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Abstract

We demonstrate that (isomorphic images of) the generators of the Hecke algebra
for the symplectic group have generating series which are equal to highly structured
rational functions. For two of the (n + 1) generators of the algebra, the denominators
of those rational functions correspond to the standard and spinor zeta functions; in the
remaining cases, they represent new zeta functions. We also give two representations of
the classical Hecke algebra. The first of these is achieved by defining Hecke operators
which act on the vertices of the Bruhat-Tits building for Sp,,(Q,), while the second is
related to but distinct from Satake’s isomorphism between the local Hecke algebra and
a ring of polynomials invariant under a certain Weyl group.

1 Introduction

Hecke theory for automorphic forms on the symplectic group is still very much in its infancy.
Simplisticly, the major stumbling block is that unlike the elliptic modular case, there is no
obvious connection between the known invariants of the Hecke algebra (Satake p-parameters)
and the Fourier coefficients of a Hecke eigenform, although there has been some interesting
work done: using a partial knowledge of Satake parameters to infer complete knowledge ([7]),
or correlations between Fourier coefficients and Hecke eigenvalues in degree 2 ([4]). Still we
are very far away from a satisfactory general theory.

In this paper, we have two major goals. The first is to demonstrate that (isomorphic
images of) the generators of the Hecke algebra for the symplectic group have generating series
which are equal to highly structured rational functions. For two of the (n 4 1) generators
of the algebra, the denominators of those rational functions correspond to the standard and
spinor zeta functions; in the remaining cases, they represent new zeta functions. The second
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goal is to give two representations of the Hecke algebra. The first of these is achieved by
defining Hecke operators which act on the vertices of the Bruhat-Tits building for Sp, (Q,),
while the second is related to but distinct from Satake’s isomorphism between the local Hecke
algebra and a ring of polynomials invariant under a certain Weyl group. As a byproduct
of the representation on the vertices of the building, we derive a number of what might be
called “arithmetic” results about the building for Sp,.

It is well-known (see e.g., Cartier [2], Theorem 4.1) that the Satake map shows that the
p-part of the Hecke algebra associated to the symplectic group is isomorphic to a polynomial
ring invariant under a certain Weyl group. In [1], Andrianov and Zhuravlev refer to this
isomorphism as the spherical map, and give a rather complicated description of it in terms
of right cosets of the double cosets which generate the Hecke algebra. In this paper we
define a slightly different isomorphism with several advantages: the isomorphism is defined
naturally in terms of the double cosets which generate the Hecke algebra (not in terms of
right cosets), and derives its shape from a representation of the local Hecke algebra on the
vertices of the Bruhat-Tits building for Sp,,(Q,). This correspondence makes role of the Weyl
group completely explicit. Then we exploit the isomorphism of the Hecke algebra with the
polynomial ring by using that setting to show the images of the standard generators of the
Hecke algebra have generating series which produce structured rational functions. Finally,
we show that our representations are related by establishing the validity of a commutative
diagram.

The key to understanding both representations is to understand the structure of the
Bruhat-Tits building for Sp,(Q,), in particular how the vertices of an apartment are associ-
ated with symplectic elementary divisors relative to a fixed a lattice. It is of course here that
the Weyl group plays a natural role. Moreover, it is through the natural connection between
right cosets of a double coset and (sub)lattices of a given lattice with prescribed elementary
divisors that we begin to develop our representations. In section 2, we describe the connec-
tion between lattices and right cosets. In section 3, we look carefully at the building for
Spn, give labellings of an apartment in terms of symplectic divisors, and discuss how special
vertices are arithmetically distinguished. We then begin to consider polynomials invariant
under the Weyl group and a natural correspondence between vertices and monomials which
forms the basis of our representations. Finally, we define our “Hecke” operators in the poly-
nomial algebra. In the final section, we define the two representations and prove that they
are indeed ring homomorphisms, and are related via a commutative diagram. At the end,
we make a brief comparison of the Satake isomorphism and our map.

2 Preliminaries

2.1 The Classical Hecke Algebra

Much of this material can be found in Chapter 3 of [1]; we state it here to set the notation.
Let I' = T, = Spn(Z) C SLsy(Z), and let G = GSp(Q) C GLs,(Q) be the group of
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symplectic similitudes with scalar factor r(M) € QZ:

GSpH(Q) ={M = (48) € My, (Q) | A'C = C'A, B'D = D'B, A'D — C'B = r(M)I,}
= {M = (48) € My, (Q) | AB* = B'A,CD' = DC*, AD" — BC" = r(M)I5,}.

Let H denote the rational Hecke algebra associated to the pair I' and G. That is, as
a vector space, H is generated by all double cosets I'¢I" (£ € ), and we turn H into an
algebra by defining the multiplication law as follows: Given &1, & € G, define

TOT-TED =) (T, (2.1)
13

where the sum is over all double cosets ['¢l" C I'§;TE I, and the ¢(€) are nonnegative integers
(see [6]). There is an alternate characterization of the Hecke algebra which will be convenient
as well. Let L(I',G) be the rational vector space with basis consisting of right cosets I'¢ for
¢ € G. The Hecke algebra can be thought of as those elements of L(I',G) which are right
invariant under the action of I'. Thus we can and will think of a double coset I'¢éT" = UI',
as the disjoint union of right cosets and as the sum of those right cosets > T'¢, € L(T', G).

The global Hecke algebra, H, is generated by local Hecke algebras, H,, one for each
prime p, obtained as above by replacing G' by G N G'Ls,(Z[p~']) in the above construction.
H, is generated by double cosets ['¢T with ¢ of the form diag(p™, ..., p*™, p", ..., p’) where
ay << a, <b, <--- < b are integers with p%*b = r(¢) for all i. It is occasionally
useful to consider the “integral” Hecke algebra H, generated by all £ as above with § =
diag(p®,...,p%, p, ... p") € My, (Z).

In this paper, we want to work with a p-adic version of the local Hecke algebra. This local
Hecke algebra is isomorphic to a subalgebra of the Hecke algebra associated to the Hecke
pair I') = Sp,(Z,) and G, = GSp,(Q,). To be explicit we set H, to be the Hecke algebra
generated as a Q-vector space by double cosets T',¢T, with & = diag(p™,...,p%, p%, ..., p")
as above, and let H,, denote the integral subring as above.

The key to observing the above isomorphism is the following observation:

Lemma 2.1. Let £ € GSp(Q) N GLa,(Z[p™']). If TET is the disjoint union Ulqy, then
I',)&L, is the disjoint union UL pq;.

