
IntegrityofRightsystems
X =smooth quasiproj i-variety
X =good optification

=projective smooth D- variety j:xcX, X dense inX
/

such thatD =X -X is a strictnormal crossingsdivior.
U = =X- Dsing j:x -u X

er b

Simpson'sMotivicityConjecture:
Conjecture:Rigid irred G-loc sys up torsion bet & quasiunipt

-

monodromies"at is are ofgeometric origin,
Caround irred components ofDS

In particular. ->Integrality ofsuch rigid law
sys.

The (EG18): LetX, X,D.;be as above.
Then irred, rigid a-local sys w/ frite dot & not quest
impotentlocal monodrony ati are integral,

Side note on rigidity:

I 2 Lo sys on X

Def":I is cohomologicallyrigid if HCU, axand(2)) =0

Def:I is rigid if itis an isolatedpoint ofthe modelistack.

They are equivalent(ifsmooth)i zaviskiTangent space ofthe modelistack HiCU, ex2).

(For the rest oftalk, when I say rigid I really men ofrigid.
HCX, jixEL) =HC, axEL)

Clook atRack 2.4 of[EG 18].



There is a generalizationfor G-loc sys, for G split reductive/2
Klerdal - Patrikis 2022

Thin (KP22):In presetup, G splitconnectedreductive/12,
& 3:Tp-> G(K) irred, coh rigid, quasipipotent local mondrony
suchthat image ofthecentAs

has fitder atis

-

Then, Limp is ss &) P fatters through G1) ->G(e),

G =Gln, recovers 2018.

-

We are goingto use the followingcriterion:

Sps i is a Lixigid) los sys st. =No,*
where won,I is a

low says ofpry01,2
- modules,

where Kubo field, 8 I is a finite actoffiniteplace.
Criterian:I is integral if xel, WixVK*KK come

by exth ofscalars from a local
system Woo, Ifree daymodules

Let'sprove the main them for X projective.
1) Fix r, d EN.

N(r,d):= Erigid irred G-locs, rank r, dtoforder d
is finite. needs rigidity
-

is definedover a who field 1,Everysapaveramilitateane
2) Using metalarguments, for a fixed placein 2

after



Xs-> S

Take 5 =S(I), for some epecially chosen prl.
show thatis..., p descent tokilese cheames

~, 1,5, ---, w on XsN,2,S

for St S(k), k/ipfirite, a lyingunder 5.

3) Use Drinfeld'sexistence The for a to l'companions.
The (Drinfeld 2012):

I
Let Y be a smooth scheme/itp, & spe t/Q finiteextr
Spo i, are finiteplaces of1, not dividing4.

LetEs be a lisseEx-deaf on 4 st. Iclosed
pts yzY, thepolynomial

at[1-Eyt, Exi)
7hascoffin. Itelite-adicuniteIIis

I a liese Ex-shuf E, ony compatible of Ex

In particular, can construct, for each E [

~,x's---- ,s

Rx-liss cheaveson X &show that these
satify all read conditions."

B
Construct- integral D-loc Sys

~i. ....
onX.

-thus all such low sys are integral at'tx [



ProofSketch for aproj X:

is Fix r, d, hEN

S(r,d,h) = =

E rank rirred rigid b-lasys on X of dett=1, 3loal monodrony atis is quasiuripotentof
engenvalues are withroots ofunity

is a finiteset, I moreover Inter field K atall
elements of SCr,d,h) are definedover K.

As i,P is fig., are all definedover PK,5 for some finitesetof
forte places E.

I/WEACrid, des
2)Fix 14S, all

Pt* 1= i < #1(rid,h) correspondingto alts of Sr, d, h).

↑
: --GLCr,OK,GICr, el!

0;
Pisc

***as) - GLEr,P
Fix:+-GL(r,Pky) -GLCr, ky.

Iconnected regular schemes offirtype/is not a e-garicpt st.
the data (X,j: x <>X, D) come via base change by from

(Xs, js: XsXs, Ds).

