vz, F*V, B} be a variation of Hodge structure of weight k& over X. Its Hodge
decomposition is the (C*) decomposition

V= v,

pt+q=Fk
where VP4 = FPY N ]_-"k_pV, and its Hodge numbers are the
hP? = dimc(VP?) ,p+qg=Fk .

Let now 7 : X — X be the universal cover of X and z and arbitrary point in X. The
local system 7*V7 is trivial, and one obtains a map

f: X D

such that f(y) is the Hodge structure F*V, on (1*Vy), = Vz,. This map is equivariant
with respect to the monodromy p : m(X) — Gz = Aut(Vy,) of the local system and
thus factors to a map

f: X —=G;\D
called the period map of the variation of Hodge structure. There are canonical isomor-
phisms

VP~ fAPA

In terms of the period map, Griffiths’ transversality condition admits the following

interpretation. Let x be a point in D and let ¢ : S — GR be the associated representation
of the Deligne torus. Then the Lie algebra gc decomposes under the adjoint action as

dc = @ gp,—p’
p

where
g ={¢eg LV CVTIEeTL

The subalgebra g"° is the Lie algebra of the stabilizer of z, and its complement identifies
with the complexified tangent space to D at x. The eigenspace of the complex structure
on 1D for i is the subspace B, g .

The subspace gb~! @ g~ '! is the complexification of a well defined subspace W, C
T, D. This defines a holomorphic Gg-invariant distribution of T, D called the Griffiths’
distribution. Now, Griffiths’ transversality condition states precisely that the period map
is tangent to the Griffiths’ distribution.
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5.2. Hodge loci and transversality. Let (V, B) be a lattice with an integral bilinear

pairing. A Hodge structure on V induces a Hodge structure on 75!V L yok g yvel

for all k,l, whose Hodge decomposition is given by the diagonalisation of the induced
representation ¢ : S(R) — End(T*'V @z C) of the Deligne torus. Let U' C S(R) denote
the unit circle.

Definition 5.2. The Mumford-Tate group MT, of (V,B) is the smallest Q-algebraic
subgroup of GL(Vg) which contains ¢(C*). The special Mumford-Tate group is the
smallest Q-algebraic subgroup sMT,, which contains ¢(U').

The algebra of Hodge classes is the bigraded Z-subalgebra Hdg**(¢) C T**V fixed by
o(U").

Let now v be a vector in T**V. The Hodge domain of v is the set of variations of
Hodge structure ¢ on V such that Hdg®*(¢) contains v. The connected components
of the Hodge domain of v are homogeneous under the stabilizer of v in Gg. They are
called Mumford-Tate domains, and the stabilizer of such components are Mumford—Tate
groups.

Remark 5.3. If Hdg®*(¢) contains a set A, then it contains the subalgebra spanned by
A. Conversely, for every bigraded subalgebra H**® of T**V, there exists v € H®** such
that

v € Hdg™*(p) <= H** C Hdg"*(p) .
In particular, intersections of Hodge or Mumford—Tate domains are again Hodge and
Mumford-Tate domains.

Since Mumford-Tate groups are defined over QQ, the projection of a Mumford-Tate
domain Hg/Lgr to Gz\Gr/Kg factors to a proper immersion of Hz\Hgr/Lg.

Let now X be a connected analytic variety equipped with a variation of Hodge structure
(Vz, B, F*V) of weight k and Hodge numbers (h??),,,—x. We assume that the period
map of X is generically immersive. B

Let Gg/Kgr be a Mumford—Tate domain containing X. Then the monodromy repre-
sentation takes values in Gz and at every point y € X the algebra Hdg**(y) of Hodge
classes at y contains the subalgebra H** fixed by Gg.

The variation of Hodge structure X is called Hodge generic in Gg/Kyg if there is no
proper Hodge subdomain of Gg/Kg containing X. In that case, at a generic point of
X, the algebra of Hodge classes is exactly (T**V)“% and the Mumford-Tate group is a
rational form of G. We define:

Definition 5.4. Let Gr/Kg be the smallest Mumford-Tate domain containing X. The

Hodge locus of X is the set of points at which the algebra of Hodge classes contains
strictly (T**V)“®. The Hodge locus of X is its projection under the covering map.

The Hodge locus of X is the intersection of X with the countable union of all the pro-
jections modulo G7 of the Mumford—Tate subdomains of Gg/Kg. To be more precise, let

Gr/Kgr be any Mumford—Tate domain containing X and let H be an algebraic subgroup
of G defined over Q. We define

Definition 5.5. The Hodge locus of type H is the set of points in X whose Mumford-—
Tate group is conjugated over R to a subgroup of H. The Hodge locus of type H in X
is its projection by the covering map.

The Hodge locus of type H is the intersection of X with the union of Mumford—Tate
domains UgeGR gHg/Lg, for all g € Gg such that gHrg™! is Q-subgroup. This leads to
the following definition:
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Definition 5.6. The transverse Hodge locus of type H is the set of smooth points of X
for which there exists g € Gg such that gHg ' is a Q-group and X and gHg/ Ly intersect
transversally at z.

If X is Hodge generic in D, the transverse Hodge locus (of type H) is called the typical
Hodge locus (of type H).

Since Hodge loci are intersections of X with locally homogeneous sub-spaces of G7\D,
we can hope to apply our equidistribution result in this setting. However, in order for it
to be effective, one needs a generic transversality property between X and H/L:

Definition 5.7. We say that X is generically transverse to H-orbits at a smooth point
x if there exists g € Gg such that gHg/Lg and X intersect transversally at (some lift of) z.

We say that X is generically transverse to H-orbits if there exists a smooth point at
which it is generically transverse.

Remark 5.8. If X is generically transverse to H-orbits, then the set of points x at which
it is generically transverse is an open and dense analytic subset of X.

Proposition 5.9. Let x be a point in X. Then X is generically transverse to H-orbits
at x if and only if the pull-push form m.p*wg/u is non-zero at x.

As the consequence, we get the following density criterion for the transverse Hodge
locus of type H.

Theorem 5.10. The following propositions are equivalent:

(1) the transverse Hodge locus of type H is non-empty,

(7i) the transverse Hodge locus of type H is analytically dense in X,
(131) X is generically transverse to H-orbits,

(iv) the pull-push form m.p*weg u is not identically 0 on X.

Proof of Proposition[5.9 Let d be half of the degree of the form m.p*we/p.

Assume that X is generically transverse to H-orbits at z, and let ¢ € G be such that
x € gH/L and

T.X+T,(gH/L) =T,G/K.
Let u be a multivector as in Proposition Since T,,(gH/L)c is in the kernel of ¢, p*we/m,
there exists holomorphic vector fields Xy,..., X; on X defined on a neighborhood of z
such that
LuZ_?*WG/H(Xla Xi... ,Xd7Xd) > 0.
For every k € K, we have by Corollary
Ad; (1P we ) (X A X1 ... AXg A Xg) >0,

and this inequality is strict in an open neighborhood of the base point of K/L. Hence,
by integrating over k and using Definition , we get mp*we/ g # 0 at .

Conversely, assume that X is not generically transverse at x. Then for every g € G,
we have T, X + T,(¢H/L) € T,G/K. Hence for every d-uple of C-linearly independent
vectors X1, ..., Xy in T, X, the intersection of the subspaces spang (X1, X1, ..., X4, X4)
and T,(gH/L)c is non-empty. Hence the form t,we/p vanishes on the multi-vector X; A
X1...X4A X4 The same is true for Ad(k)*(t,p*wg,m) for all k € K. By integrating, we
get that m,p*wqg/y vanishes at z. Hence the result. O

Proof of Theorem [5.10} The implication (i) = (i) and (i) = (i7i) are obvious, and the
equivalence (#i) = (i) readily follows from Proposition 5.9 We only have to prove
(i) = (i).
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By Remark the set of points where X is transverse to H-orbits is open and dense.
Let x be such a point and g € Gg such that X and gHg/Lg intersect transversally at
x. By Weak Approximation, G(Q) is analytically dense in G(R). Thus there exists a
sequence g, € (g converging to g. For n large enough, by stability of transversality,
gnHgr /Ly intersects X transversally at a point z,, such that x,, — . Since g,, € Gg,

n—-+00
gnHg ! is a Q-subgroup of G, hence x,, belongs to the transverse Hodge locus of type
H. O

Unfortunately, in many situations, variations of Hodge structure are never generically
transverse to H/L. Indeed, Griffiths’ transversality constrains their tangent space to be
contained in the Griffith distribution, so that it cannot supplement 7, (H/L) in other
directions.

To be more precise, let H/L C G/K C D be Mumford-Tate domains. Let o : U — H
be the restriction of the representation at a point x € H/L of the Deligne torus to the
unit circle. Then both g and b are invariant under the adjoint action of ¢. We thus have

decompositions
k

k
gc = @ g’ bec= EB Hrr
p=—k p=—Fk
with h»~P C gP~P. Note that g° = £ and p*° = L.