Proof. Without loss of generality, we may assume £ € My, (Z) since the general case follows
by multiplying by a power of p. First, it is clear that UI'ya; C I',€T',, and that the «; have
integer entries. Next, we see that the cosets I',a; are disjoint since if not then oziozj_l €
[y, N GLy,(Z[p~']) C T. To show that the union is all of I',(T,, we need only show that
¢r, C T'¢EL, for then any element 51652 = 3&y (3 € Iy, v € I'), so &y € T'a; for some
i, hence %1&%, € T'pay. To see £, C T')ET is really just a density argument: Let ¢ = ()
be the similitude factor associated to . Recall (see [1]) that there is a natural surjective
homomorphism Sp,,(R) — Sp,(R/qR) with R = Z or Z,. Denote by I',(¢q) the kernel of the
homomorphism Sp,,(Z,) — Spn(Z,/qZ,). From Chapter 2, §3.3 of [1], we have that I',(q) C
[,NEIT,E. Using the fact that Sp,(Z,/qZ,) = Spn(Z/qZ) (and that Sp,(Z) — Sp,(Z/qZ)
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is surjective), we may write I', = Ul',(¢)d; with the 6; € I'. Let 4 € I, and write 5 = o0
for some 4y € I'y(¢) and some k. Then

§3 = E300k = 700k (0; 161 )E0 = (€506 1)E0k € T(ET

since £5o ™t € €T, (q)¢ ™ C (T, NETITE)E C Ty,

The integral Hecke algebra 7, is generated by the (n + 1) Hecke operators

I, O
10 =1, (G 5T

and for k=1,...,n,

I, O 0 0
n 0 I 0 0
T =T =T | o 0% e o |Te
0 0 0 ply

while the Hecke algebra H, is generated by the (n + 1) elements above together with the
element T, (p?)~' = (pl,) ™.

The Satake isomorphism shows that the local Hecke algebra is isomorphic to a polynomial
ring invariant under a Weyl group:

ﬂp = @[J;()a s 7$n]Wn

H, = Qlatt, ... o) 2 Qlxg, ..., xn)" " [(230) - 20) 7Y
where W, is the group of Q-automorphisms of the rational function field Q(z,...,x,)
generated by all permutations of the variables x4, ..., z, and by the automorphisms 7, ..., 7,

which are given by:

Ti(zo) = xos, mi(ws) = a7t Ti(xj) =z; (0<j#i).
W, is a signed permutation group, in particular, W,, = (r;) x S,, = (Z/2Z)" x S,, = C,, where
C,, is Coxeter group associated to the spherical building for Sp,,(Q,).

2.2 Symplectic lattices and elementary divisors

Let E be the field Q or Q,, O its ring of integers, and (V, (x, *)) a 2n-dimensional symplectic
space over . Fix a symplectic basis B = {uy, ..., u,,v1,...,0,} of V satisfying (u;,v;) = 6;;
(Kronecker delta), (u;,u;) = (v;,v;) = 0. Let I' = Sp,(0), and let G = GSp,(E) be the
group of symplectic similitudes with scalar factor (M) € E*. Note that I' is a normal
subgroup of GSp,(FE), being the kernel of the determinant map to E*.
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Notation 2.2. We shall have need of the notion of symplectic divisors (elementary divisors
with respect to the symplectic group). To that end, let S denote a set of representatives of
EX/O*. For E = Q, we let S = QF, the positive rationals, while for E = Q,, we let
S ={p”|v ez} Wewill denote by GSp(E) = {M € GSp,(E) | (M) € S}, so when
E =Q, GSp3(E) is the classical GSpt(Q). It is worth noting that Sp,(E) C GSp3(E).

With obvious modification to the proof, the following is Lemma 3.6 of [1].

Lemma 2.3. Let £ € GSp?(E), then every double coset TED has a unique representative of
the form sd(§) = diag(dy,...,dp,€1,...,6e,) where dj,e; € S and d; | diyq, d,, | en, €iv1 | €,
and d;e; = (&)

We call a lattice symplectic if it has an O-basis which is a symplectic basis for V' with
respect to the alternating bilinear form on V.

Proposition 2.4. Let L be a symplectic lattice. Then T = {A € GSp3(E) | LA = L},
where the action of A on L is to be considered as the matriz of a linear transformation with
respect to a fized basis of L.

Proof. Let T = {A € GSpS(E) | LA = L£}. It is clear that I' C T, so we need only
establish the other inclusion. Let A € T. Since Tis a group, and I' C f, any element
of the double coset I'AI" is also an element of I'. By Lemma 2.3, we have that sd(A) =
diag(dy, ..., dp;€1,...,6,) € f, where the d;, e; € S satisty ee O C --- Ce,0OCd,OC---C
d1O and e;d; = r(A). It is trivial to see that the elementary divisors of Lsd(A) in L are
{L: Lsd(A)} ={dy,...,dn,e1,...e,}. On the other hand, LA = L, so Lsd(A) = L and we
must have d; = e; = 1 for all i. Thus TAI' =1",s0 A eI O

Fix a symplectic lattice £ and put R = R, = {LA| A € GSp3(E)}.

Lemma 2.5. Let M and N be lattices in R. Then there exists a symplectic basis
{ug, ..., up,v1,...,0,} of V', and elements dl,eZ es satzsfymg e 0 C--- CeO C d,O C
- C d10 and e;d; = r € S such that M = @ Ou; @ @ Ov; and N = @ Odu; © @ Oe;v;.

=1 =1 =1 =1

Remark 2.6. 1. Note that in the general linear case, GSp5 would be replaced by GL3,,
and R would be the set of all lattices of full rank in V.

2. The ideals d;O and e;O are called the symplectic divisors of N in M, and coincide
with the standard elementary divisors {M : N'} since T' C SLo,(O). That is, if we
choose two lattices from R and consider their elementary divisors in the traditional
sense, they are in fact symplectic elementary divisors with the additional properties
stated above. In particular, if M and N are as in the lemma, we will write {M :
N} ={dy,...,dp,e1,...,e,} to mean there exist bases of M and N as in the lemma.
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Proof. Since M and N are in R, there exists an A € GSp>(E) with N' = MA. Assume that
I" is identified with the stabilizer of M. By Lemma 2.3, sd(A) = diag(ds, ... ,dn, e1,...,€,) =
Y1 Ao for some 7; € ', where sd(A) is the “symplectic divisor” matrix of A. Finally, it is
clear that since M~vy; = M, that {M : N'} = {M~; : My A} = {My17e : My Ay} =
{M : Msd(A)} ={di,....dn,e1,...,e,}, from which the lemma follows. O

Lemma 2.7. For A and B in GSP?(E), TA=TB if and only if LA = LB.

