MIXED MOCK MODULARITY OF SPECIAL DIVISORS

PHILIP ENGEL, FRANCOIS GREER, AND SALIM TAYOU

ABSTRACT. We prove that the generating series of special divi-
sors in toroidal compactifications of orthogonal Shimura varieties
is a mixed mock modular form. More precisely, we find an explicit
completion using theta series associated to rays in the cone decom-
position. The proof relies on intersection theory at the boundary
of the Shimura variety.
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1. INTRODUCTION

Let (L,-) be a non-degenerate even lattice of signature (2,n) with

quadratic form Q(x) = %x - x. Associated to L is a type IV Hermitian

symmetric domain D, defined as a connected component of
{Cz eP(Lc)|z-2=0,z-2>0}.

It is a complex manifold of dimension n. Let O*(L) denote the group
of orthogonal transformations of L. which preserves the component D,
and let T' C OT(L) be a finite index subgroup which acts trivially on
the discriminant group LY /L, where LY is the dual lattice.

The arithmetic quotient Xt := I"'\ID is a connected complex Shimura
variety of orthogonal type. It parameterizes polarized Hodge structures
on the lattice L with Hodge numbers (1,7, 1). Such Hodge structures
arise naturally in the study of polarized K3 surfaces when n = 19, and
additionally of elliptic curves, abelian surfaces with real multiplication,
and abelian surfaces, when n = 1, 2, 3, respectively.
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There is a countable family of divisors, called special dz’visorﬂ which
are the images of orthogonal Shimura varieties associated to sublat-
tices of L of signature (2,n — 1). Geometrically, they correspond to
Noether—Lefschetz loci for the polarized variation of Hodge structure
parameterized by Xr. For every § € LY /L and m € —Q(3)+Z, there is
an associated special divisor Z°(5, m) C Xr defined in Equation m
We denote its class in the cohomology group H?(Xr, Q) by [Z°(5,m)].
Define [Z°(0,0)] to be the first Chern class of the dual of the Hodge
bundle on Xr. The special cycles can be packaged in the following
generating series with values in H?(Xt, Q) ® C[LY/L]:

> X zemlsu (L0.1)
BELY /L me—Q(B)+

In an influential paper [B0r99], Borcherds proved that Equationm
is a vector-valued modular form of weight 1 + 2 and representation p;,
valued in Pic(Xt), where p; denotes the Weil representation associ-
ated to the discriminant lattice (LY/L, Q). His proof relied on earlier
work [Bor98|, which constructed meromorphic modular forms on Xp
whose zeroes and poles are special divisors. A cohomological version
was known previously by the work of Kudla-Millson [KM90|, see also
[Gar18], and Hirzebruch-Zagier in the case of Hilbert modular varieties
[HZ76].

This paper is concerned with the modularity behavior of Equation
1.0.1} in compactifications of the variety Xr. In general, Xt is non-
compact and admits several compactifications. The first compactifica-
tion was constructed by Satake [Sat60] and Baily-Borel [BB66| and is
called the Baily-Borel compacitification. It is typically singular at the
boundary, which has codimension at least n — 1.

We will be interested in the toroidal compactifications Xr — XZ,
first constructed in [AMRTI10]. They always have divisorial bound-
ary, but are non-unique, depending on certain combinatorial data .
This data consists, for each isotropic line I C L, of a polyhedral cone
decomposition ¥; of the positive cone of the hyperbolic lattice I+/1.
These decompositions ¥y must additionally be I'-invariant. We refer
to Section B.3] for more details.

We will assume that the chosen polyhedral cone decomposition is
simplicial, so that X has finite quotient singularities. It is also possible
to choose I' and ¥ so that X is a smooth projective algebraic variety,
although this is not necessary for our main results.

Theorem 1.1. The generating series

oY EBm)evg” (1.0.2)

BELY /L me—Q(B)+Z

Lor Heegner divisors
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of cohomology classes of Zariski closures Z (5, m) := Z°(, m), valued
in H*(X{F,Q) @ C[LV/L], is a mized mock modular form of weight
1+ n/2 with respect to py,.

Mixed mock modular forms are holomorphic parts of mixed harmonic
Maass forms which have been studied by [BF04, BFOR17| and which
we define in Section 2.2

To give a more precise form of the above theorem, we introduce
some notation: for any isotropic plane J C L, the lattice M := J+/J
is negative definite and has an associated theta series ©,; of weight
5 — 1 and representation p,,;. The image of this theta series under
an operator between Weil representations p%; is a modular form of the
same weight, but for the representation p; .

On the other hand, for any isotropic line / C L and a ray Rsc in
the cone decomposition ¥; with ¢- ¢ = 2N > 0, the lattice ¢+ C I+/1
is negative definite, and we can similarly consider the theta series 0.1
which is a vector-valued holomorphic modular form of weight 2% and
representation p... The theta series Oy of the one dimensional lattlce
Zc also plays a role: there exists a weak harmonic Maass form Fy of
weight 3/2 and representation py,. called the Zagier Fisenstein series,
whose shadow is proportional to © y, see Section[2.3] Our main theorem
has the following more precise form.

Theorem 1.2. The generating series

> Z Z(8,m)] ® vsqg™ ——ch%c (0. @ Ff) ® A,

BeLY /L meQ(s (I,e)

Z Ey(q) - phy (On) @ Ay

valued in H*(XF, Q) ® (C[LV/L] is a holomorphic modular form of

weight 1+ 3 and representation py, .

Here Ay and A;,. C XF are the boundary divisors of the toroidal
compactification X, associated to (I'- orbits of) isotropic planes J C L
and rays Rsoc € X7, As pk, (©)) and pcl@zc (0. ® Fy) are mixed
harmonic Maass forms, Theorem [1.2) implies Theorem [L.1]

Using Margulis’ super-rigidity theorem, we prove that the first Betti
number of X# vanishes when n > 3 or if n = 2 and I is an irreducible
lattice, see Section [4.1 We get the following corollary.

Corollary 1.3. Assume either n > 3 or the Witt index of L is 1 and
n = 2. Then the generating series in Equation is also a mized
mock modular form in Pic(X{)q of weight 1+ 5 and representation py,.

1.1. Strategy of the proof. We prove Theorem [1.2] by showing that
the pairing of the generating series with every homology class in
H,(XF,Q) is a holomorphic modular form of weight 1+ % and level p.
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For this, we prove a splitting theorem stating that the second homology
of X7 is rationally generated by the homology of the open part Xt and
the classes of algebraic curves C' C X contracted in the Baily-Borel
compactification. For homology classes supported in the open part,
we use Kudla—Millson’s result [KM90] as an input to deduce that the
generating series is modular.

Our second contribution is to compute the intersection of the special
divisors with the curves C' C X% in the boundary. The classes of such
curves are generated by the one-dimensional toric boundary strata of
XF. We use tools from toric geometry to explicitly compute such
intersection numbers.

The resulting generating series is a theta series of a real hyperbolic
lattice, with a piecewise linear weighting determined by the cone de-
composition ¥;. We find suitable non-holomorphic completions a la
Zwegers, and prove that they are non-holomorphic modular forms by
a theorem of Vigneras [Vig77]. Finally, we determine the theta series
explicitly, in terms of the rays in the cone decomposition. In some
sense, our approach is closer to the original approach of Hirzebruch
and Zagier [HZ76] for Hilbert modular surfaces.

1.2. Comparison with earlier work. A similar result has been proved
by Bruinier and Zemel in [BZ22]. In their paper, they analyze the
vanishing order of the automorphic forms constructed by Borcherds
[Bor95], using an explicit expression of its Petersson metric from [Bru02,
Bor98|. Bruinier and Zemel compute explicitly the vanishing orders of
the Borcherds products along the boundary components to deduce the
modularity statement.

Our desire to understand their paper from an intersection theoretic
point of view, in the spirit of Hirzebruch—Zagier’s seminal work [HZ76],
was the starting point of our investigations. One question remaining
from their paper is the rationality of the coefficients along the type III
boundary divisors, to which our approach yields an positive answer.
Our approach is more geometric, and yields unconditional results in
cohomology when n = 2 and the Witt index of L is 2.

There has also been earlier work of [Pet15] in the context of moduli
space of K3 surfaces of dimension 19 and with compacitifcations involv-
ing only type Il boundary components. In the case of modular curves,
our work generalizes results of Zagier [Zag75| and Funke [Fun02].

We are hopeful that this work might extend to modularity results for
higher codimension cycles, as well as to other contexts where Borcherds
products are not available but Kudla—Millson’s results are still valid.

1.3. Organization of the paper. In Section 2, we review the Weil
representation, introduce mixed mock modular forms, and prove the
mixed modularity of theta series with piecewise linear weights on hy-
perbolic lattices. In Section 3, we review in detail the construction
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of toroidal compactifications, and prove the main intersection formula
of special divisors with toric boundary curves. In Section 4, we prove
the splitting theorems for second homology that allow us to reduce the
modularity computations to toric boundary curves of the toroidal com-
pactification. We assemble the pieces of the proof of Theorem in
Section 5.

We work over C throughout.

2. WEIL REPRESENTATION AND VECTOR-VALUED MODULAR FORMS

In this section, we recall the Weil representation and define vector-
valued mixed mock modular forms following [BF04], [BFOR17|, and
[Zag09]. Using a theorem of Vignéras [Vig77|, we prove that cer-
tain theta series of hyperbolic lattices with piecewise linear weights
are mixed mock modular forms. Then, we relate them to theta series
of rays in the positive cone of the hyperbolic lattice.