Proposition 5.11. The following are equivalent:

o There exists a smooth variation of Hodge structure in G/K which is generically
transverse to H/ L.

o For all |p| > 2, b»~P = gP~P and there exists an abelian subalgebra a C g=!
that

1 such

a+ 671,1 _ 971,1 ‘

Proof. Assume that there exists a smooth variation of Hodge structure X C G/K which
is generically transverse to H/L. Up to left multiplication by some g € G, we can assume
that x € X and that

THX +THH/L =THG/K (5.2.1)

Now, since X is a variation of Hodge structure, T2°X is an abelian subalgebra of g—1!,
while T,°H/L = ,_, b”?. The identity (5.2.1) thus implies that

Txl,OX 4 h—l,l — g—l,l

and
h7p7p — gipzp

for all p > 2, and by Hodge symmetry, also for p < —2.

Conversely, assume hPP = g PP for all p > 2 and a ' + h= 5! = g~ for some
abelian Lie subalgebra a. Let A denote the complex abelian subgroup of G¢ spanned by
a. Recall that G¢ acts on the compactified period domain D. If U is a sufficiently small
neighbourhood of the identity in A, then

X={a -r,aeU}

is a smooth holomorphic submanifold contained in D. Since a C g~! and A is abelian,

X is tangent to the Griffith distribution at every point. Hence X is a smooth variation
of Hodge structure transverse to H/L at z. U
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Remark 5.12. Baldi-Klingler—Ullmo [BKU21, Prop. 6.5] proved that, when g is simple

and has components g"~* for k > 3, then a Lie subalgebra h can never contain g*—*,

k > 3. It follows that the transverse Hodge locus is always empty in that case.

5.3. Chern classes of the Hodge bundles. Let {V;, 7*V, B} be a variation of Hodge
structure of weight k£ over a complex analytic variety X. Let o be the antilinear auto-
morphism of V given by

Ojypa 1V PTI0
and let A be the Hermitian form
h(v,v) = B(v,0v) .
By definition of Hodge structures, h is positive definite and the decomposition
Y = 6{) VP
p+q=k

is orthogonal for h.
We have 02 = (—1)*Idy. Define now a new linear connection V; on V by

Vi=V+ (_;)ka(Va) .

(The connection V, is the part of the connection V that preserves o.) Then V}, preserves
the metric A and the orthogonal decomposition

Vo @ v

pta=Fk

Let V7% denote the induced Hermitian connection on VP9, and ©%? denotes its curva-
ture. One can show that ©7? is of type (1,1).

Definition 5.13. The Chern forms of VP? are the (¢,¢) forms ¢, (VP9), 1 < [ < hP4
defined by

hPd

1
det <va,q + %@2’(1) =1+ Z Cg(vp’q).

(=1

It is well-known that the form c,(VP9) represents the ¢** Chern class of V77 in de Rham
cohomology of X.

These Chern forms turn out to be pull-backs of invariant forms under the period map.
Indeed, o, h, and V}, can be defined on the universal Hodge decomposition

k
u=gur
p=0

over D. There, these objects are G-equivariant and induce G-invariant Chern forms
co(UP?). These factor to the quotient Gz\D and, if f : X — Gz\D denotes the period
map, we have

Cg(Vp’q) = f*Cg(Z/{p’q) .
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5.3.1. Expression at the Lie algebra level. Let us now express the Chern forms c,(UP?)
at the Lie algebra level.
Let us fix a base-point o in D with stabilizer K. The group K decomposes as

5]
K = HKp,q ;
p=1

where K79 ~ U(h?9) for p > q and K¥* ~ O(h¥*) when k = 2k’ is even.

When p > ¢ (resp. p < q), the bundle UP? is the bundle associated to the linear
representation of K that factors through the standard representation of K77 (resp. the
dual representation). Let €7 denote the Lie algebra of KP?. Then, for p > ¢, the
curvature of UP? at x is the 2-form on g/¢ with values in €7 C End(UP?) given by

Eyi(u,v) = mpg([u, v]) = [mpq(u), mpq(v)]

where 7, , : g — €9 denotes the orthogonal projection for the Killing metric.

5.3.2. Chern forms on the compact dual. Recall from Section that we have an iso-
morphism of differential algebras

P Q'(G'/[(7 C)G A Q.(GU/K, (C)GU

which consists in identifying both spaces with A% (gc/tc)®c
We now wish to identify the invariant forms on Gy /K corresponding to the Chern
forms on G/K.

Recall that D = G/ P is the space of complex flags
OCFFC...CF'=1
such that
Fh-p _ gl
(where the orthogonal is intended with respect to the bilinear form B) and
dim(F?/FPtY) = pPd

Let U denote the trivial bundle over D equ1pped with the action of G¢ given by the
standard linear action in the fibers. The bundle I/ admits a tautological filtration FU
by Gc-equivariant vector bundles which is given at a point x by the flag defining x.
By construction, the restriction of F*U to the open domain D is the filtration F*U of
U given (in C*) by
Fu = Purtr
p'>p
Fu = Purtr
p'>p

Let us now prove that the dual space Gy /K identifies with D.

Proposition 5.14. The group Gy is (conjugated to) the subgroup of Gc¢ = Autc(B)
commuting with the antilinear automorphism o.

Proof. Let 7 :V, =V, be the complex conjugation and 6 = o7. Conjugation by 7 is the
anti-holomorphic involution of G¢ fixing G and one verifies that the conjugation with o7
is a Cartan involution of G fixing K. With respect to this choice of Cartan involution,
the group Gy is then the fixed point set of conjugation by o. O

Corollary 5.15. The group Gy acts transitively on 73, and the stabilizer of o in Gy is
K.
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Proof. As a maximal compact subgroup of G¢, the group Gy acts transitively on the flag
variety D, and the stabilizer K’ of o preserves the flag 7°*U,. Now, since Gy commutes

with o, it preserves the Hermitian form B(-,0+). Therefore, K’ preserves the orthogonal
of FP™U, in FPU, for B(-,0-), which is precisely UP9. We conclude that K = K. O

The Gy-invariant form B(-,0-) induces a flat Gy-invariant Hermitian metric hon U.
Let U7 denote the ﬁ—orthogonal of FP*1{{ in F. Then the the bundle UP? is Gy-
invariant and carries a Gy-invariant Hermitian connection V%q with curvature form @%q.
The Chern forms of this connection define Gy-invariant forms

Cg(z;[\p,q)
which represent the Chern classes of P ~ fp&/fpﬂﬁ on D.

Proposition 5.16. The isomorphism ¢ : Q*(G/K,C)% — Q¥ (Gy /K, C)¢ maps co(UP)
to c (UP) € Q*(Gy /K, C)C.

Remark 5.17. The isomorphism ¢ is not induced by the identification
T,D = T,D
coming from the inclusion D C D but rather from the diagram in Proposition .

Proof. For p > ¢, the bundle 1P is the vector bundle on Gu /K associated to the linear
representation of K factoring through the standard representation of KP?. Hence its
curvature form at o is given by a formula similar to Section [5.3.1}

Let now 7 denote the orthogonal projection of g¢ to €7 for the complex Killing
form. Then 7 restricts to the orthogonal projection to € on both g and gy .

Therefore, both the curvature forms of U?? and UP at o are given by
(u,v) = 7" ([, v]) — [ (w), 7 (v)]
hence all the symmetric polynomials in those curvature forms are identified by ¢. U

5.3.3. Characteristic cohomology. As mentioned in there might be G-invariant
forms on D which are not closed, in which case G-invariant closed forms are not charac-
terized by the corresponding cohomology class in H'(ZS)

In the context of variations of Hodge structure, however, we are ultimately interested
in the restriction of G-invariant forms to submanifolds that are tangent to the Griffiths’
distribution. This motivates the introduction of the characteristic cohomology of a period
domain, which, roughly speaking, restricts the differential algebra of invariant forms to
the Griffiths’ distribution (see [GGK10, III.A]).

We do not define this notion here and only mention the analogous of E. Cartan’s
theorem, which comforts the idea that the geometry of period domains is similar to that

of symmetric spaces “in restriction to the Griffiths’ distribution”.

Proposition 5.18. Let X be a complexr manifold and f : X — G/K the period map of a
variation of Hodge structure. Then, for every a € Q*(G/K,C)%, the pull-back form f*a
is closed of bidegree (p,p) for some p.

Proof. Let a be a G-invariant form on G/K. Let z be a point in X and ¢ : C* — Gk the
representation of the Deligne torus defining the Hodge structure f(z). Then o(U?) is a
subgroup of Stab(z) C G and acts on W0 by complex multiplication, where W is the
tangent space at f(x). Since ay,) is ¢(U')-invariant, it must belong to AP?(W) for some
p, and we conclude that f*a has bidegree (p, p) since f is holomorphic. In particular f*a
has even degree.
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Now, da is also a G-invariant form and f*(da) = d(f*a) has odd degree. By the
previous argument, it must vanish. O

Corollary 5.19. Let « be a closed invariant form on D. Then the pullback of o by any
variation of Hodge structure is completely determined by the cohomology class [¢(a)] €
H*(D).