Proof. TA = I'B if and only if AB~! € I, which by Proposition 2.4 is true if and only if
L=LAB™!. O

Lemma 2.8. Let M and N be lattices in R. The elementary divisors of M and N in L
satisfy {L : M} ={L : N} if and only if there exists an A € T such that MA =N

Proof. The result is clear if there exists an A € I' such that M A = N. To prove the converse,
we note that by definition of the symplectic elementary divisors, there exist elements d;,
e; € S satisfying eeO C --- C ¢,0 C d,0 C --- C d10O and e;d; = r € S and symplectic
O-bases

{ugj),... u(j)'vy),...,vg)} (1=1,2)

Y n

of L such that

L =poue@on) M=@odul" & @ oev"
i=1 i=1 i=1 i=1

L =polPae@ov®  N=@odu® e @ 0ep?
i=1 i=1 i=1 i=1

Let A be the matrix of the linear transformation (with respect to either basis) taking ulY

uz(?), and vi(l) — 1)2(2). Clearly A € Sp,(E) C GSp3(E) as it maps one symplectic basis to
another. Since LA = £, A € T" by Proposition 2.4 above. Since A obviously maps M to N,

the proof is complete. O

Proposition 2.9. Let A € GSp3(E), and
FAT =T'sd(A)l" = I'diag(dy, . .., dy, €1, ..., e,)L.

Then T'E — L& gives a one-to-one correspondence between the cosets I'E in Al and lattices
M € R with {E : M} = {dl,...,dn,el,...en}.

Proof. We may assume that A = diag(dy,...,d,,e1,...,e,). If T¢ = T'Ad with § € T,
then £& € R and we have {L : L&} = {L : LA} = {L : LA} = {dy,....dn,€1,...€,}.
Conversely, if M € R and {L : M} = {dy,...,dp,e€1,...€,}, then by Lemma 2.8 there
exists an element B € I' such that M = LAB. Clearly 'AB C I"AI'. The correspondence is
one-to-one since by Lemma 2.7, I'¢é = ' if and only if £ = L(. 0
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3 The Bruhat-Tits Building for Sp,(Q,)

3.1 Lattices

The Bruhat-Tits building for Sp,(Q,) is an n-dimensional simplicial complex whose vertices
are homothety classes of lattices in a fixed symplectic vector space V. One defines an
incidence relation on the vertices, and the resulting flag complex is the building. Generally
our interest will be in an apartment in the building for which we need a careful understanding
of how the vertices are indexed by classes of lattices, and later how the special vertices are
labeled by monomials in (n + 1) variables. Some of the basic material can be found in
Chapter 20 of [5]; we supplement where germane. Most of this can be done over any field
with a discrete valuation, so we temporarily adopt this more general setting.

Let K be a field with a discrete valuation, O the valuation ring, 7 a uniformizing pa-
rameter, and k = O/mwO the residue field. Let (V, (x,*)) be a symplectic (non-degenerate
alternating) space of dimension 2n.

Definition 3.1. An O-lattice A is primitive if (A,A) C O and (x,*) induces a non-
degenerate form on the alternating space A/wA over k.

We describe an apartment system for the building as follows. A frame is an unordered
n-tuple {\}, AT}, ..., {\h, A2} of pairs of lines {\}, A\?} so that V = >_T(A\l + A2), (A} + \)
is orthogonal to (A; + A7) for i # j, and each (A} + A7) is a hyperbolic plane. We say
that the frame determines the apartment 3. Vertices in 3 are homothety classes of lattices,
denoted [A]. A vertex [A] lies in ¥ (determined by the above frame), if there are free O-
modules M/ C X so that A = @; ;M7 for some (and hence every) representative A of the
homothety class. More concretely, vertices of the building are homothety classes of lattices

[A] which possess a representative A such that

There exists a lattice Ay with 77 'A, primitive,

Ay CAC Ay, and

(A,A) C 7O
or equivalently, A/A is a totally isotropic k-subspace of the non-degenerate alternating space
T Ao/ Ao.

The maximal simplicies (chambers) are unordered (n + 1)-tuples [Agl, [A4]...,[A;,] of

homothety classes of lattices with representatives A; satisfying:

7 A is primitive,

Ao C A C7tAg, and

A1/Ag C Ay/Ag C -+ C A, /Ao is a maximal isotropic flags of k-subspaces in 7~ Ag/A,.

With respect to a fixed symplectic basis {ey, fi,...,en, fu} ({(ei, fi) = 1, (e, e;) =
(fi, f;) = 0), let A be the O-lattice A = On%e; @ ---One, ® O fi & --- @ Ol f,.
With the basis fixed, we often denote this lattice as (7@, ... 7% ;7% .. 7).
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We note that (A, A) C O iff (r%e;, 7% f;) = 7%*% € O which is true iff a; +b; > 0. Given
a; + b; > 0, the induced alternating form on A/7wA is non-degenerate over k = O/nw O iff
a; +b; =0 for all 7.

Example 3.2. Let {e1,...,epn, f1,..., fn} be a symplectic basis for V' (with {(e;, f;) = 1),
and put \} = Ke; and \? = K f;. The frame {\},\?} defines an apartment 3. Let Ay =
7(®0e; ® Of;). Then =Ny is primitive. Denote by [x%, ... 7% ;7% .. . 7] the class of
the lattice Or%e; @ - - On%e, O f1®---©O7 f,,. Then the following flags determine
(fundamental) chambers in 3.

Ao)=[m,....,mm, .. ,m| C[M]=[1,m,...,mm,. . ,w] C[A) =1L, 1,m,...,m;m,..., 7| C
SC A =111, . .
[Ao] = [my...,m;m, ..., 7] C [Aq]
CC A =m0 .

|
E)

Smlm o w CAs] =m,...,m L L,m.. 7] C

Now to define the building, we start with the set of vertices S which is the set of homothety
classes of lattices defined above. We define an incidence relation of S as follows:

Let s, € S. We say s ~ s’ if there are lattices A, € s and Ay € s’ and a lattice Ag
such that 77'Ag is primitive, Ag C Ay C 7 'Ag, mAg C Ay C 7 'Ay, and either A; C Ay or
Ay C Ag. The associated flag complex yields the building.

Remark 3.3. This definition is somewhat subtle. For example, consider the case n = 2.
Then it would appear if Ag = m(Oe1 B Oes GO f1 B O fo) that any lattices A and Ay satisfying
Ao C Ay C Ay C 7 Ay would give rise to incident vertices s and s'. One must be careful
to remember the definition of a vertex, in this case that there must exist an integer v and
a lattice Ay with m=*A; primitive and Ay C Ay C 7 YA, which eliminates some of the
possibilities.

Example 3.4. Consider the case n = 2, with Ay = 7(Oe; & Oex & O f1 & Ofs), and let [Ag]
denote any special vertex in the apartment 2 (a vertex with the most hyperplanes through it)

We restrict our attention to the apartment ¥ and hence to the frame determined by the
lines spanned by the e; and f;. As above, any vertex in % is the class of a lattice of the form
Or%e, @ -+ @ Or%e, ® O fi @ --- @ Onln f,,, denoted [7™, ... 770 .. 7]

Forn = 2, we need to provide pairs of lattices A1 and Ay with Ay/Ng C Aa/ANy a mazimal
isotropic flag in 7 Ag/Ag, so we only list the pairs of lattices Ay and As.