Choose a geometric point 5 SCEp) where p is primeto

/Im[t- GLCr,p?-GKr,be), d, l, h, all places inI
Here, we choose 5 to his over a closed itof S.

Grothedieck constructed

sp:it(X) -x,ett(X5)
-

et
fame quotientofits



& induces an isomorphismon primetop quotients
+ (x) = 4pXi).

sp induces an equivalence

toE HamedmorefromprimP- 3... - in x5e

Pix:(x) ->aty) factors as

↑x:(X) +x) =e,,x5) -> GLCr, kx)
Di, 1,5
>

Prop3.1 (EG'18):
There existsa finitefield k/#p, a pointse SCK), & a
factorization

tp(X5) -> NeX,

sixit "
GLCr,ka)

setdet (Pi,x,s) is frite

Lemma 3.3: Pi,xs tame, quariumiptmonstromy atto u

eigenvalues killed by he

Step 3:PointofProp" 3.1 is thatDrinfolds' then is now applicable
to the

Pix (1:<#(rid)). K-limstars

on Xs

Pick At I, we can constructcompanionsofKylieseawares on X,

er 1i = HX(r,d)i,x',s
-- E-
-
-

Integral basically by defn.



orcheckis satisfies all of our requirement, i.e, irredeconditionfor local monodromy, etc.
oh
-To show

a rigidly
L- functionsof fromonedepartureRampargument local acyclicity,
show that the Yixis are coh rigid (ic#l(r,d,h).

(using +(x) <> (X) - xi))
↳,

s'adic local systems on X.we can constructor

painise non-ison, integral, irred, cohrigid, local monodrany V, etc.

Pixi:4-GLU↑

figen f
GLCC)

-integral

Wehaveconductred number of rigid a-lo yen
↳rigidityfollows from
Betti-itale comparison the

. all such rigid los sys
are integral. E

-

Appendin:Drinfeld'sexistence them:

The (Drinfeld 2012):

Let Y be a smooth scheme/itp, & spe t/Q finiteextr
Spo i, are finiteplaces of1, not dividing4.

LetEs be a lisseEx-deaf on 4 st. Iclosed

its geta polynomEytasmiteIIIisI the Frobenies aty).
I a liese Ex-shuf E, ony compatible of Ex

WLOG. Y a scheme offirth type/ICY, 1FP
Let Fbe some fitexter ofU.



LSE)Y) =SF-lise sheaves on 4isomorphic semisimplifications.
contravariantfunctor inY.

1)XII =Sisom classes ofpins (a,k) for k a finitefield, atYCh13
Pr(R) =3 I+ cit+...+cut:cieR, cERY3
P =G m

N-actionon 11411 &PrCR).

N =1Y -> I

(n,x,hi) -> Extl
k' is unique dog next ofk,
& xE YCk') correspondingtoa

N x P(R) -> P(R)

n, TK-pt) 1-T(-pt)

ESFY=SN-equivariant maps (1411-> P(0113.
E &1) -> P(OH3.

won't functorially!

IS -> Is.F

S "( (x,k) to char poly ofFrobtGaln acting).
on x*E

Zebatorer dincity -> if I reduced a normal, then thisis injective.
(if Yred is normal)

LSY) =ISECY

Drinfeld proves:

[The 2.5) SpeY regular finitetyoe/ICY, fife[SECY).
Then I-> LS,FCY) if

(i) regular scheme 2 offirtype/R ofpure din 1, &
7: c->Y, we want y*(f) =2C).

(ii) dominanttalemap,eatareseenafreee



from a tame lisse sheaf

ProofDrinfeld Existence Thum: -

-Conditionsor siteafreesecond to e
-

~ K,-likeshop on Y.

Thisis theX-companion ofEx 1

Rank:- Drinfelds' Existine Them for case ofcurves follows immediately
L.from Lafforgue's workon functionfield Langlands correspondenc

~: as*e

EEs definesto t (S.*(Y), then
· ofy, e [SxCY),a them show thatoofy,ELSE