Proof. Let o/ be another closed G-invariant form on G/K such that ¢(a — o) is exact

on Gy /K. We can write o« — o’ = df, where (3 is G-invariant. Let now f: X — G/K be
a variation of Hodge structure. Then f*( is closed by the previous proposition, hence

ffa—fa =d(f*p)=0.
U

Remark 5.20. We only mentioned these results for period domains, but one can prove
that they remain true on every Mumford—Tate domain.

5.4. Examples. We now apply the previous considerations to compute the pull-push
form in various examples.

5.4.1. Noether—Lefschetz loci in weight 2. Assume in this section that D is the period
domain for a polarized variation of Hodge structure of weight 2 on a quadratic lattice
(V, B) which is assumed to be of signature (p,2q). Let R be a rational subspace of V ®;Q
of rank 7 < h'! such that B is positive definite in restriction to R ®g R, and let D C D
be the set of Hodge structures x € D such that R C V2.

Choose a basepoint o in Dgi. Let K be the stabilizer of o in G, H be the subgroup
of G fixing R and L = K N H. Then H is a Mumford-Tate group and Dy C D is the
Mumford-Tate domain H/L C G/K.

Denoting as before by p and 7 the respective projections from G/L to G/H and G/ K,
we can now prove the following:

Theorem 5.21. Let X be an smooth complex analytic manifold, let V = V>0 phi o2
be the C> Hodge decomposition of a variation of Hodge structure of weight 2 and Hodge
numbers (q,p,q) on X and let f: X — D be the corresponding period map. Then

[ (mp*weyn) = Vol(Gy /Hy) - c,(V*°)" .

Proof. Let o be the antilinear automorphism defined in the previous section. Since we
are in even weight, ¢ is an involution which fixes a real form U? of U, on which the
symmetric form B is real and positive definite. Since o coincides with the standard
complex conjugation on U!! the subspace R is contained in .

Now, Gy is the subgroup of G¢ = Autc(B) preserving U° and Hy = Gy N Hc is the
subgroup of Gy fixing R. Therefore, Hy /L is the domain Dyp C D where U™ contains
R. Since R is o-invariant and

FUno(FU) ="',
we also have that R R R
Dr={xeD|F'U, DR}.

Let (u1,...,u,) be a basis of R. The projection of u into F°U /FU defines a holo-
morphic section s, of FU/F'U, and D is the transverse intersection of the vanishing
loci of all the s,. We conclude that Dp is Poincaré dual to the 7" power of the Euler
class of FOU/F'U i.e.,

Cq(uO,Q)r ]
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By Lemma |4.9] we have
TP way i, = Vol(Gu/Hy) - cq(Z/Alo’2)T + do

for some invariant form «.

By Corollary [4.8] and Proposition we have
TP wen = CUmp wey
= (~1)7¢,U"?) + (~1)"da
= () + (-1)7da
= ¢,U*") + (-1)7"da .

Finally, by Proposition [5.18, the pull-back of da by the period map of a variation of
Hodge structure vanishes, and the conclusion follows. U

5.4.2. Diagonal embedding of Shimura varieties. Let (G; be a semi-simple Lie group of

Hermitian type and K; a maximal compact subgroup, so that D o G1/Kj is a Hermitian
symmetric space of non-compact type. We apply the results of previous sections to
G = G; x Gy and H = A(G)), the diagonal embedding of G;. Let A : D < D x D be
the corresponding diagonal embedding of symmetric spaces.

First, remark that since D and D x D are Hermitian symmetric, their tangent space is
equal to the Griffiths’ distribution. Hence by Proposition , the complex Q*(Dx D, C)“
is supported in even degrees and is isomorphic to the complex HC;R(YS x D, C).

Recall the following classical result. Let X be a closed orientable smooth manifold
of dimension n. For all 0 < k < n, let us fix a basis ([ak’i])ieJk of H*(X,C) and
denote by (agvi)ie}k the dual basis of H"*(X,C) with respect to Poincaré pairing. Let
m, T - X X X — X denote respectively the projections onto the first and the second
factor. Then by [BT82, Lemma 1.22], the cycle class of the diagonal A(X) — X x X is
Poincaré-dual to the de Rham cohomology class

yx = ) (=) “atlo] A wsfana) € Hip(X x X, C) . (5.4.1)

k=0 =

We can now state the main theorem of this section. Let (v4;)ics, be a basis of
Q°*(D,C)% and let (7);)ie, denote the dual basis of Q*¢~2*(D,C)“", i.e. such that

0i

Vi N Vs = —~Wwp ,
"7 Vol(D)

where wp denotes the invariant volume form of D ~ /K as in Section [2.3|

Theorem 5.22. Set G = G x G, K = K; x K; where Ky is a mazximal compact
subgroup of G and take H the diagonal embedding of Gy into G. Let m; and my denote
the projections of G/K =D x D on the first and second factor. Then

1 * * Vv *
— TP W = E T (Vi) A\ T (Vhyi) -
Vol(Gy/Hy) G/H = 1003 A 72 (k)
ey

In particular, its pull-back by the diagonal embedding A of D is given by

S S T X(D) op |
VOl(GU/HU) VOI(D)

where X(ﬁ) > 0 is the Buler characteristic of D.
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Proof. By Corollary and Lemma [4.9] it is enough to determine the cohomology class
of the corresponding pull-push form on the compact dual D x D. By Lemma this
cohomology class is Poincaré dual to the diagonal embedding of D. The conclusion now
follows from Equation (5.4.1)). O

5.4.3. Hodge locus in Shimura varieties. In this section, we prove Theorem and
Corollary

Let G be a semi-simple Lie group of Hermitian type, D the associated Hermitian
symmetric space, I' C G an arithmetic subgroup and S = I'\D. Let (H,Dy) be a
Shimura subdatum such that m,p*wq/y is a positive form of type (k, k). In particular,
its restriction to any subvariety of S of dimension at least k is non-zero. Hence by
the equivalences from Proposition the Hodge locus in X is analytically dense and
equidistributed with respect to m.p*wg,/n.

For the second part of the theorem, the pull-push form associated to G/H is a (1,1)-
form and since G is absolutely irreducible, there is, up to a scalar, a unique (1, 1)-from
on D which is given as the Chern form of the canonical bundle on D. The latter is known
to be Kéhler. Hence m,p*wq/y is Kéhler and we conclude as before.

We now prove Corollary . Let n > 1 and let G = SU(n,1). For 1 < r < n, let
H=SU(n—r,1). Let K = S(U(1) x U(n)) be the maximal compact subgroup of G and
let D = B™ ~ G/K be the unit ball which is isomorphic to the symmetric space of G.
The natural 1-dimensional representation of U(1) on the determinant of the cotangent
bundle of D determines a Hermitian line bundle on B™ with first Chern form w. Using a
similar method as in Theorem [5.21] one can prove easily that:

Proposition 5.23. We have m,p*we /g = Vol(Gy/Hy)w".

Let I' be a neat arithmetic subgroup of G. The quotient S = ['\B"™ is a unitary
Shimura variety and the form w is Kéhler on S. If » = 1, then we are in the situation of
Theorem Hence the Hodge locus is dense and equidistributed in any subvariety of
S of positive dimension.

5.4.4. Hodge locus in Ag. In this section, we prove Theorem [I.14]

Let (V, V) be a rational vector space of dimension 2¢g endowed with a non-degenerate
symplectic form W. Let G = Sp,,(R) and let H, be the Siegel upper-half space which is
the Hermitian space associated to G.

For1 <k < %, let V,, €V be a non-degenerate rational subspace of rank 2k and let
H C G be the stabilizer of V; in G. Then H ~ Spy, (R) x Spy, 5 (R) and its symmetric
space is equal to Hj, x H,_j.

To compute the pull-push form m,p*wg g, we follow the general method explained in
Section ] and Section [5} The compact dual Yy of Hy is equal to the space of Lagrangian
subspaces of V¢ and the compact dual of Hy, x H,_j, is the subspace Y}, xY,_;, where Y}, and
Y, are the space of Lagrangian subspaces of V}, ¢ and Vkﬁc respectively. The inclusion
Y, x Y, = Y, is then given by taking direct sums of Lagrangians in a compatible way
with the decomposition Vo = Vic @ Ve

Let V — Y, be the trivial vector bundle of rank 2¢g determined by V' and let Fl o Y,
be the Hodge vector bundle whose restriction to H, will be denoted simply F*. Let Vj
be the trivial vector bundle determined by V). Then we have a natural map of vector
bundles: R

f:Ve—V/FL
The locus where this map has rank at most k corresponds to the locus where the rank of
the kernel is at least k. Since the kernel is Lagrangian in V, it is also the locus where the
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rank is exactly & and hence it is equal to Yj, x Y,_;. By the Giambelli-Porteous—Thom
formula [KL74], the locus Yj, x Y,_j is Poincaré dual to the class

det ((Cg—kﬂ'—j(V/]?l))lgz‘,jgk>
By Corollary and Proposition we have:

* 2k(g—k *
D WG/H = 1 =Fr.p WGy /Hy

= (-1)*9"PVol(Gy /Hy) det (((—1) ¥ ey pi i (F')r<ij<r)
= Vol(Gy/Hy) det (1) ¢goprij (F'))1<ij<k)
= VOl(GU/HU)Sk.