Since Sp, is of type C,, the Weyl group is isomorphic to (Z/27Z)" x S, (the signed
permutation group) and has order 2"n!, so for n = 2 we expect 8 chambers containing
the given vertex = [Ao] = [1,1,1,1] = [r,m,m, 7|. The other pairs of vertices defining the
chambers are:

1. L,m,m,w) C 1,1, 7,7

2. [m,1,m,m| C 1,1, 7, 7]

3. [m,m, 1, C [m,m, 1, 1]
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4. [mymyom, 1) C [m,m, 1, 1]

R

1, m,m, 7] C[1,7,m, 1]

6. [m,m,m, 1) C [1,7,m,1]

=

(7,1, 7, 7] C [m, 1,1, 7]

8. [mym,1,m| C [m,1,1,7]

To see how the rest of the apartment is laid out, one must understand the action of the
reflections which generate the Weyl group on the lattices. In this context (in contrast to
considering the residue of a vertex), we must contend with the affine Weyl group associated
to the Bruhat-Tits building for Sp,(K). The affine Weyl group is of type C, which has
Coxeter diagram:

o —— 0 [ J

—— %]

n

with (n+ 1) vertices, and the two endpoints being “special” vertices in the sense of [5]. The
Coxeter diagram for C),, is the same with the last special vertex (and associated “edge”)
deleted. Associated to each vertex 7 is a reflection s;, and the reflections satisfy the standard
rules s? = 1, s;5; has order m,;; indicated by the Coxeter diagram (mj, = Mpmt1) = 4,
Mii+1) = 3,4 # 1,n, and m;; = 2 otherwise).

Acting on the symplectic basis {ei,...,en, f1,..., fu}, define the reflections (any basis
vector not specified is fixed):

e si: Interchange e; and f;
e 5; (2 <j<mn): Interchange e;_; < e; and f;_1 < f;

® Spt1t Ep W_lfna .fn = Tén

That is, acting on a vertex [7%, ... 7% ;7% ... 7P|,

o s takes [, ... 7wt .. @] to [7%, wo2 . wony w2 )

e 5; (2<j<n): takes [7™,... w70 .. 7whn] to

Ea A S S FF SRR LAt LA o]

® Sny1: takes [, ... o bt L @] to [r, .. et gl gb et pan—l)

Now let’s proceed to label the apartment Y. Label a special vertex vy = [r,...,m; 7w, ..., 7],
and pick a fundamental chamber containing it. Label each of the codimension 1 faces in
the chamber containing the fixed vertex si,...,s,. Label the remaining codimension 1 face

Sp+1-
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Each chamber in the building contains two special vertices. In the case of the fundamental
chamber, one of them is the vertex vy (fixed by the reflections sy, ..., s,), and the other is

fixed by s9,...,8,11. From above, we see that the vertex [7®, ... 7% ;7% . . 7] is fixed
by s; (2 <j <n)iff a;_1 = a; and b;_1 = b;. The vertex is fixed by s,41 iff a, = b, + 1,
thus a; = b; + 1 for all 4, and so the vertex [r%,... 7% ;7% . 7] = [r, ..., m1,...,1]

is the other special vertex in the fundamental chamber. Now using the reflections, we may
label the apartment.

Example 3.5. For Sps(Q,) we have the following (partial) labeling of an apartment by
classes of lattices:

p?, 1;1, p?] p%, 1;1;p] p%, p; 1, p] p?, p;1,1] p%,p%1,1] —————— o
~ : - ~ : - ~ :
~ : P ~ : - ~
~ : - ~ : ~ >
~ N 7 ~ - ~
~ i - ~ - ~ :
@ e [P, 131, p] e [P, D; 1, D] oo [P, p; 1, 1] oo Ip p2 1,1 oo [p2,p3,p, 1]
VTN - ~ -
e : ~ - ~ - :
- : ~ - ~ - :
: - :
- : > ~ P - ~ - :
- : ~ e : ~ :
[p, 1;p, p?] [p,1;p,p] [p,P; P, P] [p, pi p, 1] [p, p?; p, 1] [p2, p%; 0%, 1]
~ : - ~ : - :
~ : e ~ : s ~ :
~ P S - > :
~ : P ~ : - ~
~ i - ~ i - ~
@ s [1,15p,p) e [1,p;pyp] v [1,p5p, 1] cvvvvreeeneenns 1 p2 Py 1] e [p,p?’?pz,l]
PAEETERN PAEEEERN o
- : ~ - : ~ -
- : ~ - : ~ -
- : ~ - : ~ -
_ - : ~ - : ~ ~
. [1,1; 2, 1] (1, p; %, D] (1, p; p%, 1] [1,p%p%,1] .

Let A = Or%e; @ --- @ On%e, @ O fi ®--- @ Onbrf,. The dual lattice A is defined
to be {v € V | (v,A) C O}. It too is a lattice, and it it easily seen from the bilinearity of
the alternating form that A = O~ %e; @ - - @ O e, @O f1 B --- DO~ f,. It is
also clear that (7VA)* = 77"A so [A*] depends only on [A], and in particular [A] = [A¥] iff
7 AF = A for some u € Z.

Proposition 3.6. Let A = Or%e, @+ & One, O f; &+ - - ® O’ f,,. Then [A] = [AY]
ioff there exists an integer p, so that for all v, a; +b; = p. In this case we call the vertex
self-dual.

Proof. Using our explicit characterization of the dual lattice, [A] = [A¥] iff there exists an
integer u so that 7*Af = A, that is iff 7#7~% = 7% and m#7~% = 7% which is iff 4 = a; + b;
for all i. O

Proposition 3.7. If A = On%e; @ --- @ On%e, ® O f1 & --- ® Or’ f,, and the vertex
[A] is self-dual, then it image under the Weyl group is again a self-dual lattice.

Proof. We need only check this for the generators of the Weyl group, the s;, and all of these
are obvious from the definitions above. O
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Remark 3.8. Actually we can say a little more about the action. The two special vertices
in our fundamental chamber ([x,...,m;m, ..., 7| and [7,...,m;1,...,1]) have the value of p
equal (modulo 2) to 0 and 1 respectively. This value of p is preserved by the action of the
Weyl group which acts transitively on the chambers in the apartment.

It 1s now also clear that the Weyl group acts transitively on the special vertices in the
apartment (in a “type”-preserving way).

3.2 Symmetric polynomials and Hecke Operators

Our goal is to define (n + 1) families of Hecke operators (analogous to the Ty(p?), T(p))
whose generating series produce highly structured rational functions, and hence which are
arithmetically interesting. In two of the n + 1 cases, these rational functions correspond to
the spinor and standard zeta functions. In the other cases, they are new. In particular, in
no case except for T'(p) have any generating series for Hecke operators been expressed as
rational functions.