2.1. Weil representation. Let (A,-) be an even lattice of signature
(b™,b7), with bilinear form

AxXA—=7Z

(2, y) = -y

and quadratic form Q(z) = z -2 € Z. Let AY be the dual lattice of
A, defined as

AN ={zeAg|z-y€Z VyecA}
The discriminant lattice AV /A is a finite abelian group of cardinality

Dy = |det(e; - €j);,;| where {e;} form a basis of A. It is endowed with
a Q/Z-valued quadratic form:

Q:AxAN—Q/Z
z— Q(x).

Let Mp,(R) be the double metaplectic cover of SLy(R) whose ele-
ments consist of pairs (M, ¢), where

M = (‘CL Z) € SLy(R)

and ¢ is a holomorphic function on the Poincaré upper half-plane H
such that ¢(7)? = ¢t +d, for all 7 € H. The group Mp,(Z) is generated
by the following elements (see [Ser77, P.78]):

11 0 —1
T:((O 1),1) and S:((l O),Tt—)ﬁ).
The Weil representation py associated to (A,-) is defined as the

unique representation

pa : Mpy(Z) — GL(C[AY/A])
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such that the elements S and T act in the following way:
pA(T)o, = 2@y,

b_fb""

—2mi(y-6) U57
o

where v € AY/A and (v,),eav/a is the canonical basis of C[AY/A].
Let A; C A be a finite index sublattice. Then we have inclusions

Al CACAY CAY.

Let H = A/A;. Tt is a subgroup of AY/A; and its orthogonal with
respect to - is equal to AV/A;. Moreover, the subquotient H+/H is
isomorphic to AY /A, the discriminant lattice of A. Let p: H+ — AY/A
be the projection map. We can then define the following two maps:

pr, © C[AY/A1] = C[AY/A]

if H*
v, s 4 P00 ST (2.1.2)
0 otherwise,

() = (2.1.1)

A" C[AY/A) = C[AY/Ay]
v Y vy (2.1.3)

yEHL, p(v)=6
These operators intertwine the Weil representations on both sides.

Let I C A be a totally isotropic sublattice. The lattice I+/I is
a non-degenerate lattice whose discriminant group can be realized as
a subquotient of AY/A: Let A; be the lattice generated by A and
IoNAY. Then the discriminant group of A; is in fact isomorphic to the
discriminant group of I+/I. Hence we make the following definition.

Definition 2.1. If I C A is a totally isotropic subspace, then we define
I+ I,
p/I\i/I = pﬁl and  py "= pA .
These operators intertwine the Weil representations on both sides.

2.2. Weak harmonic Maass forms and mixed mock modular
forms. Let k € $Z. Following [BF04, Section 3|, recall the following
definition.

Definition 2.2. A weak harmonic Maass form of weight k and repre-
sentation py is a twice-differentiable function f : H — C[AY/A] that
satisfies:

(1) f(y-m) = () pa(7, ¢) f(7) for all (v, ¢) € Mpy(Z);
(2) there exists C' > 0 such that f(7) = O(e%Y) as y — +oo,
7 = x + 1y (uniformly in x);
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(3) Apf =0 where

0? 0? 0 0
e T ; —_ —
A= —y (ax2+ay2>—0—zky (ax—i-zay)

is the hyperbolic Laplace operator in weight k.

We denote by Hi(pa) the C-vector space of weak harmonic Maass
forms of weight & and representation p,. By [BF04, Equation (3.2)],
any such form f has a unique decomposition f = f* + f~ where T is
holomorphic and f~ is called the non-holomorphic part of f.

If f~ = 0 then f is a weakly holomorphic modular form. Denote
by M, (pa) the space of weakly holomorphic modular forms of weight
k and representation py. The shadow operator on Hy(py) is

&(f) = 2iy"0-f € Hi(p,). (2.2.1)

By [BE04, Prop. 3.2], &(f) € Mj .(p,) and the kernel of & is
equal to M}(ps). The following definition is inspired from [BFORIT,
Definition 5.16] and is originally due to Zagier [Zag09]. We give here a
generalization for vector-valued modular forms.

Definition 2.3. A vector-valued mock modular form of weight k is the
holomorphic part f* of a weak harmonic Maass form [ of weight k.

If f:H — C[AY/A] and g : H — C[AY/A;] are two functions which
satisfy relation (1) in Definition [2.2] the function

f®g:H— C[AY /A ® C[AY/A,]

can be seen naturally as a function valued on C[AY/A] where A =
A1 @ Ay, Then f ® g satisfies the same invariance relation with respect
to pav/A = pay/a, @ pay/a,- Furthermore, if A C A’ is a sublattice of
finite index, then we have natural morphisms of vector spaces given by
Equation 2.1.2) and Equation [2.1.3}

Py : Hi(pa) = Hi(pa) and

i+ Hi(par) = Hi(pa)
which commute with the shadow operator. In particular, they preserve
the holomorphic and weakly holomorphic modular forms.

The following definition is a slight generalization of Definition 13.1
from [BFOR17].

Definition 2.4. A mized harmonic Maass form of weight (k,/¢) and
representation p, is a function h of the form

N
h = Zpﬁj@Aji(fj ® g;),

j=1
where A; C A is a non-degenerate sublattice, f; is a weakly holomor-
phic vector-valued modular form of weight & with representation py;
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and g; is vector-valued weak harmonic Maass form of weight [ and rep-
resentation p, . If g;-r is the holomorphic part of g; then by definition,
J

N
h" = ij\\j@/\ji (f] ® g;r)u
j=1

is a mixzed mock modular form.

Remark 2.5. One easily checks that A" is the holomorphic part of h
and hence a different expression of h yields the same function h™.

If we fix a weight k € %Z and a representation p,, then we can also
define mixed mock modular forms of total weight k as follows.

Definition 2.6. A mized harmonic Maass form of weight k and rep-
resentation p, is a function which can be expressed as a finite sum

Z hkl,k‘z

k1+ko=k

where each hy, , is a mixed harmonic Maass form of weight (k1, k2) and
representation ps. By definition, its holomorphic part 7, ., _, h:hkz
is a mixed mock modular form of weight k and representation py.

2.3. Zagier’s Eisenstein series. Let N > 1 and assume in this sec-
tion that A = Zx is endowed with the bilinear form x -z = 2N. The
discriminant lattice is then isomorphic to Z/2NZ.

The vector-valued theta series associated to A is expressed as

7’l2
O1n =D N vy € Mi(pn) , (2.3.1)
nez
where [n] € Z/2NZ is the congruence class. It is a holomorphic mod-

ular form of weight % and representation py.
Recall the shadow operator of Equation is

€& Hy(pw) = Mj (o)

In their seminal paper [HZ70], see also [Zag75|, [BEORI7, Theorem
6.3], Hirzebruch and Zagier construct for N = 1 a particular weak har-
monic Maass form F} € H 3 (py), Zagier’s Eisenstein series, satisfying

1
fg (F1) = _8_76%’1'

The holomorphic part of this form has the important property that all
its Fourier coefficients are rational numbers of arithmetic significance.
In what follows, we recall the construction for general N > 1 following
IBS17, Theorem 4.3| and discussion preceding it. We also refer the
reader to [Bor98, Lemma 9.5|.

Let r € Z/2NZ and let D € Z_q such that D? = r? (4N). Let Qn.p.»
be the set of integral binary quadratic forms Q : x — ax?+ by + cy? of
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discriminant D = b? — 4ac with N|a and b = r (2N). The group T'y(N)
acts on this set with finitely many orbits and the order of a stabilizer
wq = 3|Stabq(I'o(NN))] is finite. Define

H(D,r):= Y

1
QnN,D,r/To(N) v

For t > 0, let 5(t) = %floo u3e ™ dy and let (vr)rezjanz be the
canonical basis of C[AY/A]. We define

Fn(T) :——U0+ Z Z qu4Zl\?vr

r€Z/2NZ D=r? (4N)
D<0

+ _Zﬁ (yn )q ZNU[n] (2.3.2)

neL

A straightforward computation shows, see [BS17, Theorem 4.3 (1)],

Lemma 2.7. The series Fiy is an element of Hs (Pn)- Moreover,

VN
§:(Fy) = 5, O

2.4. Vignéras’ modularity criterion. We recall in this section Vi-
gnéras’ modularity criterion [Vig77, Théoréme 1], see also [FK17, The-
orem 2.3|, which will be our main tool for constructing mixed mock
modular forms.

Let (A, Q) be a quadratic space of signature (p,q). If we choose a
basis of Ag in which @ has the shape Q(z) = >0 27— f+§+1 z?, then
the Euler differential operator E' and the Laplace differential operator

A associated to () are:

p p p+q
0 0? 0?
E = E i—, A= E — — —.
=1 i=1 g i=p+1 ¢
We have the following theorem, see [Vig77, Théoréme 1] applied to
the quadratic space (A, —Q).

Theorem 2.8. Let p be a twice differentiable function on Agr that sat-

1sfies the following assumptions:
(1) The differential equation

(E—£=A)p=kp

holds for an integer k.