Now combining Proposition [5.9] and Theorem [1.1], the first part of Theorem [1.14] easily

follows. For the second part, we use the Main Theorem of [KS03| which stipulates that

§1 = C4—1 is non-zero restricted to any compact subvariety of dimension > w.

6. APPLICATIONS

We discuss in this section various applications of Theorem [I.1] They concern mainly
equidistribution of Hodge loci in variations of Hodge structures, in particular in the
context of weight 2 Hodge structures and Hodge structures parametrized by Shimura
varieties. For an introduction to these topics, we refer to [Voi02l III,VI] and |[GGK12].

6.1. Refined Noether—Lefschetz loci in Z-PVHS of weight 2. Let {Vz, F*V, B}
be a polarized variation of Hodge structure of weight 2 over a smooth complex quasi-
projective variety X. Assume as before that the local system (Vy, B) has fibers isomorphic
to a quadratic lattice (V7, B) equipped with a bilinear form

B:VyxV;, =7

with associated quadratic form w € Z for y € V. Let (q,p,q) be the Hodge numbers
and d = p + 2q the rank of V.

For x € X, let p(z) be the rank of the Picard group Pic(z) = F'V, NVz,. Assume
that the variation is simple, i.e., p(x) = 0 at a very general point. For r > 1, we introduce
the refined Noether—Lefschetz locusﬁ

NLZ" ={x € X, p(z) > r}.
It corresponds to a sub-Hodge locus for V7. It can be written as the union over algebraic
subvarieties in the two following ways:

(1) It is the union, over all integers N > 1, of the sets
{z € X | 3P C Pic(z) of rank r,disc(P) < N}.

(2) It is the union, over all positive definite symmetric matrices M € M, (Z), of the
sets

{I’ e X | E'()\l, S ,/\T) S PIC(I)7 (B()\Z)\j)) = M}
We will prove in the next two subsections that both formulations give equidistribution

results and hence we prove Theorem [I.6] and Theorem [I.7] by using different techniques
in each case.

1<i,j<r

Historically, Hodge loci are referred to as Noether-Lefschetz loci in weight 2.



36 SALIM TAYOU AND NICOLAS THOLOZAN

6.1.1. Equidistribution on average. Let z be a point in X and denote by (Vz, B, F'*) the
fiber at x of V. As in the previous section, we set G = O(Vg, B), I' = O(Vz, B) and let
K C G be the stabilizer of F'*. Finally, let H denote the stabilizer of a positive definite
subspace of Vx of dimension 7, so that G/ H identifies with the space P of positive definite
real subspaces of dimension r.

Define the discriminant of a rational subspace W € P as the determinant of the
intersection matrix

I(W) = (B(Uivvj))lgi,jgr

where (v;) is a basis of W N V. We denote by P, the discrete subset of P consisting of
rational subspaces of discriminant < n. The set P, is a finite union of I-orbits of G/H,

corresponding to a finite union O,, of closed H-orbits in I'\G. We prove here that P, is
equidistributed in G/H.

Theorem 6.1. The sequence (Py)nen 1s equidistributed in G/H.

The proof we give here is a refinement of the fact that integral vectors of length at
most n equidistribute. Some trick is needed in order to get rid of multiplicities, but the
proof is “elementary” in the sense that it does not rely on any involved argument such
as the circle method, automorphic functions or Ratner theory. Of course, by counting all
rational subspaces of length less than n, we avoid all the difficult arithmetic questions
that arise when looking at rational subspaces of a fixed discriminant.

Let €2 denote the open cone of Vg consisting of tuples of vectors spanning a positive
definite subspace of dimension r. The function

hIQ—>R>0

v=(v1,...,0.) — det (B(vhvj))lgi’jg,

is homogeneous of degree 2r. We denote by §2; the hypersurface {v € Q | h(v) = 1} and
by Q< the subset {v | h(v) < 1}. We denote by

pr:Q —
the projection map
v h(v) T

We endow Vg with the Lebesgue measure for which V' has covolume 1 and denote by
w the push-forward by pr of the Lebesgue measure restricted to Q<; (i.e. the volume

form such that
/w:Leb< U tU) .
U

0<t<1
Define
Q,={veQnVz|h(v) <n}
and let p, be the counting measure of pr(Q,), i.e.,
fon, = Z Opr(v) -
vEQn

We first prove the following elementary counting result:

Proposition 6.2. The sequence of measures n_%,un converges weakly to the smooth mea-
sure w.
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Proof. Let f : €1 — R be a continuous function with compact support which we extend
on § by setting f(tv) = f(v) for all t € R and all v € Q;. We have

_d _d
nru(f)=n"2 > f)
veVyNQh(v)<n
—nt Z f(v) by homogeneity of f
ven™ 2 VN0 h(v)<1

— f=w(f) by Riemann summation.

n—-+4o0o Qcy

The group G x SL(r,R) acts transitively on Q; by

(91,92) - v=01-0-g5"
and preserves the measure w. The restriction of this action to SL(r, R) is proper and the
quotient SL(r, R)\2; is the space P or positive definite r-subspaces of V.

Now, the subgroup SL(r, Z) preserves the set Q,, and acts properly discontinuously on
Q) so that the quotient set Q,, = SL(r, Z)\ Q, still equidistributes in SL(r, Z)\;. Let us
consider the projection

7 SL(r, Z)\Qy — SL(r,R)\Q, =P .

We still denote w the volume form induced on SL(r, Z)\$2;. The push-forward measure

m«w is G-invariant (since w is G-invariant and 7 is G-equivariant), non-zero, and locally
finite since SL(n, Z)\ SL(n, R) has finite volume. We hence deduce from Proposition [6.2}

Corollary 6.3. Define the measure

Vy = Z (57r(2) .

QEQn
Then
_d
no2v, = A\g/H

for some A # 0.

Remark 6.4. The multiplicative constant A could be computed in terms of the volume of
SL(n,R)/SL(n,Z).

The measure v,,, however, is not the counting measure of P,,. To be more precise, note
that Q, is the set positive definite sublattices of Vz of discriminant < n and 7 maps
A€ Q, to A ® R. Therefore, we have

Vo= Y m,(W)dw
WeP,
where
mp(W)=|{ACWNVz | A(W)WNVz:Al <n}|.
In other words, v, counts a rational subspace W with a weight equal to the number of
sublattices of W NV with discriminant < n.
Let v/, be the counting measure of P,,. To relate v, and v, let us introduce
be ={ACZ |[Z": A =k} .
We have the following estimate on by:

Proposition 6.5.
b < k" .
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Proof. We will prove a sharper estimate. Consider the zeta function which converges for

large s:
b
Car(s) = Y 5 = D | det(g)| ™

k>1 g

where ¢ runs through GL,(Z)\ (M,(Z) N GL,(Q)). By |[LS03, Equation (15.10)], we have
the equality

Garls) = T €5 ).

Hence by identifying the coefficients, we get

b= S ke k]

(ko skr—1)
kg kp_1=k

Sk?‘*1|{(k0’___ 7k7“71)7k0”'k7'71:k}|
<<E k_r—l—l—e
for every € > (. Hence the result. O

We now have

and we conclude that

Vo= Y bty - (6.1.1)

Set

Proposition 6.6. The measure v, converges weakly to

A
EWG/H .
Proof. Remark first that, under the hypothesis 1 <r <p=d —2q < d — 2, we have
1
% < E ,
hence
a<((2)<2.

Let f be a continuous function with compact support on G/H. Set

vn(f)
A fG/H fwan

Sp=n

[NJisH

and

A fG/H fwem
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By (6.1.1]), we have
d
_a|n |
=Y {EJ bis | - (6.1.2)

By Proposition we have

In particular, (s,) is bounded by a constant c. Since s, < s, the sequence s/ is also
bounded and, by convergence of the series

b,
ﬁ.
k

we can find for all € > 0 some kg such that

for all n.
Set m = liminf s/, and M = limsup s}, and let n; be a subsequence such that s/, —

M n—-+o00o
m. For all 2 < k < ky we have

. —d|n, % bk
1 2 {_’J b =< =M .
mowpn” ] oy =< g

k2

Hence, taking the limsup of along n;, we get

ko
b
1§m+zk—fdM+€:m+(oz—1)M—i—e.
k=2

Similarly taking the liminf along a subsequence n; such that s/, — — M, we obtain
' n—+o0

I>M+ (a—1)m.
Combining the two, we get
M+(a=1m<m+(a—1)M+e,

hence

€
M—-—m<

22—«
since a < 2.
Since this is true for all € > 0, we conclude that M = m. Hence s/, converges to
m = M. Taking the limit in (6.1.2)) gives 1 = am, and we conclude that
, 1

Sn —_— — .
n—+oo (v

Going back to the definition of s/, we have proved that

_d A
n 2, (f) — — fwen -
n—+oo v G/H
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6.1.2. FEquidistribution along intersection matrices. To prove the second version of the
equidistribution theorem which yields Theorem [1.7] we can restrict to matrices M which
are primitively represented by (Vz, B), i.e., for which there exists (A, -+ ,\.) € V]
generating a primitive sublattice of V; and with intersection matrix M. For simplicity,
if A € Vg, we denote by () the intersection matrix (B(\;.\;)) Let

Ve, = {2 = N i<i<r, I(Q) = 1}

Then Vg; is an affine homogeneous variety under the action of the group G =
O(Vk, B) =~ O(p, 2¢) and letting H ~ O(p — ,2q) be the stabilizer of a point \, € Vg ,
then Vg, ~ G/H. When r < pand ¢ > 1 the group H is simple without compact factors,
so that Ratner theory can be applied as explained in Finally, H is not contained in
any proper parabolic subgroup of G, so that sequences of closed H-orbits of I'\G do not
have loss of mass.