We will make the definitions not in the Hecke algebra (defined by double cosets), but in
its representation space, the ring of W, -invariant polynomials. Doing so will produce a corre-
spondence between the local Hecke algebra slightly different from the Satake correspondence,
but who generators are more arithmetically distinguished.

We first give a labeling of the special vertices in an apartment of the Bruhat-Tits building
for Sp,(Q,) by monomials in Q[zF", ..., z>!] which corresponds in a natural way to symplec-
tic divisors of lattices. We recall that the Satake isomorphism gives us that the local rational
Hecke algebra is isomorphic to the ring of polynomials Q[zg!, ..., #'] which are invariant
under the Weyl group W,,. Actually, our labelling will be in Q[z3", ..., 21]"» modulo the re-
lation 227y - - -2, = 1. Since H, = Q[zi, ..., a2 =2 Q[zg, ..., zn)V"[(22z) - - 2,) 7] (see
[1]), reducing by the relation z2z; - - -z, = 1 produces a subring of Q[zg, 71, .. ., x|V = H,,
the integral local Hecke algebra. Specifically, we are defining a representation of the local
Hecke algebra in the polynomial ring in which double cosets I'p” I, I" act trivially. This is
essentially the case when Hecke operators act on automorphic forms. One should also recall

that it is only the invertibility of I'pl,I" which distinguishes H,, for H,,.

Fix a (fundamental) apartment ¥ in the building by means of a frame and symplectic
basis {e1,...,€n, f1,..., fu} as in the previous section. Let [Ag] be the class of the lattice
No=2Zpe1 @D ZLpen, ®ZLpf1 ® - D Zyfy, labeling a fixed special vertex in the apartment
Y. From the previous section, we saw that a typical vertex [A] in 3 is special iff the vertex
is self-dual, that is A = Z,p™e; @ -+ ® Zyp™e, ® Zpyp™ f1 ® - - - ® Zpp"™ f,, for which there
is an integer p with pu = a; + b; for all . With this notation, we now have a one-to-one
correspondence between the classes of lattices (labeling special vertices), and monomials in
Qzit, ..., x):

n

al an . b1 b Woal
[p RS % a"-apn]<—>x0x1 B

an
n

modulo the relation 3z - - - x,, = 1 which corresponds to the class [p,...,p;p,...,p] = [Ag].

That is, if A is replaced by p°A, xfx---2% is replaced by (zixy---x,)zhz{ -+ -z

an
n ?
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so that classes of lattices correspond to classes of monomials. To keep the notation

from getting too involved, we will simply write zfjz* ---z% rather than something like
[xhx§ - 28],  This avoids obvious confusion in statements like Q[zg", ...,z W» =
@[Jfo, ce 7xn]Wn[(x(2)x1 e xn)_l]'

Remark 3.9. We also note one more important property of this labelling. Any special vertex
v=[pY, ... p™;p", ... p"] in the apartment can be viewed as an element of GSp}(Q) via
v« diag(p™, ..., p%, p*, ..., p"). As such, there is a natural multiplication of the vertices.
If (with v as above), we denote xha* - - 2% by ¥, then we have the simple rule x’z = 2.

We will have need of this observation in the next section.

We take a moment to foreshadow a bit. While the Satake isomorphism provides a cor-
respondence between the local Hecke algebra and the polynomial ring, the correspondence
does not appear at all obvious. On the other hand, with the given notation, there is an
obvious correspondence (though not completely correct as yet) with the local Hecke algebra:
Given, [p®, ... p%;p™, ... p] «— xhaft - 2% with u = a;+b;, we immediately note that
diag(p™,...,p%;p", ..., p") € GSp/(Q), so that T, diag(p®™,...,p%;p®, ... p")[, is in
the local Hecke algebra H,. Thus there is a clear connection between the Hecke operator
[, diag(p™,...,p%;p", ..., p")T, and the monomial zhz{" - -- 2% which we will turn into

n
a valid representation.

Before proceeding to develop the representation, we provide a labeling of a piece of the
apartment Y for Spy, corresponding to our previous labelling by classes of lattices:

Example 3.10. A partial labeling of the special vertices in an apartment for Spa(Q,) by
monomials

T2y [ il L4 12 [
N . Py s N - P e ~ -
~ 7 A 5 e >
N 7 AN e ~ N
AN s N s
@ l’oxl ................. @ e l’oxlx2 ................... @ s xol»lxz
Ve AN soN P
Ve N - : ~ P
Ve - : AN
P N P ~ Ve
_ N / \\ P -
AN
x2_1 ° 1 ° T2 °
s : Ve ~ :
\\ - N - ~
N 7 ~ 5 e N :
N 7 N : e :
~ s N s N 9
@ e :(;‘0 ................... @ s SL’0$2 ...................... @ s l»oxz
Ve N SN - :
e N Ve : ~N - :
~ N - AN ~ :
2 N Ve ~ -
_ N 1 Ve N 1 e :
9 _ _ :
xo L4 ZL’l L ZL’l 1’2 L4

Remark 3.11. We note that if we think of each monomial as acting on the vertexr 1 as
a motion (e.g. x5 Tepresents motion two vertices “to the right”), then multiplication by
monomials is consistent with this action (e.g., xixs is two vertices to the right of x1).
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The motivation behind the definition of the new Hecke operators comes from several
sources. On the one hand, Hecke operators, thought of as double cosets, have an action on
automorphic forms defined in terms of a “sum” of their right cosets, which by Proposition 2.9
corresponds to a sum of (classes of) lattices with prescribed symplectic divisors.

On the other hand, Hecke operators (via the Satake isomorphism) correspond to W,-
invariant polynomials which correspond to sums of vertices in the building. In fact, we
are really thinking only of the underlying graph and not worrying about the full simplicial
structure the building embodies. That said, natural operators on graphs are adjacency
operators (a sum of certain neighboring vertices), so combining these ideas, we are led in
the following direction: A Hecke operator should be a sum of monomials (corresponding to
lattices) which are invariant under W,,.

To define our Hecke operators in the context of this polynomial ring we need a definition

and simple lemma: For a nonnegative integer ¢, define h"(¢) = Z 21207 .- 207 Note that
> k=t
Jk=0

h"(¢) is a symmetric polynomial in the r variables z1,..., 2., and in particular, h"(0) = 1

and h"(1) =21 + - + 2.

Proposition 3.12. The generating series associated to the h'({) satisfies

N @ut = [(1 - uz) - (1 - uz)] ™

>0

Proof. This is essentially obvious:

(1 —wz)--(1—uz)] " = <Z(u21)“1> . <Z(u2r)ar>

alzo IITZO
_ E £ E a1 a
— u” - |: Zl “ e ZTT]
>0 S ai=¢t
a; >0

It is clear from the definitions above that the coefficient of u’ in the given expression is
h"(£). O

Next we need to use the above polynomial to create a W,-invariant polynomial. The
simplest examples are simply to fix a monomial and to sum its images under the action of
W,. To that end, we compute a few simple orbits.