(2) Let f: x> p(x)e?™ @@ Then D(f) and v — R(z)f(z) are in
L*(RPY9) N LY(RPT) for every derivation D of order at most 2
and every polynomial R of degree at most 2.
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Then the series
Z (/\\/—) —Q\)y, q= 62m‘77
AeAY

converges absolutely and defines a non-holomorphic modular form of
weight k + ’% and representation p,.

Here [A\] € KY/K denotes the class of A in the discriminant group.

Remark 2.9. In [Vig77, Théoréme 1], the above theorem is stated for
scalar modular forms by introducing a level and a character, but the
vector-valued version follows easily from the proof, especially formulas
(1) and (3) in loc. cit..
2.5. Hyperbolic lattices. We specialize our discussion from before to
hyperbolic lattices. Let (K -) be an even lattice of signature (1,n— 1).
Let Ck be a connected component of {x € Kg|z -z > 0}. Then for
any vy, vg in Ck, we have vy - vy > 0.

Let E(z) = 2 [ e ™ dt be the Gauss error function and define
Y(x) = 2E(z) + 5=F'(z). One can easily check that 1 satisfies the
following differential equation:

z' (x) + %w”(x) = 1. (2.5.1)

Moreover, we have
(o ¢]

E(z) =sgn(z)(1 — 2/ e dt),

|z

and we can thus write:
Y(r) =zE(x) + iE"(x) = |z| + B(z?), (2.5.2)

2T
where for ¢ > 0,

27
The importance of the functions E and 1 is that they are smooth ap-
proximations of the sign and the absolute value functions respectively,
and they will help us build smooth approximations to the piecewise lin-
ear functions appearing in the intersection formulas of special cycles.
For a collection of vectors {¢;}ics in the closure of the positive cone
C that satisfy Zie g a;¢; = 0, define the function

pPrY) =) ailA -

1 oo
B(t) = —/ uze ™.
1

i€s
and consider the formal power series:
= 3 p g Wy € ClE/K][[g7F )]

AEKY
Our goal in the next two sections is to analyze the convergence and the
modularity properties of this series.
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2.6. Case of non-isotropic vectors. Let ¢ € C'x and define

\/>¢ (fA C) for \ € Kg.

Then using Equation (2.5.1)), one can check that:
(E— £A) ¢ = ¢ (2.6.1)

Now consider the special case where (¢;);cs is a finite set of primitive
integral elements of the positive cone Cx N K, such that ) .o a;c; = 0,
with a; € Z non-zero integers. Let ¢; - ¢; = 2N; > 0. Define

P =3 a0 ()

€S

=3 ai/ N (A C’) (2.6.2)

€S

Proposition 2.10. Let ¢; be a collection of (non-isotropic) primitive
integral vectors of Cx which satisfy Y, a;c; = 0 for some integers c;.
Then the function p satisfies the conditions of Theorem[2.8,

The proof of this proposition is inspired from the proof of Proposition
2.4 in [Zwe02|. We first prove the following lemma.

Lemma 2.11. Let (¢;)ies be a finite set of distinct integral elements
of C' i which satisfies a relation of the form > aic; = 0, where a; are
non-zero numbers and let p*(X) =Y. a;|\- ¢;|. Let U denote the open
set of elements A € Ky where the function A — pt(X\) does not vanish.
Then there ezists an euclidean norm || - || on Kg such that:

(1) If all ¢; € Cg, then —Q(\) > ||\||? for all X € U.
(2) In general, —Q(X) > ||A|| for all X e UNK.

Proof. Notice that S has cardinality at least 3 and that whenever A - ¢;
have the same sign for all ¢ € S, then the function A — p*(\) vanishes.
Hence U is contained in the set where the linear forms A — X - ¢; don’t
have all the same sign. In particular, U is a finite union over (i, j) of
the sets Uy ;) where A-¢; > 0 and A-¢; < 0. So it suffices to prove the
lemma for each Uy, ;. Fix such pair and call it (1,2).

First case: Assume that ¢; and ¢y are not isotropic. Write

-
A=Ao + 2% Then
1 C1-C1
- C1
0> Ny = )\J_ Co + C1°C —

C1+C

- .

( Cl)(Cl 02) S_)\cf-'CQ‘

C1C1
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Let ¢, be the orthogonal projection of ¢, to ¢i. By Cauchy-Schwarz
inequality, we have

()‘cf ’ 62)2 = ()‘clL ’ 52)2 < <)‘cll ' )‘Cf)(gQ ’ 52)

Hence we get

(/\'01) < lc1 01| ] (02 Cq — (c1 - 02)2>

1 - e (c1-c2)? c1 -0
g(l—(@ 02)( )>\Al Al
@1@)
Let p > 0 such that 1 “ =1- % Then one can check that
_Q<)‘) Z NQQ ()‘)7 (263)
where ()., is a positive definite quadratic form defined by:
(A cr)?
(N i==Q\) + 00—
QM) 1= ~Q0) + 5t

Second case: Assume now that ¢; is isotropic and ¢, and is still
anisotropic. The lattice (c1,c2) has signature (1, 1) so its orthogonal
M C K is negative definite. We can write

A =mnyc; + nacy + v,

where v € MY. Then by assumption x - ¢; = na(cq - ¢3) > 0 which
implies that ny > 0 and A - co = ny(cy - ¢2) + na(cz - c2) < 0. So

na(ce - o) < —ny(eq - c2),

and in particular, n; < 0.
On the other hand,

—QUN) = —minafer - ) — 32 — Qo)
- _”1712(;1 ) n2n1(cl c2) ‘; na(cs - ¢a) Q(v)

> ”§|02 e = Q(v).
If ny # 0, then since A and ¢; are in K, we have that |ns(cy - ¢2)| > 1,
hence we get also —Q(\) > @ and therefore
—=3Q(X\) = |m| + njles - co| — Q(v) > [|A]]

for the euclidean norm ||A||> = n? + nZ — Q(v).
If no = 0, then there exists c3 such that A-c3 > 0, otherwise all - ¢;
would have the same sign for ¢ # 1 and hence

p(A) = 2a1|X - 1] = 2a1|na(cq - )|,
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contradicting the fact that p does not vanish on A. From the inequality
A-c3 > 0 we get then:
TLl(Cl . 63) + n2(02 . 03) + 5;1, U > O,

where ¢z is the projection of ¢3 to M. From Cauchy-Schwartz inequal-
ity, we have:

[ni(er - e3)] < |naleg - e3)| + /(v -v)(cs - c3),

from which it follows that there exists a constant p; > 0 such that
—Q(\) = pu (nf +n3 — Q(v)),

and we can choose again the euclidean norm ||\||? = n? + n2 — Q(v).
Last case: Assume now that both ¢; and ¢, are isotropic. Then we
can introduce ¢ = ¢; + ¢ which is not isotropic and notice that U o
is contained in U; o U Uy o and hence we use the previous analysis on
each of them. This finishes the proof of the lemma. U

We are now ready to prove Proposition [2.10]

Proof Proposition[2.10. Condition (1) follows from Equation [2.6.1f We
only need to prove condition (2). By Equation 2.5.2] we have the
decomposition for x € R

U(x) = || + B(a?).
This corresponds to a decomposition
p(A) =p"(A) +p~ (),

where pt(A\) = 3. a;|A - ¢;|. From the estimate 3(t) < e™™, for t > 0,
we get that

)2
|p— (/\)ew(A-A)’ < Z e—7r [—A-A—&—Q%]
icS
<3 e,
icS
where as before, Q.(\) = —Q(A.1) + (2’?;33 is the positive quadratic

form associated to a positive integral vector c.

The function p™ vanishes if all the linear forms A — X - ¢; have the
same sign when ¢ € S. Hence, in the region where it is non-vanishing,
by (1) in Lemma2.11] there exists an Euclidean norm on Kg such that:

PNV < [pF(A)e I,
Combining the two previous estimates, this proves that for any poly-
nomial R, the function A — R(A\)p(A\)e™ is in L2(R™) N L'(R™).

For the first order derivatives, notice that

o

Y'(x) = E(x) = sgn(z) — sgn(z) - 2/ e~ dt.

||
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For any non-zero vector v € Kg, the partial derivative 0,p can then
be decomposed accordingly as

(@up) " (A) + (0up)~(N)-

One can easily check that the function (9,p)* vanishes on the region
where all the A — X - ¢; have the same sign. Furthermore, we have the

estimate
/ efTrtht < e*ﬂxQ’
||

which implies in a similar way that

|(avp)7<)\)efr()\-)\)| < Z e 2mQc; (A)
i€S
For the second order derivative, since ¢"(x) = e ™ we get immedi-
ately for any two non-zero vectors v, v’ € K the estimate

1)2
10,8, p(\) m(A-A) | < Z - A,\ g A e ) < ZG—QWQCZ(/\)

€S €S
Hence the result. O

As it appeared in the previous proof, the function p is a smooth
approximation of the function p™(A\) = Y. ¢ a;|A-¢;|. By Theorem ,

- Z )”[/\]

)\EKV
QM)
72 2 v,
'yEKV/K Aev+K

transforms like a non-holomorphic modular form of weight 1 + 7 and
representation py, where (v,),cxv/k is the usual basis of the C-vector

space C[K"/K].