There is a right action of a r x r-matrix A = (a;;) on a vector u = (uy,---,u,) € V§
given by matrix product:

1<i,j<r’

T T
QA: E aljjul,...,g Qr U5 | -

j=1 7j=1

Notice that this action commutes with the diagonal action of GL(Vg) and that the com-
ponents of u - A span a subspace of the vector space spanned by components of u in Vg,
and they are equal if A is invertible. Their intersection matrix are related by

I(u) = "AI(u)A .
Let M be a positive definite integral matrix of size r and let
Wy ={A = Ni<icr € V7, 1(A) = M}

In order to study equidistribution of Wy, it is natural to first project it to Vg . We
have thus a G-equivariant projection map

pr: Wy — Vg1,
A AVM

where /M is the unique positive definite matrix such that \/M2 = M.

By a theorem of Borel and Harish-Chandra [BH62, Theorem 6.9], the projection
pr(Wyy) is a finite union of discrete I'-orbits of G/H, which thus corresponds to a fi-
nite union of closed H-orbits Oy C I'\G. The volume of O, is finite by Borel-Harish-
Chandra’s theorem [BHG2, theorem 9.4] since H is semi-simple, and the following lemma
gives an estimate for its volume:

Lemma 6.7.

(1) Let M be a positive definite matriz of rank r < p represented by the lattice (Vz, B).
Then there exists ¢ > 0 depending only on (Vz, B) and r such that:

a(M) ©Vol(Oy) = cdet (M) ] Bu(M),
a prime
where for a prime number a, the local density at a is expressed as
r+

Bo(M) ¥ lim a2 ) |1\ € VI /0 V2 T()) = M) .

S§—00
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(2) If (My)nen is a sequence of positive definite matrices primitively represented by
(Vz, B), then
a(M,) > det(M,) "z ¢
n—oo
for any € > 0. In particular, a(M,) goes to +00, as det(M,) goes to +oo.
(3) If moreover r < EXE2=3 then
p+2g—r—1

a(M,) = det(M,)

n—o0

Proof. The first assertion is simply the Siegel-Weil formula, which is valid in this setting
by [Wei62]. To prove the second statement, we need to find a lower bound on the growth
of the product of the local densities 3,(M,,) assuming that M, is primitively represented
by (V;,B). Let n € N and let P(n) be the set of odd primes a which are coprime to
det(M,,).det(V7). By |Kit93, Proposition 5.6.2(ii)], there exists two positive numbers
c1, c2 depending only on V7 such that

Ifr < ’#, then by Corollary 5.6.2 loc.cit., the above estimate on the product is
true for a ranging over all primes, proving the third statement.

Otherwise, since we assumed that M, is represented by a sublattice of V; which is
primitive [, then [Kit93, Theorem 5.6.5,(a)] yields that there exists a constant c; < 1
such that for any prime a dividing det(V%) - det(M,,) we have

Ba(Mn) = c3

Since the number of prime divisors of det(M,,) is O( 1Og(det(Mn)))))7 we obtain that

log log(det(Mn))
cy log(det(Mp))

Vol(Oy,,) > ccr det(Mn)qu;Tflc;m = det(M,)" "+

g

For a positive definite integral matrix M, let u1 (M) be the square root of the smallest
non-zero integer represented by M.

Theorem 6.8. Let (M,),en be a sequence of positive definite matrices primitively rep-
resented by (Vz, B) and such that py(M,) — oo as n — oco. Then the sequence of subsets
{pr(Wa,),n € N} is equidistributed in Vg | in the sense of Theorem .

Proof. Note first that, since M is positive definite, we have det(M) > cui(M)? where ¢
depends only on the rank of M, see [EK95, Equation (5)]. Hence det(M) goes to co and
so does Vol(Oy,, ) by Lemma

To prove the equidistribution, we apply Theorem Since H is not contained in
a proper parabolic subgroup, the sequence Oy, has no loss of mass, and we need to
prove that it is non-focused see (Definition . We are in the easy situation where any
sequence of [-orbits I'- A\, C pr(W),,) is non-focused.

To prove this, assume by contradiction that, up to taking a subsequence, there exists
a proper subgroup H’ of G defined over Q, an element g € G such that gH% ! c H’
and a sequence ), € &y, such that pr(\,) € H'gZ(H®) - pr(Xo)o.

Set V,, = Spang(2,,) and let H,, C G be the subgroup fixing V,,. Then H, is conjugate
to H and contained in H’ for all n by assumption on \,. In particular, by Lemma
below, H' preserves a rational subspace W contained in V5. Hence every H, preserves
W. Since the action of Hy on V1 is irreducible, we deduce that W C V,, for all n.

"Even weaker assumption such as locally bounded imprimitivity is enough, see [Kit93, Theorem 5.6.5].
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Since W is rational, it intersects V7 in a lattice which is contained in Spany(),,) for all
n since Spany(},,) is primitive. This contradicts the assumption that p(M,,) — +oc.
U

Lemma 6.9. Let V| be a positive definite rational subspace of Vi, let Hy be the subgroup of
G fizing Vi and let H be a proper connected subgroup of G defined over Q and containing
Hy. Then H leaves invariant a rational subspace of V.

Proof. As a representation of Hy, the Lie algebra g decomposes orthogonally with respect
to the Killing form as

g=hodso(Vp) dp

where p = {u € g | u(Vp) C V5-} is isomorphic to Hom(Vp, V5'). Note that the represen-
tation of Hy on Vj' is irreducible and Hy acts trivially on Vj, hence also on so(Vj).

Since H contains H, its Lie algebra b is a subrepresentation of g and thus decomposes
as

hodtdyp,

where € is a Lie subalgebra of so(Vy) and p’ is a subrepresentation of p ~ Hom(Vp, V').
By elementary representation theory, there exists a subspace W C Vj such that

pr={uepluw=0}.
We have
W={zeVy|u(zx) eV forall ueh},

in particular, W is a rational subspace since h and V; are defined over Q.

We claim that € preserves W. Indeed, assume by contradiction that there exists u € ¢
and x € W such that u(z) € Vo \ W. Then there is v € p’ such that vu(x) ¢ Vj. Since
v(xz) = 0, we obtain that

[, v](x) = wv(z) ¢ Vo ,

contradicting x € W.

In conclusion, the Lie algebra b preserves W C V. If W were trivial, then we would
have h D p @ ho, hence h = g since [p,p| D so(Vp). Since H is a proper subgroup, W is
non-trivial. U

6.1.3. Proof of Theorems and [1.7]. Gathering together the results of the previous
sections, we can finally prove our equidistribution theorems for refined Noether—Lefschetz
loci in weight 2. Let us first state them more precisely.

Let {Vz, F*V, B} be a Z-PVHS of weight 2 over a complex manifold S of dimension
rq as in Theorem [1.6] Let s € S and let P C Hdg(s) be a subspace of rank r. Then
the pair (s, P) is a transverse intersection point of S with a H-orbit, where H is the
stabilizer of a positive definite subspace of Vg as in Section [6.1.1] if s does not admit first
order deformations such that P still embeds in the group of Hodge classes. Similarly,
if (A1,---,A.) € Hdg(s)" have intersection matrix M, then the tuple (s, Ay, -+, ;) is a
transverse intersection point with a H-orbit, H being now the stabilizer of an orthonormal
r-tuple as in section [6.1.2] if s does not admit first order deformations such that Ay, --- |\,
all remain Hodge classes.

We can now prove the main theorems in Section Notations and hypothesis are
as in Theorem [L.6
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Theorem 6.10. There exists a constant X > 0 such that, for every relatively compact
open subset 2 C S with boundary of measure 0, we have

_ pt2q

n~ =z |{(s,P)|s € Q, P CHdg(s), rank(P) = r, (s, P) regular,disc(P) < n}|

— )\/cq(}_QV)T,
Q

n—-+o0o

where ¢, denotes the g™ Chern form of the bundle F*V endowed with the Hodge melric.