Lemma 3.13. Under the action of W,,, we obtain the following orbits:

1. Orbity, (xg) = {xoxi' - - 25"

g = 0, 1}

2. Orbitw, (z1---ax) = {@?l xif |1 <4y <o < <n, 6y, = £15,
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In particular, the orbits have size 2" and 2" (Z) respectively.

Proof. Recall that W, is the group of Q-automorphisms of the rational function field

Q(zo, - - ., x,) generated by all permutations of the variables x4, ..., x, and by the automor-
phisms 7, ..., 7, which are given by:
Ti(zo) = xos, mi(ws) =zt Ti(xj) =z; (0<j#i).

In particular, W,, = (r;) xS, = (Z/2Z)" x S,,. Since Ty Tk, , - Tk, (To) = ToXg, - - - T, for
distinct k; > 1, it is clear that Orbity, (zg) D {zox]' - - - 25" | &, = 0,1}, and so the orbit has
cardinality at least 2. On the other hand, all of S,, is contained in the stabilizer of zq, so
the size of the orbit is [W,, : Stab(zg)] < [W,, : S,] = 2", which gives the first result.

For the second, it is easy to see directly: S,, can take x; - - - 2} to any monomial x;, - - - x;,
with 1 <4y <.+ < < n. Applying 7;; takes x;; to T ! fixing all other indices. Since these
generate the group W,,, the orbit and its size are clear. O

With these orbits determined, the following definitions become less mysterious. We start
with h"(¢) where r is the size of one of the above orbits and substitute for the variables z;
the elements in the orbit. Thus we define the families of Hecke operators:

B0 =0 O] e
0, €Wn/ Stab(zo)

and for 1 <k <n,
') = 10 ()

zi—oi(T1Tg)
0,€Wn/ Stab(x1---xy)

In particular,

to(p) = Z Toxi' -y, (2" summands)
~0,1

and

5 5 n
ty(p) = g LHSEREY A (2" (k) summands)
1<iy <--<ip<n
5i,==%1

Here once again, we are suppressing the fact that we are looking at classes of monomials,
and that really we have defined (for example)

to(p) = Y [woaf - -aiy).

67;:0,1

Since z2x - - -z, is fixed by every element of W,,, these operators are well-defined.
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Remark 3.14. We want to make clear the naturalness of these operators as well as their
significance. As alluded to above, t;(p) represents an adjacency operator. To see this observe,
consider the case n = 2 and the apartments labeled in diagrams in Examples 3.5 and 3.10.

to(p) = xo + Tox1 + T2 + Tox122 = [1, 1;p, pl + [p, 1; 1, 0] + [1, p; p, 1] + [p, p; 1, 1]
tilp) = a1+ a7 +xa+ 23 = PP, p; 1,p] + [L,p; %, 0] + [0, 0% 2, 1] + [P, 1,5, 7]
ta(p) = 2129 + 2125 + 27wy + 2y 2yt = [P p% 1 1) + PP 1L, p% + (L% 07 1) + (1, 1597, p7)

Thus at least restricted to the apartment we have the following natural correspondences:

to(p) = > [M] «— T(p)

I MT=T diag(1,1;p,p)l"

t(p) = > [M] — Ty (p?)

I'MT=T diag(1,p;p?,p)T

and in general ty(p) «— T" . (p?) for 1 <k <n (T,(p?) «— 2321 -+ 2,).

To see the significance of these operators we need to provide a little background. Recall
that associated to a simultaneous Hecke eigenfunction F' of weight & for Sp,,(Z) are the Satake
p-parameters (ayg, . .., a,) = (ao(p), ..., an(p)) € C*/W, for each prime p, generalizing the
Hecke eigenvalues. The Satake parameters satisfy ag(p)2aq(p) - - - ap(p) = p™"+1/2 and
are used to define the spinor and standard zeta functions.

The standard zeta function is defined by Dr(s) =[], Drp(p~)~" (R(s) > 1), where

Drp(v) = (1= v) [T (1 = amv)(1 = az}w),

while the spinor zeta function is defined by Zp(s) = [, Zrp(p~*)~" (R(s) > nk/2 —n(n +
1)/4+ 1), where

Zp’p( 1 — QU H H (1 — Qo - 'OéimU).

m=1 1<i1<---<im<n

For Spy, Andrianov and Zhuravlev [1] define a family of Hecke operators T2(p*) whose

images under the (Satake) spherical map Q (from H,, to Q[zZ', 27, x31]"2) satisfy

ZQ (T2(p (1 — p~tadz z90?)

(1 — Z‘(ﬂ))(l — Iol’lv)(l — LE(]LUQU)(l — Iol’lxg’(]),
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the denominator of which is essentially that of the spinor zeta function for Spa:

Zp(s) = H Zpp(p~) 7, where Zp,(v) = (1 — apv)(1 — apayv) (1 — apagv) (1 — apagagu).
We have taken the opposite perspective here. We have defined interesting operators in the
polynomial ring and will determine what they correspond to in the Hecke algebra.

Proposition 3.15. The operators to(p’) and ti(p?) have a generating series which is a
rational function:

>t = [(1 —zov) [ IT -z ~ximv)]

>0 m=1 1<i1<---<im<n
which clearly corresponds to the local factor of the spinor zeta function, and
-1

Z tk (pé)vé = H (1= :L'Zkkv)

>0 1<ig < <ig<n, §;;=+1

. -1
which, when k =1, is simply Z ()t = [H (1 —zpv)(1— $;le)] which in turn (up
>0
to an initial “zeta” factor) corresponds to the local factor of the standard zeta function:

m=1

Dr,y(v) = (1—v) | | (1 = anv)(1 —a;'v).

m=1

Proof. The proof is immediate from Proposition 3.12 and the computation of orbits in
Lemma 3.13. O

Remark 3.16. Ezcept for k =0 and k = 1, these are new Hecke operators whose generating
series are rational functions which likely correspond to new zeta functions which can be
studied in the context of Siegel modular forms.

We note that for the case of n = 2, the operator to(p*) has a generating function with the
same denominator as Q(T?(p%)), but with numerator 1.