The holomorphic part of this series is equal to the series introduced
at the end of Section 2.4:
=D rt g Wy,

AEKY

The non-holomorphic part is equal to

> a0%(r),

i€s
where ¢; - ¢; = 2N; and the series ©% is an absolutely convergent series
given as follows:
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y(\- ) _
o (r) = Y Z ( )q AWy

AEKY

VN, yn?\ Q) -Q)
= ﬁpﬁ@zq >, Bl )™ Vig] ® Up
- c L ®Ze;

\/g se(ct)

nz
= pcil@ZCi (6# ® FJ@)

s€(cit)V,nez
Here ©,. is the theta series of the negative definite lattice ¢;- which is

St Zr) (25

a holomorphic modular form of weight ”T_l and representation Pt and
Fy. is the non-holomorphic part of the generalized Zagier Eisenstein
series introduced in Section 2.3 In particular, the non-holomorphic
part of
e — Z aipgi@ZcZ(@Cf‘ X FNi)-
i€s

vanishes. Therefore, it is a holomorphic modular form of weight 1 +
and representation p,. We have thus proven the following theorem.

Theorem 2.12. Let (¢;)ics be a finite set of integral vectors of C
with a relation Zz‘es a;c; =0, a; € Z. Then the function ©F is a mized
harmonic Maass form of weight 1 + 5 and representation py. More
precisely, the function

Sl Z aipﬁfi@Zci(@ciL ® Fy,).
ics
is a holomorphic modular form of weight 1+ % and representation py.

2.7. Case of isotropic vectors. We now analyze the general case
where the vectors ¢; are allowed to be isotropic. For each isotropic
vector ¢;, let M; := cl-l /c; be the associated negative definite lattice.

We can write
E aiCy = — E aiCi,

1€S1 1€Ss
where 5] is the set of indices where a; > 0 and S5 is the set of indices
where a; < 0. Define ¢ := Ziefh a;c;, so that c is a rational vector in
the positive cone Ck.
For e > 0, define

c; +e€ ifi e Sl
ci(e) == { Z“SI

c; — € if 1 € .5,.

Zeesg ae
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Notice that the relation ) .a;c;(e) = 0 still holds and for e small
enough, the vectors ¢;(e) all lie in the positive cone C.
For A € Kg, let p™(A) = >, a;|A - ¢;] and consider again the series:

=3 Vo € CIKY /K][[qPx .

AeKVY

Our goal in this section is to prove the following theorem.

Theorem 2.13. Let (c;)ics be a finite set of integral vectors of C'x
with a relation ). a;c; = 0, a; € Z. Then the series ©F converges
absolutely for T € H where ¢ = €™ to a holomorphic function which
is a mized mock modular form. More precisely, the function

1
oF — Z aipgggzci(Gcf@Fﬁi)ﬂLg Z az‘E2pg(@ciL/ci)
Q(C,‘)>O Q(Ci):o

is a holomorphic modular form of weight 1+ 5 and representation py.

Proof. We first prove the convergence of ©*: by Lemma [2.11], there
exists an euclidean norm || - || such that in the region U N KV where
A — p(A) does not vanish, we have —Q(A) > [|A||. So for every m €
ﬁZ, the number of vectors A\ € KV such that |Q(\)| < m is finite
and upper bounded by a polynomial in m. This implies the uniform
absolute convergence of O on compact subsets of H to a holomorphic
function on H.

To obtain the mixed mock modularity, we approach ©F with a se-
quence of mixed mock modular theta series. Let ¢ > 0 be small enough
so that all the vectors ¢;(€) are in the positive cone C.

Consider the holomorphic function on H:

= 3" pFNg Wy € CIKY /K][[g7x ]

AEKY

where pf(A) := >, a;|A-¢;(€)]. The above series is absolutely convergent
and uniformly convergent on compact subsets of H. Notice also that,
as € = 0, p.(A) = p(A) for every A € KV.

Lemma 2.14. As e — 0, ©F(7) = O7(7) uniformly in 7 in compact
regions of H.

Proof. Note that in the region where (A — X - ¢;);es all have the same
sign, the functions p* and p, both vanish. Indeed, if all the linear forms
A — X - ¢; have the same sign, then A — X - ¢ also has the same sign as
them, and hence for any € > 0, the linear forms A — X - ¢;(¢) have the
same sign. Hence the function p} vanishes. Let U be the complement
of the above region. Then, using Lemma [2.11] we have for any 7 € H



MIXED MOCK MODULARITY OF SPECIAL DIVISORS 17

with Im(y) > B:
|eF(r) —et(r)|| < Z Z|az (X - e = A+ ci(e)])e2mve@)

ANeKVNU ieS
<e E g |ag|| A - c|e”2mBIAIL
AeKVNU €S
Hence the result. O

Let p. be the completion of p! as in Equation (2.6.2). Then by
Proposition [2.10] and Theorem [2.8] the function:

- Z U[A]

/\EKV
transforms like a non-holomorphic modular form of weight 1 + 7 and
representation py. As € — 0, its holomorphic part converges to ©F by
Lemma and we will analyze the convergence of its non-holomorphic
part. For € > 0, the non-holomorphic part is given as the sum over ¢
of terms of the form:

Cc; € A CZ 2 —_
@[é()( Z < )) >q Q(A)Um_

AEKY
If ¢; is not isotropic then, as e — 0, N;(¢) — N; # 0 and the quadratic
form \ — (’\ ci E)

2Q).,, hence there exists A > 0 depending only on ¢ and ¢; such that
for e < A, we have for every A € K the inequality

(- ()’
N 200 2 Q) 20

—2Q(A) limits to the positive definite quadratic form

Hence, using the estimate 5(t) < e~ ™, we get
X-ci(€))?
5 (YOl ow| o L (UG -ew)
NZ(E) 21

<< efﬂchl (A) .

This implies the uniform convergence and hence we can interchange
the limit as € — 0 with the sum over A € KV yielding the convergence

of the function @%(6) to ©% introduced in the previous section.

We now identify the limit of @%(E) when ¢; is an isotropic vector.
To simplify the notations and the computations hereafter, assume that
1 = 1 and up to rescaling €, that ¢ is primitive integral in K and
c1(€) = ¢ + ec. Let M be the orthogonal of U = Zc¢; + Zc in K.
Denote the intersection matrix of U by

(v 5)
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then the dual lattice UV is generated by a 'c; and a~'¢ where ¢ =
c— 2%61. The lattice M maps injectively to a finite index sub-lattice
of My = ¢f /c; and we have the chain of inclusions

UeMCKCKYCU ® M.

Hence every element of KV has a decomposition a=!(nic; +noc) + 7
where v € MY, ny,ng € Z. We denote by [ny,ny| € (Z/aZ)? the image
of a=!(nyc1 + nad) in UY/U. We have that ©59(7) equals

Nl(f) K ?/(nQ + 6”1)2 —M-Fn—%b—Q(y)
Y Puem Z P ca + €2b q Ulni,na] & Upy]

n1,N2E€ZL
~yeMY

Ni(e) y(no + eny)?\ _mng  13b
=7y e || 2 A (T )
n1,n2€Z
® ( Z q—Q(W)UM>] )
yeEMY

Notice that because S(t) < e™™, the first sum above is absolutely

convergent for € small enough and NlT(E) = a + be. Furthermore, we can
decompose the first sum according to ny = 0 or ny # 0 as:

€a+62b 12

ni,no€ZL

VNi( —my
( 27\1/_ Z/ u e a+b€du> Vlny 0]

y(eny +ng)?\ _mny 730
> (T ) v,

n1,n2€Z, na#0

Write v, 0) = vVpn,)- The first sum can be rewritten using dominated
convergence and Poisson’s summation formula as follows:

Z/ u- 26 —TY a+beduv[nl] _/ u- 2 Z a+beduv[nﬂ

ni1€ZL n1€7Z

/ n? (a+be)
% a+ eb Z L

VYyue vee - duvp,) -
y ni1€Z

Ni(e)

The last sum, multiplied by % , converges uniformly as € — 0

. . . o —
to its constant term which is =— f u=?2 = L As for the second sum
2y J1 21y ’
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we can write it using the estimate 3(t) < e™™ as:

H\/ Mo > B (—y(n2 i ml)z) R
2 n2
Yy ni,n2€ZL,na#0 €a + bE

2
5f 2b 1 2bening L
e Z e_ﬁy <n2 (a2 telatbe) )~ alatbe) TCatbe
Y

<
n1,n2€Z,n27#0

By computing the discriminant of the quadratic form in the exponent
above, we see that there exists A; such that for ¢ < Ay, the following
inequality holds for every nq,ny € Z:

5 (2b n 1 2bening n n3 S b 1 (n3 "2y 2
n; | — - € eny | -
>\ a2 ea+ be ala+0be)  a+be ~ 2a !

Hence combining the previous inequalities and Poisson summation for-
mula we get:

N1 Yy(no + €n1)2 _w+”_§2”
E - a a® Uy,
‘ ( catbe )1 [ma]

ni,n2€Z, na#0

by ()

nl,nQEZ n2#0

y 2
<<(f ) (2
ni1€Z no€Z,n2#0

(R Z )

n1EZL

a |l\.’)l\.’)

and by normal convergence, the last product converges to 0 as e — 0.
We conclude that the limit of (9(;( as € = 0 is equal to 5 pM(®M)
ﬁpﬁl(@Ml) where M, = ¢i/c;, which is the non- holomorphlc part
of the mixed mock modular form —¢FE, - le(GMI), where Fy(1) =
1—=24% - 01(n)q". Let E5(r) = E2( )= = % be the completion of E,
to a non-holomorphic modular form.