Proof. We use the notations from Section By Theorem [6.1] the sequence (P,),en
is equidistributed in G/H. We are now in the setting of Theorem By Theorem [5.21]
the pull-push form m.p*we g is equal to Vol(Gy/Hy).cy(F?V)", where ¢,(F?V) is the
¢""-Chern form of F2V. We can hence apply Theorem to deduce Theorem . Il

Notations and hypothesis are now as in Theorem

Theorem 6.11. For every relatively compact open subset Q C S with boundary of mea-
sure 0, we have:

1
a(M,)

H{(s, A1, A)) € Q x Vy  regular tuple , (B(Xi.\j))1<ij<r = M, \i € Hdg(s)}|

— Vol(Gy/Hy) / cq(F2V)".
n—oo QO
Proof. We use the notations from Section By Theorem[6.8] the sequence (pr(Wy, ) )nen
is equidistributed in G/H. We are now again in the setting of Theorem Here H is
the stabilizer of an orthonormal r-tuple of vectors, and if we denote by H' the stabilizer
of the rank r subspace they generate in Vg, then H'/H is compact and one easily checks
then that m.p*wq/m = Vol(H'/H)m.p*we/mr-
By Theorem the pull-push form m,p* = wg, g is equal to Vol(Gy /H;) - ¢(F*V)",
where ¢,(F?V) is the ¢""-Chern form of F?V. Moreover,
Vol(Gy/H Vol(Gy/H
Vol(Gy/ Hy) = voMCu/Hy) _ VollGy/Hy)
Vol(H;/Hy) Vol(H'/H)
Hence m.p*we/m = Vol(Gy/Hy)c,(F?V)". We can hence apply Theorem to deduce
Theorem [I.7] Indeed, one can easily see again that regular points in our definition above
correspond to transverse intersection points defined there. U

Finally we mention briefly how to prove Proposition [1.24]

Proof of Proposition [1.24 Combining Corollary 2.9 Lemma and Proposition 6.8, we
get Proposition [1.24] O

6.2. Equidistribution of families of CM points in Shimura varieties. In this
section, we use Theorem to study the equidistribution of transverse intersection loci
of Hecke correspondences on Shimura varieties and deduce the equidistribution of some
families of CM points in average. We recall first the definition of a CM Hodge structure,
see [GGK12, V|.

A CM field is a totally imaginary number field which is a quadratic extension of a
totally real number field. A CM algebra is a finite product of CM number fields.

Definition 6.12. Let (V, B, F*) be a pure polarized integral Hodge structure and let
d = ranky V. We say that (V, B, F'*) has Complex Multiplication (“CM” for short) if one
of the following equivalent conditions hold:

(1) Its algebraic Mumford-Tate group MT,, is a torus ;
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(2) The ring Endg(V, F'*) contains an étale CM sub-algebra of dimension 2d.
We refer to [GGK10, (IV.B.1)| for the equivalence in the definition above.

Example 6.13.

(1) Let (A, \) be a polarized complex abelian variety and let End(A)gp = End(A4) ®Q.
Recall that A has complex multiplication if Endg(A) contains an étale sub-algebra
of degree 2dim(A) over Q. This is equivalent to the polarized Hodge structure
(H'(X,Z),v) being CM in the sense of Definition [6.12]

(2) Let (X, ¢) be a complex polarized K3 surface and let T'(X) be the transcendental

lattice of X, i.e., the orthogonal complement of Pic(X) inside H?*(X,Z) with

respect to the Poincaré form. Then X has CM if £ & End(T'(X))g is a CM field

and T'(X )q is of dimension 1 over E. If PH?*(X,Z) is the primitive cohomology of
X, then this is equivalent to PH?(X,Z) being CM in the sense of Definition m

Let (G, D) be a Shimura datum, see [Del71l Del79], and let DT be a connected com-
ponent of D ; DT is a G*(R)"-conjugacy class of a morphisms h%? : S — G4 and it is
a Hermitian symmetric domain. Let K., be the stabilizer of h®(i) in G*(R)*. If K,

is its preimage by the adjoint map, then we have an isomorphism D = G(R); /Ky + >~
GR)"/K. Let T C G(Q) be an arithmetic subgroup and let X = T'\DT. Then X is
a (connected) Shimura variety.

Definition 6.14. Let g € é“d((@) and Ty = ¢g7'T'g N T. The Hecke correspondence
Cy — X x X is the image of I'j)\D by the embedding

TA\D < X x X
[2] = ([z], [g2]).

If g = 1 is the identity of CNJ(Q), then C; is simply the diagonal embedding of X in
X x X.

Proposition 6.15. For f € @(RL the following properties are equivalent:
(i) f has a unique fized point in D,
(ii) The centralizer of f is compact in G*(R),
(iii) The intersection of the graph of f and the diagonal in D x D is transversal and
non-empty.
If f satisfies those properties, we say that f is regular.

Proof. (1) = (2): let « be the unique fixed point of f, then f is contained in the stabilizer
of z in é“d(R) which is a compact subgroup. Moreover, for any g € Z(f), g -« is also a
fixed point for f, hence equal to x and thus Z(f) C K.

(2) = (3): Since Z(f) is compact, it is contained in a maximal compact subgroup K
of G*(R). Hence f fixes a point z and the differential df, on T,D identifies to the action
of Ad(f) on p, the orthogonal complement of p in g% with respect to the Killing form.
Then Ad(f) does not have 1 as eigenvalue in p, as Z(f) C K. This will hold true at
any fixed point f in D. Let (z,2) be an intersection point of the graph C; of f and the
diagonal A in D x D, then the tangent spaces of C; and A at (z,z) = (z, f - x) inside
Tzw)(D x D) are given respectively by {(X,X)| X € p} and {(X, Ad(f) - X)| X € p}.
Their sum is equal to p & p if and only if their intersection is zero, which is true as 1 is
not an eigenvalue of Ad(f) in p.

(3) = (1): if the intersection is transverse, then by the previous computation, for any
fixed = point of f, the eigenvalues of df, in p are different from 1. If f fixes another point
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y € D, then it fixes the geodesic line v : R — D linking v(0) = x to y and hence acts
trivially on this line. Hence df,(7(0)) = 4(0) which is a contradiction. Thus, f has a
unique fixed point. Il

Lemma 6.16. A point [x] € X is CM if and only if there exists g € é(@) such that Cy
and Cy intersect transversally at x.

Proof. The transverse intersection locus of C; and C; inside X x X is necessarily of

dimension 0 by dimension count. Let [x] be a point in this intersection and h, : S — G(R)
a lift to D. Then there exists y € D, 71,72 € ' such that x = v, -y and x = 79 - ¥.
Hence z = 7297, * - # which implies that MT(x) C Z(v297;"). Since the intersection
is transverse at z, then by the Lemma above, v,g7; ' is regular and contained in K by

regularity. Hence by |[GGKI0, IV.B.1], z is a CM point.

Conversely, let z € D be a CM point. Then L oo Z(MT(z))°, the connected component

of the Mumford Tate group in its centralizer, is defined over Q. Then L(R) C K and the
function u : f + det(Ad(f),—1d,) is well defined and does not vanish as u(h,(i)) # 0. By
[Bor91l §18, Corollary 18.3], L(Q) is Zariski dense in L(R), hence there exists an element
f € L(Q) which is regular and MT(z) C Z(f). Hence z is a transverse intersection point
of C; and C;.

U

For g € G*(Q), let deg(g) = [[" : I',]. More generally, if V C G*¥(Q) is a I-double class
with finitely many left ['-orbits, we let deg(V') be the number of distinct left T'-orbits,
in particular deg(g) = deg(I'gl"). If we set G oo GU(R)T x GR)* and H = G*(R)*
embedded diagonally in G, then G/H ~ G*(R) and we are in the situation of Section .
Then we denote by O C (I' x I')\G the corresponding finite union of closed H-orbits and
by Co — X x X the associated Hecke correspondence.

Theorem 6.17. Let X be a Shimura variety associated to a Shimura datum (é, D) such
that G is connected and Q-simple. Let (Vi) nen be a sequence of I'-double classes in

G(Q) such that deg(V,) — oo. Then for every Q@ C X open relatively compact subset
with zero measure boundary

(o, f)lw € Q. f €V, MT(w) € Z(5), f requiar}| ~ deg%)@))((p) fo

Proof. Let H = G — G ¥ God x G and by assumption G is simple. Then the

quotient G//H is isomorphic to H via the map p : (z,y) — yz~'. The preimage by p of
an element a € G is equal to (1,a).H — G.

Then the sequence of I'-double class (V,,),n are equidistributed in G/H. This result
has been proved by [COUOQI] in the following cases: G is connected, almost simple simply
connected and rankg(G) > 1 (see Theorem 1.6 loc. cit.) and for G = GSp,, (Remark (3)
page 332 loc. cit.). More generally, Eskin and Oh [EOQ6a] proved this result for any G
connected and simple over Q.ﬁ Hence we are in the setting of Theorem

By Theorem [5.22} the restriction of the form m,p*wqg /g to D is equal to \;f)(l(Dl%) - Wp.
Hence by Proposition , ['\D is generically transverse to H-orbits and by Theorem ,

the transverse intersection locus of Cy, with X = C; is equidistributed in X with respect

X(D)
Vol(D)

to

-wp as n — 0o0. By Lemma |6.16] this transverse locus is formed by elements x

8The simplification comes at a cost of not having an error term.
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where x is a CM point with Mumford—Tate group MT(x) C Z(f) where f is regular and
f € V,,. Hence the result. O

In this next section, we will give examples in situations where the Shimura variety
X receives an immersive dense map from a moduli space of algebraic varieties, namely
principally polarized abelian varieties and polarized K3 surfaces.