4 Connections with the global Hecke algebra

Recall that we have fixed a 2n-dimensional symplectic space (V) (x,%)) over Q. Let A,
the Bruhat-Tits building for Sp,(Q,). Then the vertices of the building, Vert(A,), are in
one-to-one correspondence with homothety classes of lattices in V. Let B be the rational
vector space with basis Vert(A,,). In this section, we define two natural (essentially) faithful
representations of the local Hecke algebra H,, and a connecting homomorphism which adds
the necessary structure to our intuitive definitions given earlier. We will produce the following
commutative diagram of algebra homomorphisms.
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Hy —— Q! 2t ... 2"
\ lﬁ
End(B)

4.1 An action of the Hecke algebra on the building

For £ € GSp:(Q), any double coset T'¢I" can be represented by a diagonal element, so
we assume that henceforth. For & = diag(p™,...,p%;p", ..., p) € GSpS(Q), we have
that the double coset I'éT" determines a collection of right cosets {I'¢,} which by Propo-
sition 2.9 are in one-to-one correspondence with the collection of lattices {M} with {L :
M} = {p=,...,p%;p®, ... p}. Using this identification, it is natural to define the opera-
tor T(p™,...,p;p", ..., p*) € End(B) induced by:

Ts(p™,...,p"p™, ... p")([L]) = > [M]

{L:MYy={p®1,...,pon;pb1,.. pbn}
where the sum is over all vertices in the building with prescibed “elementary divisors”.

For brevity, we shall often simply write T5(&)([L]) = > (L-M}=¢ [M]. The map is clearly
well-defined and (by definition) linear.

In the usual notation, let &; = diag(p™,...,p%, p", ..., p"), & = diag(p, ..., p=, ph, ... p)
be elements of GSp,F(Q) and write I'(;I" as the disjoint union Ul'e;, and write ['é;I" as the
disjoint union UI'f;. In the Hecke algebra H,,, the multiplication law is defined by (e.g., see
section 3.1 of [6]):

(P& (DET) = TETED = Z Loy 3;
i,J

where the right cosets are not necessarily distinct. More precisely,

(PaI)(Ter) = 3 Tagf = > c(€rer

Ter

where the sum is over all double cosets I'éT" C T'¢1T°¢T0, and where ¢(§) is the number of
pairs (7, j) for which I'e; 3; = I'€.

Theorem 4.1. The correspondence I'El +— Tg(§) induces a representation V : H, —
End(B), whose kernel consists of double cosets of the form T'ET with & = p*ly,, 1 € 7Z.

Proof. We first verify that ¥ is a ring homomorphism. Using the notation above, we have
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T5(&)Ts(&2)([L]) = Tr(&)( Z [M])
{L:M}=¢2

=2 2. W

{L:M}=E& {M:N}=¢£

By Proposition 2.9, each lattice M for which {L : M} = &, is of the form M = L{3;. Now

{MN}:gl < {LﬁJN}:fl < {LNﬁj_l}:gl

Now let P be such that {L : P} = &;. Then again by Proposition 2.9, P = La; for some
i. But then P = N3:', so N = Pf3; = Lo 3;.

Thus, Tp(6)Ts(&)(L) = > > [Nl = > [La3]. From the discus-
{L:M}=¢2 {M:N}=¢£ 2%
sion preceding the theorem (and once again Proposition 2.9), this last sum is exactly
>rer (§)Ts(§)([L]) which is the image of (I'§I')(I'éD).

To compute the kernel of W, suppose > . c(§)T5(§) is the trivial map. Then

D OTsE([L) =) el€) D [M]=[1]

Ter Ter {L:M}=¢
for all vertices [L] € Vert(A,,). But the elements [M] € Vert(A,,) are a basis for B, we have
all the only one &, and for that &, ¢(§) = 1. Thus we have Z{L;M}:g[M] = [L] for all [L].
Now if I'{T" = U§,, then by proposition 2.9, >, \n_[M] = > [L&] = [L], so there can be
only one right coset: I'(T" = T'¢, and [LE] = [L]. Since {L : L&} = £, we must have £ = p"Iy,
for some integer . H

Now to define the representation ® : H, — Q[zi*, 7, ..., 25" we begin by defining

certain symmetric polynomials. As before, let & = diag(p™, ..., p%,p",...,p") € GSpH(Q).
Recall this means there is an integer p so that u = a; + b; for all i. Define #(£) to be the
sum of the images of (zfz{" - --x%) under the action of the (spherical Weyl) group W,,. We

denote this as

HE) = ) (ahaft---ap)

weWn,

Once again, we remind the reader that this sum is really over the classes of monomi-
als zhz{* - 2% (modulo 22z, ---z, = 1) under the action of the Weyl group W,,. Since
x%xl -z, is fixed by all elements of W,,, this definition is well-defined.

Loosely, speaking ® should map T'(I" to a multiple of ¢(£). The key to defining this
homomorphism is the following identification. We know that W,, = C,, is simply signed a
permutation group (permuting the n pairs of lines defining a frame), and so can be identified

with a subgroup of I' (see 10.1 of [3]).
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Remark 4.1. The isomorphism W, = C,, can be seen quite explicitly if we identify the
generators of the affine Weyl group C,, with generators of W,,. In the previous section, we
wrote down reflections s; which generated the Weyl groups: si, ..., s, generate the spherical

Weyl group C,,, while sq,...,S,11 generate the affine Weyl group C,.

The group W, is generated by the 1; and the permutations in the symmetric group S,.
With obvious identifications, we see that 7; = (i j)7;(i j) and since S, is generated by the
transpositions {(1 2),(2 3),...,(n — 1 n)}, W, = (r,(1 2),(2 3),...,(n — 1 n)). One
identifies T with sy, and (j — 1 j) with s; (2 < j < n) and verifies they satisfy the same
Cozeter relations as the s;, and so satisfy the deletion condition, which by Tit’s theorem (see
Chapter 1 of [3]) gives a Cozeter system.

By definition,

Ts@(L) = Y.  [L&v)

YW EETITEND\D

So identifying W, with a subgroup of I', we may write I' as a union of double cosets:
[ =U(E'T¢NT)6, W, so the expression above becomes

Ts(€)([L]) = > > [Lgsu]

€ ITEND\I /Wy, weWS,

Given that W,, acts invariantly on any given apartment, we see that for a fixed p, the
collection of vertices [L£J,w] as w runs over W, consists (with multiplicity [W,, : Stab(L&6,,)])
of all the vertices [M] in a given apartment with {L : M} = £ Moreover, since every
apartment in the building is isomorphic (with structure determined by the Coxeter group
C.,), all of the multiplicities [W,, : Stab(L&6,)| are the same, independent of f.

From the remark above it is now clear that after an appropriate change of frame (in
particular a change of a basis), t(§) = >, . (zgz]" - 287)" can be naturally identified

with summand ) . [L&S,w] occuring in

Ts(€)([L]) = > > [Lgsw]

5, €(€ I TENT)\T /W, wEW,

If we define n(¢) = #(67TENT)\['/W,, we can identify Ts(¢) with n(£)t(€), thus we

define B(TET) = n(€)H(£).
To define the connecting homomorphlsm p: Qa2 .. 2" — End(B), we ob-

) n

serve that any polynomial p € Q[zi", 21", ..., 2", can be written as a sum > cEEE)

rrn

where the £ are a set of representatives of the monomials occuring in p modulo W,,, so we
only have to define p on a basis. We define p(t(£)) = n(&) 1T5(€), so that po ® = V.