Notice that

Z az‘pg-@Zci(661.L ® FNz) + Z aipJ\K41 (@M1> ® %E’;
Q(ci)>0 Q(ci)=0
transforms like a holomorphic modular form of weight 1+ % with respect
to pg. Hence by letting e — 0, it still transforms appropriately and the

previous computations show that its non-holomorphic part vanishes,
whereas its holomorphic part is equal to

a;
E aipﬁ.i@zci(@cg ® Fy) + E gEzpj\K@(@Mi)
Q(c;)>0 Q(c;)=0
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which concludes the proof of Theorem [2.13] O

3. ORTHOGONAL SHIMURA VARIETIES

In this section, we give an explicit description of the special divisors
in toroidal compactifications of orthogonal Shimura varieties and we
derive the main intersection formula, see Theorem [3.13] of special di-
visors with curves contained in the boundary. For general references
on toroidal compactifications, the reader may consult [AMRTI10] or
[BZ22| [Fi016, Loo03] for the orthogonal case.

3.1. Baily-Borel compactification. Let (L,-) be an even lattice of
signature (2,n), let LY be its dual lattice and let D be the associated
Hermitian symmetric domain, a connected component of

{Czx eP(Lc)|z-2=0,z-T >0}
It embeds into its compact dual
D := {Cx € P(L¢) |z -z =0}

which is a quadric hypersurface in the projective space P(L¢) ~ P!,

Let I' C OT(L) be a subgroup of the stable orthogonal group, defined
as the kernel of the reduction O*(L) — O(LY/L). Then T" acts on
D and the quotient has the structure of a complex orbifold, it is an
orthogonal Shimura variety. The restriction of the tautological line
bundle Opn+1(—1) to D is naturally I'-equivariant and hence descends
to an orbi-line bundle £ on Xt := I'\D, called the Hodge bundle. For
any € LY/L and m € —Q(f) + Z, we define the special divisor of
discriminant (4, m) in Xt to be:

Z°(B,m) = U {reD|z-A=0} mod T (3.1.1)
AEB+L
QM)=-m
By the Baily-Borel theorem [BB66], the line bundle £ is ample and
sections of its powers determine an embedding of the quotient Xt into
a projective space. The closure of the image is a projective variety, and
is by definition the Baily-Borel compactification: Xt — XEB.
This compactification can be described more explicitly using the ra-
tional boundary components of ID in its topological closure D C D°.

Definition 3.1. The rational boundary components Dy of D are in
bijection with primitive isotropic sublattices I C L as follows:

D; :={Cz € D C D| span{Rex,Imz} = I}.

Notation 3.2. The possible ranks of an isotropic sublattice of L are 1
and 2. To distinguish them, we henceforth use the letter I when the
rank is 1 and the letter J when the rank is 2.
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Definition 3.3. For a rank 1 isotropic lattice, D; is a point. For a
rank 2 isotropic lattice, D is a copy of the upper half-plane H. We
call these boundary components Type III and Type II respectively.

Remark 3.4. The terminology of Type II and III comes from the classi-
fication [Kul77, [PP8&1] of one-parameter degenerations of K3 surfaces.

One defines the rational closure of D to be
Dt :=Du;D,; U; D; C D,

endowed with a horoball topology near the boundary components Dy
and D ;. An explicit topological description of the Baily-Borel compact-
ification is then XFP = (I'\D)B® = I'\D*. Thus, boundary components
of (T\D)B® are the

(1) Type III components, which are points, in bijection with I'-
orbits of isotropic lines I C L, and

(2) Type II components, which are modular curves Stabr(J)\H, in
bijection with I'-orbits of isotropic planes J C L.

The closures of Type II modular curves in (I'\ID)5B contain Type III
boundary points, which form the cusps of the modular curves. Such
incidences correspond to I'-orbits of inclusions I C J C L.

3.2. Special divisors at the Type III boundary. We now describe
the geometry of special divisors of D near a cusp. Let [ = 7Zd C L be
a primitive isotropic sublattice. Given any point Cx € D, there is a
unique representative x € L¢ for which x - § = 1—we cannot have
x -0 = 0 for signature reasons. This defines an embedding of D into
the affine hyperplane {z € L¢ |z -6 = 1}.

Let U; C Stabr(I) be the unipotent radical of the integral parabolic
stabilizer of /. Consider an integral (but non-orthogonal) decomposi-
tion LV = Z§' + I, with ¢ - 6 = 1. Then we can write

x=0+x0+ o

where zq lies in {§,8'}¢ ~ (I*/I)c and ¢ € C is uniquely determined
by the property that -2 = 0. Let K := I*+/I. The action of some
v € Uy necessarily takes the form:

)
v v — (v-w)d forv e I+
&= +w— (8 w)d— 3(w-w)d for some w € K.
This formula above doesn’t depend on how w is lifted into I+.
On the coordinate zy € K¢, the unipotent radical U; acts by a finite

index subgroup of the translation group K. In the full stable orthogonal
group, we get the full translation group K. Thus,
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admits a torus embedding. This torus U; ® C* = U;\ (Uy)c is isogenous
to the torus K\ K¢ = K ® C*.

We analyze the special divisors in the above torus embedding. It
suffices to restrict to U; = K—in the more general case where U; C K,
we just take the inverse images of the special divisors under the isogeny

U\K¢ — K\ Kc. Consider
Z°(\) :={z €D|a- A =0} mod T

for some primitive A € LY which passes through the cusp of (I'\ID)BB
corresponding to I. Choose a representative of the I'-orbit for which
A € If,. Let A be the image of A under reduction to I3 /153 = KV,
where I5% is the saturation of I in L.

Note that the vector A € K may not be primitive. Write A\ = u\P"™

where \P"™ ¢ KV is primitive. The lifts of \ to Xel v are the set
{uXP™ + 55| k € 7}

where d is the imprimitivity of § € LY and AP™ is a lift of AP, Such
a lift is primitive in LY if and only if ged(k, u) = 1. Furthermore, there
exists some v € K for which y(APim) = XPrim 4§ So a collection
of coset representatives of the K-action on {uAPim - kS| k € Z} is
provided by taking all 0 < k < du.

The equation of Z°()) in coordinates zq € K¢ is the affine hyper-
plane

20-A=—8-)\eQ.

Under the exponentiation isomorphism K\ K¢ — K ® C*, the equation

of Z°(\) becomes a torsion translate of a character hypersurface
Xowrim (2) = A = exp(—2ZE — 2mid’ - Xprim)
where z € (C*)" is the coordinate-wise exponential of x5 € Kc.

Proposition 3.5. Let A € KV have imprimitivity u. In the torus
embedding Uf\D — U; ® C* there are dp(u) special divisors associated
to lifts of X\ to a primitive vector )€ I, each one being a torsion
translate of the hypersurface X yprim(z) = 1.

Proof. When Uy = K, the proposition follows from the above compu-
tation of the K-coset representatives of lifts of \. When U; C K, the
hypersurface yyprim(z) = 1 may break into multiple character hyper-
surfaces in U; ® C*—this occurs exactly when A\P'"™ € KV becomes
imprimitive in the character group U; D KV. But the equations of
the special divisors are still pulled back from K @ C* along the isogeny
Uy ® C* — K ® C*, reducing the proposition to the U; = K case. [

Corollary 3.6. Let Z9(5,m) C Z°(B,m) be the union of the compo-
nents of Z°(8,m), see whose Zariski closure in (T'\D)EB con-
tains the Type III cusp associated to I. The pullback of Z9(B,m) to
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U[\D CcUr®C*is
U {u translates of xyprm(2) = 1}

Aepf (B)+K
QUX)==m

where u = u(A) is the imprimitivity of A.

Proof. Note that Z°(3, m) ranges over both primitive and imprimitive
vectors. So it contains the divisors Z°(j) associated to primitive lifts of
u/ \P"™ ranging over the divisors u/ | u. By the formula Do PW) = u
and Proposition 3.5 there are du special divisors associated to lifts of A,
whose classes may vary in the discriminant group LY/L. Observe that
the classes [A] of lifts of A equidistribute in the classes § € LY /L which
push to the class [\] = p&(B) € KY/K. Hence there are exactly u
translates of the hypersurface y prim (2) = 1 appearing in Z¢(5,m). O

3.3. Toroidal compactification. We now describe the toroidal com-
pactification in a neighborhood of the Type III cusps. As above, let
I C L denote an isotropic line, and let K := I+/I. Define a finite
index subgroup I'; C OT(K) by the exact sequence

0 — U; — Stabp(I) — I't — 0.

Let Cx C Ky denote the positive cone—a connected component of
the positive norm vectors in Kg ~ R'"! and let C}; denote its ra-
tional closure: The union of Cx with all rational isotropic rays at its
boundary.

Definition 3.7. A T'-admissible collection of fans (or simply fan) is
a collection 3 = {3;} of polyhedral decompositions ¥; = {c} of C}
ranging over all primitive isotropic I C L, such that:

(1) the cones o C C}; are strictly convex, rational polyhedral cones,
and Y; is closed under taking intersections and faces, and

(2) the collection X = {3;} is I-invariant with only finitely many
I'-orbits of cones o € X;.

Equivalently, we can choose one polyhedral decomposition ¥; for
each I'-orbit of isotropic line I, and require that it be I'j-invariant,
with finitely many orbits of cones. A useful visualization is to consider
{Po},cx, which is a I';-periodic tiling of (rationally cusped) hyperbolic
(n — 1)-space PC}.