6.2.1. Equidistribution in average of CM abelian varieties. We now apply Theorem

to study equidistribution of CM principally polarized abelian varieties. Let ¢ > 1, G =
G Spag the standard symplectic group over Q and H, the Siegel upper half-space. Then

(é, H,) is a Shimura datum and for I' = Sp(2¢, Z), the quotient A, dof I'\H,, is in bijection
with the set of isomorphism classes of principally polarized abelian varieties over C.

For every N > 1, we have a double class Vy = {f € GLyy(Z) N G(Q), flo f=N-1d}
where fis the adjoint with respect to the symplectic form. The Hecke correspondence
Cn given by this double class has the following modular interpretation : Cy — A, x A, is
the moduli of pairs (Aj, Ag, f) where (A;, As) are principally polarized abelian varieties
of dimension ¢ > 1 and f : A, — A, is an isogeny satisfying fT o f = N -Id,, where
f1: B — Ais the dual isogeny. Note that C; is the diagonal embedding of A, in A, x A,.
In this context, the transverse intersection locus of Cy with C; corresponds to principally
polarized CM abelian varieties A endowed with an isogeny f : A — A whose homology
class is a regular element of G(R) and lies in V. Then the Mumford—Tate group of A is
a subgroup of Z(f).

Lemma 6.18. The transverse intersection loci of Cx and Cy is set theoretically formed
by triples (A, \, ) where (A, \) is a principally polarized abelian variety, f : A — A is
an isogeny whose homological realization is regular and lies in Vi and MT(A) C Z(f).
In particular, A is a CM abelian variety.

By applying Theorem we get Theorem in the introduction.

6.2.2. Equidistribution in average of CM K3 surfaces. We now discuss the second example
which is the equidistribution of CM points in the moduli space of polarized K3 surfaces.
Let d > 1 and let Fo4 be the moduli space of complex polarized K3 surfaces of degree
2d. Then Fy; can be embedded into an orthogonal Shimura variety which is given as
follows. Let Vi3 be the K3 lattice, Vs = U3 @ Eg(—1)%, log € Vi3 a primitive class
of self-intersection 2d (it is unique up to the action of O(Vk3)) and let Voy = f5,;. Let
G = GO(Vaq) and D = {x € P(Vayc, (z,2) =0, (2,7) = 0)}. Then (G, D) is a Shimura
datum and for I' = Ker(O(Vaq) — O(V5);/V24)), we have a period map Faq — I['\D which
is a local embedding by Torelli theorem [Huy16| and the complement of the image is a
finite union of Cartier divisors. Under this map, K3 surfaces with CM, in the sense of
|[Huy16, Remark 3.10] correspond to CM points of the orthogonal Shimura variety I'\D.
Let wp be the volume form on~D as in Section [2.3] and for N > 1, let Viy be the double
class of integral elements f € G(Q) which scale the bilinear form by N.

Theorem 6.19. Let N > 1 and let CM(N) be the set of pairs (X, laq, ) where (X, laq) is
a CM polarized K3 surface of degree 2d, f € End(PH?*(X,7)) an isogeny with flof = N
and f € GO(Q) is regular. Then for every open relatively compact subset with zero
measure boundary ) C Foq, we have

~

N X(D). deg(Vy) N
06 o £) € CHW), (% o) )]z OB [
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6.3. Equidistribution of Hecke translates of the Torelli locus. We prove in this
section Theorem and Corollary As the reader will notice, this is a statement
about the dynamics of Hecke operators rather than the varieties themselves.

Let S and D be two subvarieties of A, of complimentary dimensions and let d be
the dimension of S. Let wg /g be the pull-push form on A, x A, as constructed in
Theorem with respect to the groups G = PGSp,, x PGSp,, and H = PGSp,,
embedded diagonally. We have an inclusion ¢ : § x D — A, x A,.

Let as before F* — A, be the Hodge bundle of the universal abelian scheme A, and
let w be its first Chern form with respect to the Hodge metric. Finally, let wg and wp be
its restriction to S and D respectively.

g(g+1) —d

Lemma 6.20. We have t*wg/g = wd Awp, ?

Vol( g)

Proof. This is a consequence of Theorem [5.22] as the only non-vanishing differential forms
are the product of a form of degree 2d and a form of degree g(g + 1) — 2d, as the others
vanish on S x D, combined with the fact that H>¥(A,,R) is generated by w? for d < 2,
see [Van99 Prop. 2.2], and whose dual form (in the sense preceding Theorem [5.22)) is
simply wIH1)/2=d gince the volume form on A, is w99+Y/2 hence the result. O

Vl()

It is well-know that w is Kahler form on A, and hence the integration of wf and
g(g+1)
wp ? ! define Lebesgue measures on S and D respectively, which are in fact finite by

[Mum77, Main Theorem 3.1]. Finally, for (s,d) € S x D, an isogeny f : Ass — Ap.a
is said to be regular if it does not admit first order deformation, or, equivalently, S x D
intersects Cy transversely at (s, d).

Theorem 6.21. For every open relatively compact subsets with zero measure boundary
QC S and Q) C D, we have

{(s,d, )| (s,d) € Qx €, f € Isog" (ASS,AD 4), [ is regular}|

d ( / / q(q+1) _d
~ de
N—roo & Vol /

In particular, the locus of points in S isogenous to a pozm‘ in D 1s analytically dense in

S.

Proof of Theorem[I.29 For every N > 1, we have defined the Hecke correspondance
Cn — Ay x A, which parameterizes pairs of principally polarized abelian varieties to-
gether with a polarized isogeny with similitude factor equal to N. By the Lemma above,
the restriction of the pull-push form wg /g is Kédhler, hence the generic transversality
assumption in Proposition is satisfied and we are in the setting of Theorem [I.I}

the transverse intersection locus of S x D and Cy is equidistributed with respect to
x(Hy) 2By) A (g+1)/2 d

Vol(H,)

verse locus is exactly given by regular isogenies. Hence by choosing subsets of the form

Q x Q. we get the desired equidistribution result. One has also similar equidistribution

results on D. O

as N — oo. By the discussion preceding the theorem, the trans-

Let g > 2 and let .#, be the coarse moduli space parameterizing smooth projective
genus g curves over C. Recall that for any such curve C, one can associate its Jacobian
J(C), which is a principally polarized abelian variety of dimension g over C. This con-
struction can be done in families so that we get a map, the Torelli map, ¢y : My — A,
between coarse moduli spaces. This map is injective by [OS80] and its image is called the
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Torelli locus. For g = 4, the Torelli locus is a divisor in 44. Hence Corollary follows
by applying the previous theorem to D = ..

REFERENCES

[BBT18] Benjamin Bakker, Yohan Brunebarbe, and Jacob Tsimerman. o-minimal GAGA and a conjec-
ture of Griffiths. arXiv e-prints, page arXiv:1811.12230, November 2018.

[Ben08] Yves Benoist. Réseaux des groupes de lie. https://www.imo.universite-paris-saclay.fr/
“benoist/prepubli/08m2p6chial3.pdf, 2008. Lecture notes.

[BH62] Armand Borel and Harish-Chandra. Arithmetic subgroups of algebraic groups. Ann. Math. (2),
75:485-535, 1962.

[BKT20] B. Bakker, B. Klingler, and J. Tsimerman. Tame topology of arithmetic quotients and alge-
braicity of Hodge loci. J. Amer. Math. Soc., 33(4):917-939, 2020.

[BKU21] Gregorio Baldi, Bruno Klingler, and Emmanuel Ullmo. On the distribution of the Hodge locus.
arXw e-prints, page arXiv:2107.08838, July 2021.

[Bor91] Armand Borel. Linear algebraic groups, volume 126 of Graduate Texts in Mathematics. Springer-
Verlag, New York, second edition, 1991.

[BT82] Raoul Bott and Loring W. Tu. Differential forms in algebraic topology, volume 82 of Graduate
Tezts in Mathematics. Springer-Verlag, New York-Berlin, 1982.

[Car30] Elie Joseph (1869-1951) Cartan. Sur les invariants intégraux de certains espaces homogénes clos
et les propriétés topologiques de ces espaces. online, 1930.

[Car86] James A. Carlson. Bounds on the dimension of variations of Hodge structure. Trans. Amer.
Math. Soc., 294(1):45-64, 1986.

[CDK95] Eduardo Cattani, Pierre Deligne, and Aroldo Kaplan. On the locus of Hodge classes. J. Am.
Math. Soc., 8(2):483-506, 1995.