To prove that ® is a ring homomorphism, it is convenient to think of ® as the restriction
to H, of a linear map @ : L(I', G) — Q[zg", 27", ..., 2", Recall that in this setting we

rrn
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view the double coset T'(T" as the sum of right cosets > T'¢, (T¢I = UIE,) which is right
invariant under . While the map ¢ (with domain L(I',G)) will only be a vector space
homomorphism, its restriction to H, will be a ring homomorphism.

What we have said above is that we want ® to take I'¢T" to n(£)t(£) so that there are as
many monomials (counting multiplicities) as right cosets I'é[" = UT'¢,,. Since any right coset
I'¢, determines the same double coset, we must map any right coset to the same polynomial.
From this, the definition is clear: ®(T¢,) = |[W,|7* (z°%). Then extending linearly
yields the desired ®(I'¢T) = n(&)t(§).

wGWn

Theorem 4.2. The correspondence I'(1 — n(&)t(§) is a surjective homomorphism ® : H, —

Qzg!, z7, ..., aF\Wn | whose kernel consists of double cosets of the form TET with & = pHly,,
W E Z.
Proof. First note that since Q[zi", z7, ..., 2" = Q[xo, ..., x|V [(22z, - 2,)7!] (and

we are working modulo z2x; -z, = 1), the codomain is spanned as a vector space by
elements of the form ¢(¢§), from which the surjectivity is immediate. Let I'al’,I'SI" € H,,
and write (as a disjoint union)

Ial' = U U Tao;w and
a; (a1 TanD)\I'/W,, weWp,
gl = U ) rsgw.

B (BT BN\ /Wy, w' €Wn,

Without loss of generality, we are assuming that o and $ are diagonal. Then in H,,
(Lal)(I'OL) = 3, ; TacwBpjw’ = 3 c(§IEL. Our first task is to determine the £ which
can occur. Since §;,w’ € I', it is clear that l'aowBp;w'T’ = I'aoywpBl', however it it also
true that l'aa;wBl = T'awlI'. To see the latter we deal with symplectic elementary divisors
(Lemma 2.3). Recall that elementary divisors {L : L&} are uniquely determined by the
double coset I'¢I". We have that

{L: LacywB} = {LA'w™" : Law,},

and we note that L = La; = Lo L since oy € . Moreover, o laa; and o are simply two
matrix representations of the same linear transformation acting on L. Thus

{L: LacywB} = {LB'w™ : La; aa;} = {Lp 'w™" : La} = {L : Lawp}

Thus (Tal')(IBT) = > ey, d(w)lawBT (where the double cosets may not be distinct).
Here d(w) is easily computed from the above observations:

d(w) deg(T'awp) = n(a)n(B8)|Wal,
where deg(I'awf) is the number of right cosets in the double coset, that is, deg(I'éT") =
# (ETITENT)NT.
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It follows that
® ((Fal)(IAT)) =) d(w)n(awp)t(aw)

w

= n(a)n(B)|W,|(deg(TawpI)) ™ n(aw)t(aws)
= n(a)n(B) Y tlawp).

We note that since o and  are diagonal and w is a “signed” permutation, the product aw/f
is diagonal so that t(awf) does indeed make sense. On the other hand

O(Cal)@(I'AT) = 77( )n(ﬁ)t(a)t(ﬂ)

)

Z Z xo“”ﬁw (see remark 3.9)
= n(a)n(3 Z Z plawB)w
= n(@)n(8) Y t(owp)

w

Thus @ is a ring homomorphism. To compute its kernel, suppose that @(Zg c(ETEr) =
> c(§)n(§)t(€) is trivial, that is to say (as polynomials)

Z Z 2 = (22, - x,)" for some integer ¢

I3 weWnp,

From this we immediately infer that there can only be one ¢ and that z¢ = 2% for all w € W,.
It is trivial to check that if £ corresponds to the class of the lattice [p®, ..., p%;p®, ... p®]
with y = a;+0b; for all 7, then the monomial 2¢ = zhxit - - - x9 s fixed by all elements of W, iff
¢ = (xgay - - -x,)" for some integer £. Then Y7, c(§)n(€) 3o e, 2% = c(§)n(E) Wzt = 2
and & = p'ly,. Since deg(I'p‘Ly,I') = 1, n(&) = |W,|™, so ¢(¢) = 1 which establishes the
result. O

Remark 4.2. The image under ® of TpIT is (the class of) is xixy - - x,. For comparison,
one should note that for a simultaneous Hecke eigenform of weight k for I' =T, the associ-
ated Satake p-parameters (ap, ay, ..., a,) € C"H/W, satisfy aay - - - oy, = pr* = +D/2 - gnd
also that under the Satake isomorphism (Andrianov’s spherical map ), the image of T'pIT’
is p—n(n+l)/2 2. Ty Ty

Corollary 4.3. The connecting map p : Q[zi', ..., v — End(B) defined by p(t(¢)) =

r'n

(&)~ Ts(€) is an injective ring homomorphism. satisfying po ® = V.

Proof. Both @ and W have the same kernel K, so induce injective homomorphisms from
¢ : H,/K — Q[mo a7 and Uo: H /K — End(B). Since, ® and hence ® is

rn

surjective, p = U o ! has the desired properties. O
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Remark 4.4. We remark that while closely related, there is a difference between the spherical
map S defined by Andrianov [1] and our map ®.

I, O 0 0
Let & = ({)2 p%) and &, = 8 p(])k pzlo_k 8 , 1 <k<mn. By Lemma 3.13,

0O 0 0 pl

Z 2% = |W,|[W, : Stab(z)] Z xoxt it = ‘Wn|t0(p),

2n
weWn,
so that
deg oo des&o) deg(&o)
®(T(p)) = n(&o)t(60) = Z 5 on LT (p)) = TOtO(P)-
=0,1
As mentioned earlier for 1 < k < n, T,_(p*) corresponds to t(p), so we have
i i W
weWny 1<iy<-Sig<n, 6;;==+1 (k)

so that

L4 () = 60 = T ) = G0

Computations with the spherical map are far less trivial. For comparison purposes we
compute QT?(p*)). We have already shown that

‘P(Tf(p2)) — deg(él)tl(p) _ deg(él)

| | (1 + o7t + 20 +251)

while
Q(Tzz(Pz)) = Q(p]4) p 317(2)931552

and

QTE(p*) = p~ Hadry + 2370 + 252270 + 257123) + p 2 (p? — 1) (237172)
= (2gz1z2)[p (w1 + a7t + a0 + a5 ) +p 3 (p? — 1)
= (zgm1a2)[p~ i (p) +p 7 (p* — 1)]

= QT (P*)P°t(p) + (p* — 1)

So it is clear that the action of Q is somewhat more complicated, intertwining the Hecke
operators in comparison to the action of P.
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