We extend the algebraic torus U; ® C* by the infinite-type toric
variety X (X;) whose fan is X;. It admits an action of U; ® C* whose
orbits are in bijection with the cones o € ¥;. The orbit corresponding
to o is isomorphic to (U;/span(c)) ® C* ~ (C*)codim(o),

Let V; be a I'j-invariant, analytic tubular neighborhood of the Type
11 strata of X (X;): These are the torus orbits corresponding to cones
o satisfying o N Cx # (—exactly the strata corresponding to cones o
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which are neither the origin 0 € K nor a rational isotropic ray. Such
cones o only have finite stabilizers in I';, so we may assume that the
action of I'; on V; is properly discontinuous. Let

A[ :‘/jﬂ(U[®(C*)

be the intersection with the open torus orbit.

Choosing V7 sufficiently small, we can ensure that I';\ A; embeds into
I'\D. This follows from the fact that a punctured neighborhood of the
Type III boundary component associated to [ is locally modeled as the
quotient of some analytic open subset of D by the parabolic stabilizer
Stabr(I). Then, we define the Type III extension of I'\D to be the
glued analytic space

(M\D)=M = (T\D) Urj\4, (T7\V1)

with the union taken over all I.
Taking the further union with the Type II extensions I";\V; defined
in the following subsection gives the toroidal compactification:

X = (D\D)* == (T\D)*™ Ur \a, (TAA\V2).
For any ¥, it admits a morphism (I'\D)* — (I'\ID)BB.

Definition 3.8. We say that ' is neat if the eigenvalues of every ele-
ment v € [" acting on L¢ generate a torsion free subgroup of C*.

Definition 3.9. We say that X is regular if every cone o is a standard
affine cone (o N U; is isomorphic to N4™() as a monoid). More gen-
erally, 3 is simplicial if the generators of any cone o € ¥; are linearly
independent.

If T" is neat and X is regular, then the toroidal compactification
(F'\D)* is smooth with reduced normal crossings boundary, because
[, Ty, 'y act freely on D and the respective toroidal extensions. Since
the toric variety associated to a simplicial cone ¢ has only finite quo-
tient singularities, it is a local Q-Poincaré duality space. For the same
reason, X is a Q-Poincaré duality space (regardless of whether T is
neat) for any simplicial X.

Remark 3.10. We can and will assume that I is neat and 3 is regular.
One can reduce the main result of the paper for simplicial fans > and
arbitrary I' to this case: By passing to a finite index subgroup I C T’
we can make the action neat, and by refining 3 < ¥’, we can make the
fan regular. We get a morphism

T Xp — X5 — X2
which is the composition of a birational morphism and a finite cover.
Then 7*: H*(X¥, Q) — H*(XY, Q) is an embedding.
The main theorem is proved by intersecting the Zariski closures

Z(B,m) = Z°(3,m) with curve classes C' € Hy(X%, Q). Such a class
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C can be expressed as [[" : I']C = 7, D for some D € Hy(X3 ,Z) which
intersects the exceptional divisors of 7 to be zero: This is achieved by
using a wrong-way map D := (PD o 7* o PD)(C). By push-pull,

1
[ IV]
1

= WZ(&, m) 'XIE/ D.

The last equality holds because D intersects the exceptional divisors
to be zero and the strict transforms of the Z(5,m)’s for I', ¥ are the
Z(B,m)’s for I'", 3. The same equality holds for any boundary divisor
in X associated to a ray in X. This implies that the pairing with D
of the generating series from Theorem applied to X?f is equal (up
to the factor [I" : I"]) to the pairing of C' with the analogous series for
X, This proves that the validity of Theorem for Xl;,/ implies its
validity for X3

Z2(8,m) xp C = o Z(B,m) -1 D

3.4. The Type II boundary. We now roughly sketch the structure
of the Type II boundary component associated to the I'-orbit of an
isotropic plane J C L.

Choose a basis J = Zd®ZA and as before, represent Cx € D uniquely
by the z € L¢ for which -0 = 1. Choose ¢', X which generate a lattice
J' =70+ ZN in LY realizing Hom(J, Z) and write

z=(0"+7N)+ 20+ (c10 + c2N)

where zy € {0,0, \,N}¢& = (J*/J)c and ¢;,¢; € C. The condition
r - x = 0 specifies that (c;,cp) € L C C? lies in an affine line L, and
the condition x - Z > 0 further implies that (cy, c2) lies in a half-space
H .-y C L inside this line depending on (zg,7) € (J*=/J)c x H. The
unipotent radical U; C Stabr(J) is an extension of the form

0—+Z—-U;—T;—0

where T is a finite index translation subgroup
T,c(JY) )@ (ZaeZr) c (J5H) ).

First taking the quotient by Z C U; embeds Z\D as a holomorphic
punctured disk bundle (the punctured disks are Z\H(, ) over the
product (J+/J)c x H. We then quotient by the action of T;. The
punctured disk bundle descends to one over a family of abelian varieties
T;®&. Here £ — H is the universal elliptic curve whose fiber of 7 € H
is C/(Z & Zr).

We define V; as a tubular neighborhood of the zero section of the
extension of U;\D from a punctured disk bundle to a disk bundle.
Then the Type II toroidal extension (I\ID)! is the result of gluing I'\ID
to I';\V; along a punctured tubular neighborhood I";\A; of the zero
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section. Here I'; is defined by the exact sequence
0— Uy — Stabp(J) =T, — 0

and is a finite index subgroup I'y C SL(J) x O(J*/J). The Type 11
extension is notably independent of the choice of a fan ¥3; it is the same
in every toroidal compactification, and the boundary divisor is always
isomorphic to '\ (T ® £).

Finally, we comment on how the Type II and III locus meet. Given
a flag of isotropic subspaces I C J C L, the quotient I';\V; contains
a tubular neighborhood of the intersection of the closure of the Type
IT locus I"j\V; with the Type III locus. This intersection is a maximal
degeneration of the family 7;®& of abelian varieties over the cusp of the
modular curve Stabr(J)\D; corresponding to I C J. More explicitly,
it is a Mumford degeneration, whose fan is the quotient fan associated
to the isotropic ray J C I*/I, necessarily a cone of ¥;. This fan is
the cone over a periodic polyhedral decomposition of (J*/J)r (put at
height 1), which is invariant under the action of Stab(I';).

A special divisor Z(\) intersects the Type II extension associated

to J if and only if we can represent A\ € Ji,. Let M := J*+/J. In
general, if we denote by J5F the saturation of J in LV, then the image
A\ € Ji /3 = MY may be imprimitive, and we can write A\ = u\PH™,
Essentially, the computations are the same as in the Type III case:
The primitive lifts of A correspond to primitive u-torsion translates of
a character hypersurface {xyoim = 1} C T ® &, which is a family of
codimension 1 abelian subvarieties of T; ® £.

Proposition 3.11. In any toroidal compactification, the intersection
of Z(8,m) with the boundary divisor Ay associated to J is

U {u® translates of Xyprim(2) = 1}
Xep(B)+M
Q)="m

There are u? translates rather than wu translates of the character
hypersurface, as the u-torsion on an elliptic curve has size u>.

3.5. Intersection formula. Let 0 = span{c;,...,c, 1} € ¥; be a
codimension 1 Type III face of a regular fan and let

ot = span(c, ct)
~ = span(o,c)
be the two maximal cones containing o, so that ™ Mo~ = o. The

corresponding open torus orbit is isomorphic to C* and the closed stra-
tum is C, = P!. A small analytic neighborhood of C, C (I'\D)*
is analytically-locally modeled by the toric variety with two maximal



MIXED MOCK MODULARITY OF SPECIAL DIVISORS 27

cones o, 0™, which is isomorphic to
Spec C[(c™)"] U Spec C[(07)"] = C" Ugn-1x¢c+ C"
~ Tot(Op1(a1) ® -+ - & Op1(an-1))

for some integers a; € Z.

Since 0,0~ are standard affine cones, det(cy,...,c, 1,¢7) = £1
and det(cy,...,c,_1,¢7) = F1. Thus, there is an expression
n—1
ct 4 —l—Zaici =0
i=1

for unique integers a; € 7Z, identical to the integers as above.

Proposition 3.12. Let A be primitive in K and consider Z(\) the
Zariski closure of the character hypersurface

Z°(N\) ={z e K®C" | xA(2) =1}
in the toric variety X (o, 07), with 0,0 as above. Then
ZA)-Co=2(A-cT+ X[+ X, alr-¢l).
In particular, if X-c¢* and X - ¢; all have the same sign, Z(\) - Cy = 0.

Proof. Let X (§) be a finite type toric variety, and let v; be primitive
integral generators of the one-dimensional rays of §. There is a bijection
A,, <> v; with toric boundary divisors. We have a linear equivalence

Z(\) = Z max{0, A - v; }A,,

which can, for instance, be verified by intersecting Z(\) with cocharac-
ters v; ® C* C K ® C*. Note that replacing A\ with —\ does not change
the answer, since

Zmax{o, Avi A, — Z max{0, =\ - v;}A,, = Z()\ -0;) A, = 0.