[Chal8] Francois Charles. Exceptional isogenies between reductions of pairs of elliptic curves. Duke
Math. J., 167(11):2039-2072, 08 2018.

[COUO01] Laurent Clozel, Hee Oh, and Emmanuel Ullmo. Hecke operators and equidistribution of Hecke
points. Invent. Math., 144(2):327-351, 2001.

[CU04] Laurent Clozel and Emmanuel Ullmo. Equidistribution des points de Hecke. In Contributions to
automorphic forms, geometry, and number theory, pages 193—254. Johns Hopkins Univ. Press,
Baltimore, MD, 2004.

[Del71] Pierre Deligne. Travaux de Shimura. In Séminaire Bourbaki, 23¢me année (1970/71), Exp. No.
389, volume 244, pages 123-165244. Lecture Notes in Math., 1971.

[Del79] Pierre Deligne. Variétés de Shimura: interprétation modulaire, et techniques de construction
de modéles canoniques. In Automorphic forms, representations and L-functions (Proc. Sympos.
Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Part 2, Proc. Sympos. Pure Math.,
XXXIII, pages 247-289. Amer. Math. Soc., Providence, R.I., 1979.

[DM93] S. G. Dani and G. A. Margulis. Limit distributions of orbits of unipotent flows and values of
quadratic forms. In I. M. Gelfand Seminar. Part 1: Papers of the Gelfand seminar in functional
analysis held at Moscow University, Russia, September 1993, pages 91-137. Providence, RI:
American Mathematical Society, 1993.

[Don83] Ron Donagi. Generic torelli for projective hypersurfaces. Compositio Mathematica, 50(2-3):325—
353, 1983.

[Dri98] L. P.D. van den Dries. Tame Topology and O-minimal Structures. London Mathematical Society
Lecture Note Series. Cambridge University Press, 1998.

[Duk88] W. Duke. Hyperbolic distribution problems and half-integral weight Maass forms. Invent. Math.,
92(1):73-90, 1988.

[EK95] Alex Eskin and Yonatan R. Katznelson. Singular symmetric matrices. Duke Math. J., 79(2):515—
547, 1995.

[EO06a] Alex Eskin and Hee Oh. Ergodic theoretic proof of equidistribution of Hecke points. Ergodic
Theory Dynam. Systemns, 26(1):163-167, 2006.

[EO06b] Alex Eskin and Hee Oh. Representations of integers by an invariant polynomial and unipotent
flows. Duke Math. J., 135(3):481-506, 2006.

[Gab68] A. M. Gabriélov. Projections of semianalytic sets. Funkcional. Anal. i PriloZen., 2(4):18-30,
1968.

[Garl8] Luis E. Garcia. Superconnections, theta series, and period domains. Adv. Math., 329:555-589,
2018.


https://www.imo.universite-paris-saclay.fr/~benoist/prepubli/08m2p6ch1a13.pdf
https://www.imo.universite-paris-saclay.fr/~benoist/prepubli/08m2p6ch1a13.pdf

49

[GGK10] Mark Green, Phillip Griffiths, and Matt Kerr. Mumford-Tate domains. Boll. Unione Mat. Ital.
(9), 3(2):281-307, 2010.

[GGK12] Mark Green, Phillip Griffiths, and Matt Kerr. Mumford-Tate groups and domains, volume
183 of Annals of Mathematics Studies. Princeton University Press, Princeton, NJ, 2012. Their
geometry and arithmetic.

[GH94| Phillip Griffiths and Joseph Harris. Principles of algebraic geometry. 2nd ed. New York, NY:
John Wiley & Sons Ltd., 2nd ed. edition, 1994.

[Huy16] Daniel Huybrechts. Lectures on K3 surfaces, volume 158 of Cambridge Studies in Advanced
Mathematics. Cambridge University Press, Cambridge, 2016.

[Khal9] Ilya Khayutin. Joint equidistribution of CM points. Ann. of Math. (2), 189(1):145-276, 2019.

[Kit93] Yoshiyuki Kitaoka. Arithmetic of quadratic forms, volume 106 of Cambridge Tracts in Mathe-
matics. Cambridge University Press, Cambridge, 1993.

[KL74] G.Kempf and D. Laksov. The determinantal formula of Schubert calculus. Acta Math., 132:153—
162, 1974.

[KM90] Stephen S. Kudla and John J. Millson. Intersection numbers of cycles on locally symmetric
spaces and Fourier coefficients of holomorphic modular forms in several complex variables. Publ.
Math., Inst. Hautes Etud. Sci., 71:121-172, 1990.

[KO21] B. Klingler and A. Otwinowska. On the closure of the Hodge locus of positive period dimension.
Invent. Math., 225(3):857-883, 2021.

[KS03] Sean Keel and Lorenzo Sadun. Oort’s conjecture for A,®C. J. Amer. Math. Soc., 16(4):887-900,
2003.

[LS03] Alexander Lubotzky and Dan Segal. Subgroup growth, volume 212. Basel: Birkh&user, 2003.

[MS95] Shahar Mozes and Nimish Shah. On the space of ergodic invariant measures for unipotent flows.
Ergodic Theory Dyn. Syst., 15(1):149-159, 1995.

[MST20a] Davesh Maulik, Ananth N. Shankar, and Yunqing Tang. Picard ranks of k3 surfaces over
function fields and the hecke orbit conjecture, 2020.

[MST20b] Davesh Maulik, Ananth N. Shankar, and Yunqing Tang. Reductions of abelian surfaces over
global function fields, 2020.

[Mum?77] D. Mumford. Hirzebruch’s proportionality theorem in the noncompact case. Invent. Math.,
42:239-272, 1977.

[0S80] Frans Oort and Joseph Steenbrink. The local Torelli problem for algebraic curves. Journees de
geometrie algebrique, Angers/France 1979, 157-204 (1980)., 1980.

[SSTT19] Ananth N. Shankar, Arul Shankar, Yunqging Tang, and Salim Tayou. Exceptional jumps
of Picard ranks of reductions of K3 surfaces over number fields. arXiv e-prints, page
arXiv:1909.07473, September 2019.

[ST20] Ananth N. Shankar and Yunging Tang. Exceptional splitting of reductions of abelian surfaces.
Duke Math. J., 169(3):397-434, 2020.

[Tay20] Salim Tayou. On the equidistribution of some hodge loci. Journal fir die reine und angewandte
Mathematik, 2020(762):167-194, 2020.

[Tay22] Salim Tayou. Picard rank jumps for K3 surfaces with bad reduction. arXiv e-prints, page
arXiv:2203.09559, March 2022.

[Thol5] Nicolas Tholozan. Volume and non-existence of compact Clifford-Klein forms. arXiv e-prints,
page arXiv:1511.09448, November 2015.

[van99] Gerard van der Geer. Cycles on the moduli space of abelian varieties. In Moduli of curves and
abelian varieties. The Dutch intercity seminar on moduli, pages 65—-89. Braunschweig: Vieweg,
1999.

[vdDM94] Lou van den Dries and Chris Miller. On the real exponential field with restricted analytic
functions. Israel J. Math., 85(1-3):19-56, 1994.

[vdDM96] Lou van den Dries and Chris Miller. Geometric categories and o-minimal structures. Duke
Math. J., 84(2):497-540, 1996.

[Voi02] C. Voisin. Théorie de Hodge et géométrie algébrique compleze. Collection SMF. Société Mathé-
matique de France, 2002.

[Wei62] André Weil. Sur la théorie des formes quadratiques. In Collog. Théorie des Groupes Algébriques
(Bruzelles, 1962), pages 9-22. Librairie Universitaire, Louvain; Gauthier-Villars, Paris, 1962.

[Wil96] A. J. Wilkie. Model completeness results for expansions of the ordered field of real numbers by
restricted Pfaffian functions and the exponential function. J. Amer. Math. Soc., 9(4):1051-1094,
1996.



50 SALIM TAYOU AND NICOLAS THOLOZAN

[Yafl7] Andrei Yafaev. Special points and intersections in Abelian and Shimura varieties. In Around the
Zilber-Pink conjecture/Autour de la conjecture de Zilber-Pink, volume 52 of Panor. Syntheéses,
pages 89-110. Soc. Math. France, Paris, 2017.

[Zha05] Shou-Wu Zhang. Equidistribution of CM-points on quaternion Shimura varieties. Int. Math.
Res. Not., (59):3657-3689, 2005.

INSTITUTE FOR ADVANCED STUDY, 1 EINSTEIN DRIVE, PRINCETON, NEW JERSEY 08540, USA
Email address: tayou@math.harvard.edu

DMA — UMRS553, ECOLE NORMALE SUPERIEURE, CNRS — PSL RESEARCH UNIVERSITY, 45
RUE D’ULM, 75230 PARIS CEDEX 5, FRANCE
Email address: nicolas.tholozan@ens.fr



	1. Introduction
	2. Equidistribution in terms of currents
	3. Equidistribution of intersection points
	4. The pull-push form
	5. Invariant forms on period domains
	6. Applications
	References