7

Applying this formula to the case at hand, we have
Z(\) - P! =max{0, A - ¢"}A .+ - P! + max{0,\ - ¢ A - P!
+ Z max{0, \ - ¢; } A, - P*

where P' = C,. Re-expressing the function max{0,r} = 1(|r|+r) and
noting that ) .(A-¢;)A., =0, we get

ZA) L= 5(A e (Acr P+ A cT[(Ac P+ 32 Al (A, - PY).

We now describe geometrically the toric boundary divisors associated
to ¢, ¢;. In the total space interpretation

X(o",07) = Tot(Opi(ar) @ -+ ® Opi(an_1)),

the divisors A.+ and A,- are the fibers over 0,00 € P! and so A+ -P! =
1. The divisor A, is Tot(Op1(a1) & - 0@ -+ B Op1(a,_1)), leaving
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out the ith line bundle factor. Hence the normal bundle to A, is
the pullback of Op1(a;) to X(oF,07) and so its restriction to the zero
section P! has degree a;. We conclude

Z()\) . Co- = %(‘)\ . C+’ -+ ’)\ . C_’ + Zl (Zl‘)\ . Cll)
as desired. O

Theorem 3.13. Let C, C X be a one-dimensional Type III boundary
stratum of the toroidal compactification, corresponding to the cone o =
ot Mo~ in the hyperbolic lattice K = I+/1. We have:

> Z ( (B,m) - Co)ogq™ = Y pH(A g ™

BeLY /L me—Q(B) AEKY
where [A] is the class of X in KV /K, and

PP = 5(A- I+ AT+ ) alhal)

15 the piecewise linear function from Proposition|5.14.

Proof. Since C, is contracted in XFB, we have Z(0,0) - C, = 0 be-
cause the Hodge bundle is ample on X£B. Next, observe that only the
components Z;(5,m) C Z([3,m) entering the Baily-Borel cusp asso-
ciated to I can possibly intersect P! = C,. We wish to compute the
intersection number

Z(B,m) XE Co = ZI(ﬂv m) TAX(Sr) Cy = ZI(ﬁam) "X (Z)) Cs.

The first equality holds from the construction of the toroidal compacti-
fication, while the second equality holds because the action of I'; freely
permutes the infinitely many P's in the orbit I';-C,,. Thus, to compute
the intersection number with Z;(8,m) in I'/\ X (X;), it suffices to pull
back Z;(5,m) to the toric variety X (X;), then intersect the pullback
with a single orbit representative C,.

On the toric variety X (X;), we have by Corollary that

Zy(B,m) ~nm Y u(N)Z(AP™)
Aepyt (B)+K
QN)=—m
where Z(A\P"™) is the closure of the character hypersurface and u(\)
is the imprimitivity of A. While this divisor is not finite, it is locally
finite in a neighborhood of the Type III toric boundary.
We take the intersection with C, using Proposition [3.12] It gives

Z1(B,m) xz) Co = Z u(A)p* (AP,

repK (B)+K
QN==m

which is a sum with only finitely many nonzero terms. Finally, observe
that p™(rA) = rpT(\) for any r € R, so u(A)pT(AP"™) = pT(\). The
theorem follows. O
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4. VANISHING THEOREMS AND SPLITTING CRITERIA

We prove in this section the splitting statement [4.6) which allows us
to prove modularity separately in the boundary and in the interior of
XE. We refer to [Grel9, Lem. 26] for a similar application.

4.1. Vanishing from super-rigidity. The goal of this subsection is
to prove that the first Chern class map

c1 : Pic(XF)g — HY(XT,Q)

is an isomorphism. This implies that our modularity results for spe-
cial cycles automatically hold at the level of the Q-Picard group, even
though the methods are topological. Using the exponential exact se-
quence and the Hodge decomposition, it suffices to show that

H'(XF,Q) =0.

First, observe that by deforming loops away from the boundary strata
that have real codimension 2, we have surjectivity of the pushforward

7T1(X1"> — Wl(XIZw:)

Since H; is the abelianization of 7y, it suffices to prove that the interior
Xr = I'\D satisfies

H'(Xt,Q) = 0.
Since D is contractible, this coincides with group cohomology of the
arithmetic group I'. A consequence of Margulis super-rigidity [Mar91l
§7.6, Corollary 7.6.17], see also [WM14], is the following.

Theorem 4.1. Let G be a semisimple Lie group of rank r > 2 and
[' C G an irreducible arithmetic subgroup. Then we have HY(T',V) =0
for any I'-module V.

Since O(p,q) has rank min(p, q), the desired vanishing statement
holds for any I' C O(2,n) for n > 2 and V = Q the trivial module. In
the case n = 2, O(2,2) is isogenous to SL(2) x SL(2), so we need to
assume that I' is not commensurable to a product I'y x I'.

4.2. Splitting homology classes. Let X be a smooth complex vari-
ety, A = J; A; C X a simple normal crossings divisor, and U = X \ A
its open complement. A basic question is: which rational homol-
ogy classes a € Hy(X,Q) can be expressed as @ = «ay + «; where
ap € Hy(U,Q) and oy € Ho(A,Q)? In this case, we say that a splits.
Consider the covering of X by two open subsets:

X =UUNx

where Nj is a tubular neighborhood of A. Then A is a deformation
retract of Na. The Mayer-Vietoris sequence for rational homology with
this covering reads

Ho(U) & Hy(Na) — Ho(X) > Hy(N3) — Hy(U) & Hy(Na)
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where N} denotes Na \ A. By exactness, « € Hy(X) can be split as
above if and only if () = 0. Since H,(U) always vanishes in our
desired application, we will use the following criterion whose proof is
immediate from the Mayer-Vietoris sequence.

Proposition 4.2. If the pushforward map Hi(NX) — H1(Na) is in-
jective, then any class a € Hy(X) splits.

In the case where A is irreducible and smooth, this criterion is easily
checked using a Gysin sequence.

Proposition 4.3. If A is irreducible and smooth, then the pushforward
map Hy(NX) — Hi(Na) is injective if and only if the normal bundle
Nayx has non-trivial Euler class.

Proof. Since A is smooth, the punctured neighborhood N} retracts to
a circle bundle over A. The Gysin sequence for N — A reads:

Hy(A) — Ho(A) = H{(NX) — Hi(A) — 0.

The first map in this sequence is given by cap product with e(Na,x).
Since Hy(A) ~ Q, this map is surjective if and only if e(Na,x) # 0. By
exactness of the Gysin sequence, this in turn is equivalent to injectivity
of the map Hy(NX) — H1(A) ~ Hi(Na). O

In the case where A is reducible, N, is a plumbing of normal bundles
to the irreducible components A;. The splitting criterion can fail to be
satisfied even when the individual A; have non-trivial normal bundles,
e.g. for A the triangle of lines in P? we get N deformation retracts to
T3 while Hy(A) ~ Q, so H(N%) — Hi(A) cannot be injective.

To check the criterion of Prop. in the context of toric boundary
divisors, we introduce the moment map. Let (X, A) be a projective
toric variety of dimension n defined by a lattice polytope P in the
character lattice of X. The Hamiltonian action of 7" C (C*)™ on X
defines a surjective map

w:X —P
whose fiber at an interior point of P is T™, canonically identified with
the cocharacter lattice quotient. The fiber at a point in the relative
interior of a face of codimension k is 7"%. The pre-image of the
boundary P C P is the toric boundary divisor A:

pHOP) = A= Ui A
with each facet P; C 0P giving a component A; C A. From this de-

scription, the punctured neighborhood N} retracts to pu~!(S™!) which
is diffeomorphic to S"~! x T™.

Consider now the Type III boundary divisors A; = U.Ay . of a reg-
ular toroidal compactification X% lying over a Type IIT cusp of X£E.
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Here R>oc € X are the one-dimensional cones of the fan ¥; supported
on the rational closure of the positive cone C} C Kg, K = I+/1.

To get a polytope from X; requires a convex Z-piecewise linear func-
tion f: Cx — R whose bending locus is ¥; and for which ~v*f — f is
linear for all ¥ € T';. Such a function may not exist, as X2 need not
be projective for some . But, there is a combinatorial model for what
the polytope would be: the dual polyhedral complex (3;)" which has

a cell Rfdim(g) for each cone o € ¥;. There is still a fibration
e X (3r) = (2n)"
whose fiber over the relative interior of a codimension k stratum of
(21)\/ is T F.
Consider an analytic neighborhood of Type III toric boundary in the

unipotent quotient U;\D, called V; C X (%) in Section 3.3l We have
a restricted fibration

w:Vi— Pr C (ZI)V.

The action of the group I'; = Stabp(I)/U; can be made equivariant
with respect to the fibration u, as it acts torically.

The punctured neighborhood A; = V; N (U; ® C*) of the toric
boundary fibers over the open cell O = R} N P; and is thus a triv-
ial fiber bundle 7™ x O. The fibers of i are, in the toric coordinates
(21,...,2,) € Uy ® C* given by |z;| = r; for ; € Ry. So the action
of I'y on T™ x O is, on the T, factor, induced by the action of I'; on
It/1 > U; = H\(T,, 7).

Let A = X%\ Xr. The inclusion N5 — Nj is locally modeled by

F[\A[ — F[\‘/[

in a neighborhood of the cusp I. Note that Ay C I'/\ (V7 \ A;) and the
latter retracts to the former, by I'j-equivariantly retracting the Type
IT components of V7\ Ay to their intersection with the Type III locus.

Let A; = Vi \ A; be the I'j-cover of A;. The deformation retraction
Vi — Aj can be made I'j-equivariant.

Proposition 4.4. The morphism N, — Ar induces an isomorphism
on Hy. Both can be identified with the group homology H,(T';, Q).

Proof. The Leray-Cartan spectral sequence computes the homology of
an orbifold quotient X /G as follows:

HP(G> HQ(Xa @)) = HP+Q(X/G7 Q)
The E5 page yields an exact sequence for computing Hi:
Ho(G,H(X,Q)) » Hi(X/G,Q) — H(G, Hy(X,Q)) — 0.

The spectral sequence is functorial for G-equivariant morphisms, so
applying this to the I'r-maps A; — V; — A; we get a morphism of
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exact sequences:

Ho(Tr, Hi(T",Q)) — H1i(N},,Q) — Hi(I'1,Q) —=0

| | |

HO(FDHI(ADQ)) - Hl(Ah@) —>H1<F17Q) —0

We claim both groups on the far left vanish. First, H(A;,Q) = 0
because A is a union of toric varieties along toric overlaps. The upper
left group is Ho(T'r, (Ur)g) =~ H°(T';, Kg)*, the invariant subspace of
the standard representation. As I'y € OT(K) is finite index, the Borel
Density Theorem implies it acts without fixed vectors on K. U

Theorem 4.5. Let X = X7, U = Xr, and A = X\ Xr. Then every
homology class o € Hy(X, Q) splits.

Proof. Let Ay :=J; Ay and Ay := J; Ar be the unions of the Type
IT and IIT boundary components, respectively. We have A = AU Ap;.

Assuming ¥ is taken fine enough, Ay = [[; A is a disjoint union of
smooth divisors, in bijection with orbits of isotropic planes J C L. On
the other hand, the union Ay =[], U, Ar,c is a disjoint union of SNC
divisors, with one connected SNC divisor for each orbit of isotropic
line / C L. The dual complex of this divisor |J, Ay is the hyperbolic
orbifold T'/\PCk.

Applying Proposition [4.3] to the Type II components, we can split
a relative to the boundary divisor Ap. The normal bundle of each
component is anti-ample on the fibers of the contraction map to X585,
so it has non-trivial Euler class, as required.

Next, we apply Propositionto the pair (X \ Apr, A\ Aq). The
map Hi(NX) — Hi(Na) is an isomorphism using Proposition . O

We have represented every class in Hy(X¥ Q) as a linear combi-
nation of classes supported on either X or A. We require a further
strengthening of this:

Theorem 4.6. Every homology class o € Ho(Xw, Q) can be repre-
sented as the sum of a cycle supported on the interior Xr and an alge-
braic cycle contracted by the map to X55.

Proof. By Theorem [1.5] we may express a as the sum of a class in
Hy(Xr,Q) and a class supported in the boundary A. We will treat
Type II and III boundary divisors separately. Recall from Section [3.4]
that X¥ — XBB induces a fibration 7;: Ay — Bj (in finite quotients
of abelian varieties) of each Type II toroidal boundary divisor over
the Type II Baily-Borel modular curve, and it contracts each Type III
boundary divisor A; to a point.

In Type II, suppose that a; € Ho(A;,Q), and let £; be the normal
bundle of the smooth divisor A; C XZ. For any algebraic curve C;
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contained in a fiber of 7y, we have L;-C'; < 0 because C is contracted
by the morphism to Baily-Borel. Thus, we can choose r € Q for which

EJ'(OCJ"‘TCJ):O.

After clearing denominators, a well-known theorem of Thom says
that N(ay+7rCy) € Hy(A;,Z) can be represented by the fundamental
class of an immersed (real) oriented surface, S. The pullback of L,
to S is a degree 0 complex line bundle, so it is smoothly trivial. By
flowing along a nowhere vanishing normal vector field, S is homologous
to a surface S’ in X \ A;. We can then express

1 l
ay = N[S] —T[CJ].

In Type I11, suppose that oy € Ho(A7, Q). Recall that A; has simple
normal crossings with dual complex homeomorphic to the hyperbolic
manifold I';/\PCk. From the FEi-page of the Mayer-Vietoris spectral
sequence associated to the covering 4 of A; via neighborhoods of the
irreducible toric components, we obtain the following short exact se-
quence for Hy(Af, Q), using that H; vanishes for all toric varieties:

Hy (31, Q) — Ha(Uy, Q) — Ho(Ar, Q) — Ho(I'y,Q) — 0.

Recall that the map N3, — Ay is the quotient of a I'j-equivariant
map V; — A;. Now, we appeal to the same functoriality of the Leray-

Cartan spectral sequence as in Proposition [4.4] this time for H, on the
FEs-page, to obtain

Hl(Fl,Hl(Tn,Q)) — Hz(NZNQ) — HQ(FIaQ) —0

| | |

Ho(Ty, Hy(Ap, Q) — Hy(A7, Q) —— Hy(T';, Q) — 0.

Since A; is a union of toric varieties, the I';-coinvariants of H2(£ 1, Q)
are precisely the algebraic curve classes in A;. By a diagram chase,
oy can be Sxpressed as: ay = T + C; where C} is in the image of
Ho(I'z, Hy(A7,Q)) and T is in the image of Hy(N},,Q), so is supported
on the interior. There is a surjection

D. Ho(Ar, Q) — Ho(T'r, Ho(Af, Q)

and since Ay . is a toric variety, Ho(As., Q) is generated by algebraic
curve classes. O

Proposition 4.7. Every algebraic curve class which pushes forward to
zero along X& — XEB is homologically equivalent to a linear combina-
tion of one-dimensional Type III toric boundary strata.

Proof. This is shown in [AE21, Thm. 7.18|. Any such curve in Type II
can be degenerated into the Type III locus by limiting the image point
j € By to a cusp of the modular curve. This reduces to the Type III
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case. One applies the torus action on a Type III toric boundary divisor
to further break any curve into one-dimensional torus orbits. U

5. MIXED MOCK MODULARITY OF SPECIAL DIVISORS

In this section, we assemble all the ingredients from previous sections
to prove the main theorems of the paper.

Let ¥ be an admissible fan and assume that ¥ is regular and I' is
neat—the general case reduces to this one by Remark [3.10} Let I C L
be an isotropic line and let »; be the I';-invariant polyhedral cone
decomposition of the cone C}: inside the hyperbolic lattice K = I+/1.

To prove Theorem (which in turn implies Theorem [1.1)), it suf-
fices, by Poincaré duality, to intersect the generating series of special
divisors with each class a € Ho( X, Q). By Theorem and Proposi-
tion 4.7, any class o can be expressed as

a:a/+zd0[ca]7 dU€Q7

where o/ € Hy(X1,Q) and C, ~ P! are the Type III toric boundary
strata associated to codimension 1 cones o € ¥; ranging over all .

Since the pairing of the generating series of special divisors with the
class ' is a holomorphic modular form of weight 1 + % and represen-
tation p; by [KM90], we can assume that o/ = 0 and that o = [C] is
the class of a single toric curve determined by a cone o.

By Theorem [3.13] the C[LY/L]-valued generating series of intersect-
ing [C'] with special cycles is equal to

> p N Vi (v).

AEKY

Here p™(A) = 2(|A-ct|+ X7 |+, as|A-¢;]) and {¢;}]=]" are generators
of the rays of o, which, with ¢, ¢™, respectively generate the maximal
cones ot, o~ containing 0. To make the notation compatible with
Section , we declare ¢, := ¢, ¢pqp1 := ¢, and a, = a,,; = 1 so that
{e;}14]! are a collection of integral vectors in C for which Y a;c; = 0.
We have Ar,., - C =a; for all e = 1,...,n 4+ 1. This holds even when
¢; is isotropic, in which case A, - C' = qa; for the corresponding rank 2
isotropic lattice J = I @ Zc;.

For any non-isotropic ray Rsoc in ¥, let N. = Q(c¢) > 0 and let
¢t be the orthogonal complement of ¢ in K. It is a negative definite
lattice of rank n — 1. Its vector-valued theta series

0. = 3 ¢y € Cllg% )| @ Cl(cH)” /]

se(et)V
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is a holomorphic modular form of weight ”T’l with respect to the Weil
representation p... Similarly, for any isotropic ray Rsoc, the vector-
valued theta series

Ou =Y ¢ v, € Cllg™]] ® C[MY/M]

yeMY
is a holomorphic modular form of weight 7 — 1 with respect to p,,
where M = c* / c. By Theorem u the functlon O, defined by
) ai K +
> vt v = Y 5 Petene(Oct ® Fy) + > 12E2PM (©a,)
AEKY Q(ci)>0 Q(ci)=0

is a holomorphic modular form of weight 1 + % and representation py.
On the other hand,

[Z > mle -

BeLY /L me—Q(B)

Z pciEBZc(@cl(gF )®AIC 212E2PM<@M)®AJ O =

(10
> TN Vpi (o) —

AEKY

a; a;
> 2PLL@ZC (O O FN)+ Y ﬁEzph(@Mi) = pr(6,)
Q(ci)>0 Q(c;)=0

is holomorphic modular form of weight 1 + % and representation py,.
Here i ranges only over 1,...,n+1 because all other components of the
boundary A intersect C' to be zero. Hence the pairing of the series in
Theorem [1.2| with [C] is a holomorphic modular form, which concludes
the proof.
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